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2. [10] Please indicate true or false (no explanations required ).

+2 for correct answer; —0.5 for incorrect answer; 0 for no answer.

(a) [1]
In anneconomy with three tradable assets, it is never possible to replicate contingent claims

written on one of the assets.
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(b F
You have sold a put option on XYZ shares and you are simultaneously delta-hedging the
position. Suppose that important (unexpected) news arrives declaring poor sales of XYZ
products resulting in a drop in share value. You must sell shares of XYZ to maintain your

hedge.
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If inferest rates are modeled as diy = 6dt + o dW; where W 1s a Brownian motion. then

interest rates mean-revert.
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If the real-world evolution of share prices evolves with a vol of 20% and you delta-gamima

hedge a put option with a vol of 25% on a daily basis. then the net PnlL will be svmmetric.
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3. (a) [5] Consider the following portfolio: long put struck at 80 and a long call struck at 100. Sketch

the delta of the portfolio (i) at maturity (ii) l-month from maturity (iii) 1-vear from maturity

all on the same graph. Label any important points clearly.
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(b) [5] Sketch the gamma of a digital call option (i) at maturity (ii) l-month from maturity
(ili) l-year from maturity all on the same graph. Label any important points clearly. [Recall
that a digital call option pays 1 at maturiy if the asset price cxceeds the strike K otherwise it

pays nothing.]
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4. Consider a simple two-step binomial model of interest rates in which ro = 5%, and r,, = r,,_; £ 1%.

(Treat these rates as per period discount rates — e.g. discounting over the first period is 1/1.05).

=

(a) /5] Determine the risk-neutral branching probabilities consistent with a market price of 100

far o connon hoaring hoand which nave B at + — 1 ane 1 10K ot # — 9
1wl v \1[111‘!]1 LWLN (l].llln PSUFLIVL WV Laaval l’f]l‘ [ BN Ra B Ri A cllivL Lwe Lo g
“ / Jos
<
5 o, ey N
by. < l.o4 / 105
S+ los
l.oY \ (o1

r
S
vy
<
e
Co

(b) /5] Suppose that the risk-neutral branching probabilities are ¢ = 1/2.
. ! Pl | 7

Consider a European call option on a 3-period bond with notional 100, The option matures

at £ = 2 and the strike of the option is 95. Determine the value of the option.
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5. Consider a digital call option in the Black-Scholes model with zero interest rates.

(a) [5] Show that the price of the digital call option is
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(b) /5] Confirm that the price satisfies the Black-Scholes partial differential equation.
[Hint: use the fact that "(x) = —w®'(v)]
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6. You are given that 1 and B; are correlated Brownian motions with correlation p.
. . . . . . t .
(a) /5] Obtain an integration by parts formula for [ e« dB,.
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(b) /5] Determine the mean and variance of X, = JD W, dB. — fu B.dW,.
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7. [10] Suppose that two stocks Uy and V; satisly the following SDEs:

1 v
Tt ndttodX,, St =adt +pdY;,
[’:t 1;,1:

where X; and Y¥; are P-Wiener processes with correlation d[X.Y); = pdt and o, /3, 0,1 are all
constants. The risk-free rate 1s zero.

Determine the price at time ¢+ = 0 of an option which pays
= (,-‘T X HVS}W

at the maturity date T and 7" = 5 = 0. Here, ~ is a constant.
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8. [10] Prove that
¢ ¢
/ WedZ, + [ ZgdWe =Wy Zy — pt a.s.
Jo Jo

Do not use Ito’s lennma, but rather use the fundamental definition of the stochastic integrals.
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9. Consider the Vasicelk model for the short rate of interest:

f!f',r = k(f — J'p) dt + ﬂff”-;

where 175 is a Q-Wiener process. The solution to this SDE is
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(a) [5] Show that the distribution of I = [ r, ds is normal with mean m and variance o with
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(b) /3] Show that price of a T-maturity hond satisfies the SDE
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