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Optimal Liquidation and Acquisition with Limit
and Market Orders

11.1 Introduction

This chapter addresses the optimal liquidation problem when the’agent trades,
first using limit orders and then with both limit and marketforders:"As in the
approach taken in chapter ??, here, the asset’s mid-price Shis ‘asSumed to be a
Brownian motion S; = S + o W,. However, the agentyis‘how allowed to trade
using limit orders. In this manner, the trader is nolonger a taker of liquidity
and instead will be providing liquidity to the market, Hence, they will receive
prices that are better than the mid-price, dltheugh%execution is not guaranteed
and the trader now faces additionally exeeution risk.

In this chapter, four cases are investigated: (i) in section 11.2, the agent is
only allowed to use LOs, (ii) in section'} 1.3, the agent is allowed to trade with
both limit orders (LOs) as well as market orders (MOs) (iii) in section 11.4,
the agent aims to track the/time sveighted average price (TWAP), and (iv)
in section 11.5, the ageat aiins to track the volume weighted average price
(VWAP) . In all cases,swhén the agent posts LOs, she posts a limit sell order
for a fixed volumef(e. g, some percentage of the average size of a market order,
or even moregsimply a fixed amount of say 10 shares) at a price of S; + 9,.
Hence, gfacts aS a premium the agent demands for posting liquidity. The larger
o, the larger the profit given that a trader occurs, however, the probability that
an order arrives which eats into the book at the posted depth decreases with .

The probability of being filled when posting at a given depth d, conditional
on‘'the arrival of a market order, is called the fill probability 2(5). Naturally, 4
must be decreasing in ¢, it will be dynamic throughout the day, and it is sen-
sitive the current status of the limit order book. To see why this true, consider
the left panel of Figure 11.1 which shows a block-shaped LOB together with
(i) a post at 6 = 10 (the dashed-line) (ii) the depth to which a MO of volume
700 lifts orders (dark green region), and (iii) the depth to which a MO of vol-
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Figure 11.1 (Left) A flat (or block shaped) limit order book. (Right) Empirical
fill probabilities for NFLX on June 21, 2011 for the time interval 12:55pm to
1:00pm using 500 millisecond resting times. The straight line shows the fit tg an
exponential function.

ume 1500 lifts orders (dark plus light green region). The deepér the, order is
posted, the less likely it is that market order large enough eafs to"the book to
that price level. Hence, the probability of being filled decteases as ¢ increases.
In fact, under the assumption that the volume of individualPmarket orders V
is exponentially distributed (with mean volume ofiyy) and that the limit order
book is block shaped with level A, i.e. the postediolume at a price of S + ¢ is
equal to a constant A out to a maximum prie@jevel of S + 6, the probability of
fill will be exponential. To see why, note,that if conditional on the arrival of a
market order of volume V, the probability that the order is lifted/hit is given by

P(order posted at depth ¢ s, hit / lifted) = P(V > A¢) = 6‘7%6. (11.1)

This exponential fill probabilityais a reasonable approximation to the true fill
probability, however, seieg@rgue that power law decay better captures the tails
of the distribution. The right panel of Figure 11.1 shows empirical fill prob-
abilities togetheg/with ‘an exponential fit. The empirical fill probabilities are
obtained thfough the/following procedure:

(i) Pick a titmesinterval in which on average 10 market orders arrive. Denote
this\time interval by AT.
(19, Rec€ord the best bid (S ;) and ask (S /) at fixed times nAT from market open.
(ii) Place levels at S;, — mAS and S} + mAS, where AS is the tick sizes, with
m=1,...,20 for the first 20 ticks.
(iv) If a buy market order arrives above the price level S} + mAS within the
time window AT, then level-m receives a +1 indicator, otherwise it receives
a 0, for this time interval. Similarly, if a sell market order arrives below the
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Figure 11.2 Estimating fill probabilities by placing levels one tick apart from the
best bid/ask at equal time intervals and count how many times a level at depth m
is hit/lifted by market orders.

price level S, — mAS within the time window AT, then leyel-ni reeeives a
+1 indicator, otherwise it receives a 0, for this time interval.

(v) The percentage of +1 indicators for level-m represents the probability that
limit orders placed at level-m would be filled — i.e§itprovides as estimate
of the function A(¢) at the points § = mAS.

The procedure described above can be visualizedwas 1n Figure 11.2 where the
red crosses and blue circles indicate the timetan@ prices at which a market buy
and sell orders arrive, respectively.4n thefleft panel, the lowest price which a
market order hit a bid was 48.85 and appé€ars two ticks into the LOB. Hence,
for this time period both levels 1 and290f the buy side of the book were filled.
Further, the highest price which a market order lifted an offer was 48.89 and
only level 1 of the sell side‘of the book was filled. Similarly, In the right panel,
the buy side of the book was filled all the way to level 3, while the sell side was
completely unfilled. Noti€e that the bid-ask spread in the left and right panels
are 3 cents ands6 cents, respectively.

11.2 Liquidation With Only Limit Orders

In“the previous chapter, the optimal liquidation problem for an agent who
places only market orders was considered. Here, the agent will post only limit
orders. To this end, let the asset’s mid-price be denoted by S = (S,)o<;<r With
S; =S80+ 0 W;and let 6 = (6)p<<7 denote the spread at which the agent posts
limit sell orders (T represents the terminal time by which the liquidation should
be complete). That is, the agent posts LOs at a price of S, + ¢, at time . Next,
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let M = (M,)o<,<r denote a Poisson process (with intensity 1) corresponding
to the number of market buy orders that have arrived. Finally, let N = (N)o<s<1
denote the counting process corresponding the number of market buy orders
which lifted the agent’s offer, i.e., market orders which eat into the sell side of
book to a price less than or equal to S; — J;. Note that whenever the process N
jumps, the process M must also jump, but when M jumps, N will jump only if
the market order was large enough. Setting 4(x) = ¢™* as the probability that
the agent’s LO will be lifted when a buy market order arrives, then N jumps
with probability h(d;) whenever M jumps and N is not a Poisson process.

The filtration F on which the problem is setup will be the natural one gener-
ated by S, N and M. Moreover, the agent’s postings (or strategy) ¢ will be 7=
predictable and in particular will be left continuous with right limits (LCRL).
The agent is allowed to control § and the agents actions affects the intensity of
arrivals of N. Moreover, the agents choice of ¢, affects their profits fromjthe
trade. The profit relative to the mid-price of a sale is ;. Since an incrgase*in o
leads not only to large profits but also small probability of fill, the agent must
intelligently balance these two factors. To see how this is a¢hieyed; one more
object is required — the cash-process corresponding to th&agents wealth from
trading X = (X)o<<7. After a trade, the agent gains S\t 0;*and therefore, X;
satisfies the SDE

dX; = (S, + 6,)dNy (11.2)

and the agent’s inventory Q; = 3 — N, whege’ is the number of shares the
agent wishes to liquidate.

Now that all of the fundamental objects have been defined, the optimiza-
tion problem can now be posed. Intuitively, the agent wishes to maximize their
profit from the sales of th€ assets, but also wants to ensure that most, if not
all, of the assets are sold ‘by.the terminal time 7. If the agent has inventory
remaining at the end%of the®trading horizon, they must post a market order and
therefore take liquidity *and obtain worse prices for those shares. As argued
in the preyious chapter, a linear impact function on market orders is a reason-
able first order approximation of market impact, hence the agent’s optimization
problem is to find

H(x,§) =supE[Xr + Q- (S: =@ Qr) [ Xo- = x, S0 =5,Q0- =] (11.3)
seA

where the admissible set A consists of strategies § which are bounded from
below, and the stopping time

7=T Amin{t : Q, =0}
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is the minimum of 7 or the first time that the inventory hits zero, because then
no more trading is necessary.
The corresponding value function is therefore

H(t,x,8,9) = (SsuﬂpEt,x,S,q [Xr+ O: (S —aQr)] (11.4)
€.

where the notation E, 5 ,[-] represents expectation conditional on X, = x,
S:=S,and Qr = g. The corresponding DPE is

0,H + %(TzassH

+sup{Ae™ [H(t,x+ (S +06).S,g— )~ Ht.x.5.9]] = 0,
s
H(t,x,5,0) = x,
HT,x,S,q9) = x+q(S
The various terms in the PIDE can be interpreted as follows: LN

which drives the mid-price.
(i) The supremum takes into account the agent’s ability«o c e spread.
(iii) The term Ae™° represents the rate of arrival of n@ ders which fill the

(i) The operator dss corresponds to the generator of the Q‘ motion
(1

agents posted limit order at price S + 6.

(iv) The difference term H(t, x + (S + 0), S; q — H(t,x,S, q) represents the

change in the valuation when a marke hich fills the agent’s post

arrives — the agent’s wealth incr$ ¢ and their inventory decreases
0

by 1.

The terminal and boundary conditi uggest the natural ansatz for the value
function H(t,x,S,q) = x %St‘ h(t,q). In which case h(t, q) satisfies the

coupled system of OD
8;h + sup +h(t.q 1) - h(t. q)]}

h(t,0)
@ T, q)
The firSt order condition for the supremum imply
b‘ 0 =05 {Ae™ [0+ h(t.q - 1) - h(t, q)]]
\ =1 (—K e [6+ h(t,q— 1) — h(t,q)] + e_’“s)

=1e™ (—k [6 + h(t,q — 1) = h(t,q)] + 1)

03
0. (11.5)

—a g’

and so the optimal strategy 6* in feedback control form is given by

6 = % + [k, q) — h(t,q - 1)] . (11.6)
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Inserting the optimal feedback control into (11.5) provides a non-linear cou-
pled system of ODE:s for A(t, g)

Oh + %exp{—x[h(t,q)—h(t,q— D]}=0 (11.7)

where 1 = de~!' and the same terminal and boundary conditions as (11.5)
apply. This ODE can be solved exactly by making the substitution A(t,q) =
% log w(t, ) and writing a new equation for w(t, g), in which case,

0=k +  expl-[htt,q) ~ h(t.q - D]
_1witq  Aotg-1

Tk w(t,q) Kk w(t,q)
= 0=0w(tq) +Adwtqg-1) \S%

and the terminal and boundary conditions are now w(7T, g) = e

1, respectively. This coupled system can be easily solved (s L) re-
sulting in
<A : 0
— ek (a- n)
w(t,q) = E P t (11.9)

n=!

This solution then provides the function £ mc can then be plugged into
the equation for the optimal spread (11.

| ZZ— “~ e—K(I (g—n)* (T - t)n

0°(t,q) = — |1 o, q~‘
K -1 A" ek (g—1-n)? Y
" (T -1

!

forg =1,2,.... In&&] 1.3, the optimal spreads are shown as a function

tory levels as well as penalty parameter «. There are

of time for several in
several in 'é tures of the spreads:

@) re decreasing in inventory. This is natural, since if the agent
& lot of inventory, they are willing to give up profit in exchange to
N easSe the probability that their orders are filled so that they may complete
uidation by end of the time horizon and avoid crossing the spread and
Q paying a terminal penalty. However, if inventories are low, they are willing
to hold on to it in exchange for large profits, because now the terminal

penalty will be moderate.

(i) For fixed inventory level, the spreads all decrease in time. Once again, this



(iii)

@iv)

N

11.2 Liquidation With Only Limit Orders 57

0.4 0.4 a=0.0025
= S
<03 203
& g
(=9 =
£ 0.2 0.2
< <
g E
201 2.0.1
) o o) o
decreasing inventory decreasing inventory
0 0
0 20 40 60 80 100 0O 20 40 60 80 100
Time (sec.) Time (sec.)

. 04
S5 s
9 203
< £
jon) o
e 0.2
< <
g E
-~ +
2 201
) @)

decreasing inventory

decreasing invento

0 20 40 60 80 100 o0
Time (sec.)

Figure 11.3 The optimal spreads ¢* at which geng, posts limit orders as a
function of time and current inventory. Thesp etegs are 4 = 0.5, x = 10, and

N =5 with the penalty @ shown each pa % owest spreads correspond to
g =5 and the highest spread to ¢ = @

is due to the agent becoming more averse to holding inventories as the ter-
minal time approaches o ‘the penalty they will receive from crossing
the spread.

As the penalty @r a increases, all spreads decrease and is a natural
consequenc inCe increasing the penalty induces the trader to liquidate
their i 1, but at lower prices.

Thespreads do not become constant far from maturity. The reason is that the
agen ly being penalized by their terminal inventory, so far from termi-
time, there is no incentive to liquidate their position. If the agent instead
enalizes inventories through time, the strategies will become asymptoti-
cally constant far from maturity. For this case see Exercise III..

Far from the terminal time, i.e., T — t > 1, the ratio appearing in the loga-

rithm above (i.e., w(t, q)/w(t,q—1))isto o ((T - t)‘l) given by the ratio of the
two terms n = ¢ — 1 and n = ¢ in the numerator to the term n = g — 1 in the




58 Optimal Liquidation and Acquisition with Limit and Market Orders

0.45
0.4
0.35

20 40 60 80 100

Time (sec.)

S

Inventory (Q*)
w

N

1
0

Figure 11.4 Some sample paths for the agent foll

denominator. Hence, it is possible to
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w(t,q— 1)

Therefore,

'\

ﬁq 1-(g— 1))2(T—t)q 1

+o((T-n7")

(11.10)

terminal time, the agent posts spread that grows like

@+0 (-0
@tS“

1+ log Koy il(T - t))] +o((T-n7).
q

11.3 Liquidation With Limit and Market Orders

% In the previous section, the agent considered posting only limit orders and is

O

found to post more aggressively as maturity approaches. However, it is also
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interesting to consider the situation in which we allow the agent to also post
market orders in addition to limit orders. In this case, when the agent is far
behind schedule, i.e., when maturity is approaching but the agent still has many
shares to acquire, then

11.4 Liquidation With Limit and Market Orders Targeting
TWAP

11.5 Liquidation With Limit and Market Orders Targetin
VWAP

11.6 Further Readings / Extensions

11.7 Exercises

Exercise I. Show that (11.9) is indeed the solution to (11.8) by comgi; follow-

ing steps

(a) Compute w(t, q) for g = 1, 2,3 by explicit integ (11 8).
(b) Notice that the solutions are all polynomi - t) and increase in
order as g increases. Hence guess tl‘lat

=®T—t}"

n:

w(t,

and show that the coefficients satisfy the recursion

@;‘W) as) (11.11)
forn=1,. \m dg=1,2,...,and a} = "7
(c) Prove via ﬁc that the above form of the solution is indeed correct.

(d) Solve @b‘

mﬂn_o, g—Tlandg=1,2
Exercise II. e optimization problem (11.3), the terminal penalty is assumed to be
—aq®. Suppose instead that terminal penalty is a generic bounded and in-

sion and show that

ad? = A gt (11.12)
n!

creasing function of the terminal inventory £(q), so that the agent’s opti-

H(x,S) =supBEorsa [ X + QS = €(Q)] . (11.13)
0EA
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(a) Derive the corresponding DPE for the associated value function, and
solve for the value function and the optimal trading strategy using the
same methods as outlined in Section 11.2.

(b) Many markets provide rebates to liquidity providers. This means that
each time that an agent posts a limit order and it is filled before be-
ing canceled, the agent receives a rebate 8. Account for such rebates in
the formulation of the agent’s optimization problem and determine the
modified optimal posting strategy.

Exercise III. Suppose that the agent wishes to penalize inventories different from zero
not just at the terminal time, but also throughout the entire duration of trad-
ing. In this case, the agent adds a running penalty term to the optimizati
problem and wishes to optimize

H(x,S)=supBo so|X: + 0 (S: —a Q) —po f 0; ds[(&\m
SEA 0
d

instead of (11.3), with ¢ > 0. When ¢ = 0, the agent sol op-
timization problem, but with ¢ > 0, the agent modiﬁes& iour to

reflect their risk attitudes towards holding inventory.

(a) Show that the corresponding value function ¢ enas H(t,x,S,q) =
X+ qS + h(t,q) where h(t, q) satisfies the le@ non-linear system of
L
ODEs
0:h + dexp (-« [A(t, q) (t@ = 64
L,0) = 0, (11.15)
hT,q) = -aq’.

and that the optimal spr%'qstill provided in feedback form as

5@: —+[h.q) ~ ht.q = 1] . (11.16)

&: L w(t, q) solve for w(t, q) and the optimal control 6.
if ¢ > 0, the limit limy_, . 67(t, g) is finite for each g
andfindep t of current time .

(b) By writing






