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Various ‘types’ of likelihood

1. likelihood, marginal and conditional likelihood, profile likelihood, adjusted profile

2. semi-parametric likelihood, partial likelihood

3. quasi-likelihood, composite likelihood misspecified models

4. empirical likelihood, penalized likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local
likelihood, sieve likelihood
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Recap

• likelihood function is proportional to the probability of the observed data

• need to assume a probability model in order to write down a likelihood function

• these models are usually parametric, i.e. a class of models that vary with a parameter
θ ∈ Θ

• but are sometimes non-parametric, in the sense that Θ might be an
infinite-dimensional space

e.g. the class of all twice-differentiable function
e.g. the intensity function for a Poisson process

• random effects model: why do we integrate out the random effects?
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... Recap

• several examples: regression, time series, continuous time processes,
correlated binary data, etc.

• several examples of likelihood functions that involve integration complicated
• an example where the likelihood function can’t be written down completely Ising model

• these examples meant to motivate variations on the usual likelihood function to come

• notation and derived quantities: score function, observed and expected Fisher
information, maximum likelihood estimate, likelihood ratio statistic
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https://utstat.toronto.edu/reid/sta4508s/jan12-handout.pdf


STA 4508: Likelihood and derived quantities January 2022

Given a model for Y which assumes Y has a density f(y; θ), θ ∈ Θ ⊂ Rd, we have
the following definitions:

observed likelihood function L(θ; y) = c(y)f(y; θ)
log-likelihood function ℓ(θ; y) = logL(θ; y) = log f(y; θ) + a(y)
score function U(θ) = ∂ℓ(θ; y)/∂θ
observed information function j(θ) = −∂2ℓ(θ; y)/∂θ∂θT

expected information (in one observation) i(θ) = EθU(θ)U(θ)T (called i1(θ) in CH)

When we have Yi independent, identically distributed from f(yi; θ), then, denoting
the observed sample y = (y1, . . . , yn) we have:

log-likelihood function ℓ(θ) = ℓ(θ; y) + a(y) Op(n)

maximum likelihood estimate θ̂ = θ̂(y) = arg supθ ℓ(θ) θ +Op(n
−1/2)

score function U(θ) = ℓ′(θ) =
!

Ui(θ) = U+(θ) Op(n
1/2)

observed information function j(θ) = −ℓ′′(θ) = −ℓ(θ;Y ) Op(n)

observed (Fisher) information j(θ̂)
expected (Fisher) information i(θ) = Eθ{U(θ)U(θ)T} = ni1(θ) O(n),

where with the risk of some confusion we use the same notation. Sometimes the
expected Fisher information is defined instead as i(θ) = Eθ{−∂U(θ;Y )/∂θT} (e.g.
in BNC). In models for which we can interchange differentiation and integration in"
f(y; θ)dy = 1, these are the same due to the Bartlett identities:

Eθ{U(θ)} = 0,

Eθ{U ′(θ)}+ Eθ{U2(θ)} = 0,

Eθ{U ′′(θ)}+ 3Eθ{U(θ)U ′(θ)}+ Eθ{U3(θ)} = 0,

and so on, where the result applies to vector θ, but as presented here is for scalar θ.
(In the vector setting the second derivative of U is a d× d× d array.)
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... Recap: inference based on likelihood

• “pure likelihood”: values of θ are plausible if L(θ̂)/L(θ) not too large
or L(θ)/L(θ̂) not too small

• Bayesian inference: posterior ∝ Likelihood × prior π(θ | y) ∝ L(θ; y)π(θ)

• frequentist: quantities derived from the likelihood function have “good” properties
behave well when we have large samples from the model

• also frequentist: pivotal quantities derived from the likelihood function can be used to
construct p-value functions also called significance functions

• p-value functions provide nested sets of confidence intervals if monotone in θ
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A trio of limit results

1.
1√
nU(θ)

d→ N{0, i1(θ)}

2. √
n(θ̂ − θ)

d→ N{0, i−11 (θ)}

3.
2{ℓ(θ̂)− ℓ(θ)} d→ χ21 16 17 18 19 20 21 22 23

−4
−3

−2
−1

0

log−likelihood function

θθ

lo
g−
lik
el
ih
oo
d

θθθθ

θθ −− θθ

1.92 w

Leading to a trio of approximate confidence intervals:
1. {θ : |U(θ)i−1/2(θ)| ≤ z1−α/2}

2. {θ : |(θ̂ − θ)i1/2(θ̂)| ≤ z1−α/2}

3. {θ : 2[ℓ(θ̂)− ℓ(θ)]} ≤ χ21,1−αSTA 4508 January 19 2022 8



p-value functions of θ

• or leading to a trio of approximate pivotal quantities

1. ru(θ) = U(θ)j−1/2(θ̂) .∼ N(0, 1)
2. re(θ) = (θ̂ − θ)j1/2(θ̂),
3. r(θ) = sign(θ̂ − θ)[2{ℓ(θ̂)− ℓ(θ)}]1/2

• Pr{ru(θ) ≤ r0u(θ)}
.
= Φ{r0u(θ)} under sampling from the model f (y; θ) = f (y1, . . . , yn; θ)

• and a trio of p-value functions of θ, for fixed data
• similarly

1. pu(θ) = Φ{r0u(θ)},
2. pe(θ) = Φ{re(θ)}
3. pr(θ) = Φ{r(θ)}
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Observed and expected Fisher information
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Example: Exponential

• f (yi; θ) = θe−yiθ, i = 1, . . . ,n

• ℓ(θ) =

• ℓ′(θ) =

• ℓ′′(θ) =

• ru(θ) =

• re(θ) =

• r(θ) =
expand log(θȳ) around 1 to get asymptotic equivalence to re, ru
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Example: Exponential

• f (yi; θ) = θe−yiθ, i = 1, . . . ,n

• ℓ(θ) = n log θ − nθȳ

• ℓ′(θ) = n
θ − nȳ θ̂ = ȳ−1

• ℓ′′(θ) = − n
θ2

• ru(θ) = 1√
nℓ

′(θ)j−1/2(θ̂) =
√
n( 1

θȳ − 1)

• re(θ) = (θ̂ − θ)j1/2(θ̂) =
√
n(1− ȳθ)

• r(θ) =
√
(2n){θȳ − 1− log(θȳ)}1/2

expand log(θȳ) around 1 to get asymptotic equivalence to re, ru
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... Example: Exponential

STA 4508 January 19 2022 13



Aside

• for inference re θ, given y, plot p(θ) vs θ

• for p-value for H0 : θ = θ0, compute p(θ0)

• for checking whether, e.g. Φ{re(θ)} is a good approximation,
• compare p(θ) = Φ{re(θ)} to pexact(θ), as a function of θ, fixed y

• or compare p(θ0) to pexact(θ0) as a function of y

• if pexact(θ) not available, simulate

• if θ is a vector, choose one component at a time
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Vector parameter limit theorems and approximations

• U(θ)

• θ̂

• 2{ℓ(θ̂)− ℓ(θ)}
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Parameter of interest and nuisance parameter

• θ = (ψ,λ) =

• U(θ) =

• i(θ) = j(θ) =

• i−1(θ) = j−1(θ) =

• iψψ(θ) =

• ℓP(ψ) = jP(ψ) =
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Nuisance parameters

• θ = (ψ,λ) = (ψ1, . . . ,ψq,λ1, . . . ,λd−q)

• U(θ) =
!
Uψ(θ)

Uλ(θ)

"
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =
!
iψψ iψλ

iλψ iλλ

"
j(θ) =

!
jψψ jψλ

jλψ jλλ

"

• i−1(θ) =
!
iψψ iψλ

iλψ iλλ

"
j−1(θ) =

!
jψψ jψλ

jλψ jλλ

"
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

• ℓP(ψ) = ℓ(ψ, λ̂ψ), jP(ψ) = −ℓ′′P(ψ)
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Approximations from limiting distributions, nuisance parameters

wu(ψ) = Uψ(ψ, λ̂ψ)
T{iψψ(ψ, λ̂ψ)}Uψ(ψ, λ̂ψ)

.∼ χ2q

we(ψ) = (ψ̂ − ψ){iψψ(ψ̂, λ̂)}−1(ψ̂ − ψ)
.∼ χ2q

w(ψ) = 2{ℓ(ψ̂, λ̂)− ℓ(ψ, λ̂ψ)} = 2{ℓP(ψ̂)− ℓP(ψ)}
.∼ χ2q;

Approximate Pivots, q = 1

ru(ψ) = ℓ′P(ψ)jP(ψ̂)−1/2
.∼ N(0, 1),

re(ψ) = (ψ̂ − ψ)jP(ψ̂)1/2
.∼ N(0, 1),

r(ψ) = sign(ψ̂ − ψ)[2{ℓP(ψ̂)− ℓP(ψ)}]1/2
.∼ N(0, 1)
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Properties of likelihood functions and likelihood inference

• the likelihood depends only on the minimal sufficient statistic
• recall: L(θ; y) = m1(s; θ)m2(y) ⇐⇒ s is minimal sufficient

• equivalently L(θ; y)
L(θ0; y)

depends only on s

• “ the likelihood map is sufficient” Fraser & Naderi, 2006; Barndorff-Nielsen, et al, 1976

i.e y → L̄0(·; y), or y → L̄(·; y) normed
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... properties

• maximum likelihood estimates are equivariant: ĥ(θ) = h(θ̂) for one-to-one h(·)

• question: which of re, ru, r are invariant under interest-respecting reparameterizations
(ψ,λ) → {ψ, η(ψ,λ)}?

• consistency of maximum likelihood estimate?
• equivalence of maximum likelihood estimate and root of score equation?

• observed vs. expected information
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Approximate Bayesian inference

• π(θ | y) = exp{ℓ(θ; y)}π(θ)#
exp{ℓ(θ; y)}π(θ)dθ

• expand numerator and denominator about θ̂, assuming ℓ′(θ̂) = 0

• π(θ | y) .
= N{θ̂, j−1(θ̂)}
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Profile likelihood: examples

• regression
y = Xβ + ε, ε ∼ N(0,σ2), ψ = σ2

σ̂2 =
1
n (y − Xβ̂)T(y − Xβ̂)

• Neyman-Scott
yij ∼ N(µi,σ2), j = 1, . . . , k; i = 1, . . . ,m

σ̂2 =
1
mk

m$

i=1

(yij − ȳi.)2

• 2× 2 tables

yi1 ∼ Bern(pi1), yi2 ∼ Bern(pi2), i = 1, . . . ,n, log{pi1/(1− pi1)
pi2(1− pi2)

} = ψ + λi

ψ̂
p→ ψ/2
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This is a plot of −n log σ − (y − Xβ̂)T(y − Xβ̂)/2σ2 (black), and −(n− p) log σ − (y − Xβ̂)T(y − Xβ̂)/2σ2 against
σ (red) for given data



Eliminating nuisance parameters

• Profile likelihood poor if q large; fails if q→ ∞

• alternative: marginal likelihood: f (yn;ψ,λ) ∝ fm(t1;ψ)fc(t2 | t1;ψ,λ) tj = tj(y)

• Example N(Xβ,σ2I) : f (y;β,σ2) ∝ fm(RSS;σ2)fc(β̂ | RSS;β,σ2)

Lm(σ2) ∝ fm(RSS;σ2)

• alternative conditional likelihood: f (y;ψ,λ) ∝ fc(t1 | t2;ψ)fm(t2;ψ,λ)

• Example 2× 2 tables: f (y;ψ,λ) ∝
%n

i=1 fc(yi1 | yi1 + yi2;ψ)fm(yi1 + yi2;ψ,λi)

Lc(ψ) =
&

fc(yi1 | yi1 + yi2;ψ)
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Linear exponential families

• conditional density free of nuisance parameter
• f (yi;ψ,λ) = exp{ψTs(yi) + λTt(yi)− k(ψ,λ)}h(yi)
• f (y;ψ,λ) = exp{ψTΣs(yi) + λTΣt(yi)− nk(ψ,λ)}Πh(yi)

Let s = Σs(yi), t = Σt(yi)
• f (s, t;ψ,λ) = exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

f (s | t;ψ) =
f (s, t;ψ,λ)#
f (s, t;ψ,λ)ds

=
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

#
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)ds

=
exp{ψTs}h̃(s)

#
exp{ψTs}h̃(s)ds

= exp{ψTs− nk̃t(ψ)}h̃t(s)

k̃t, h̃t just convenient notation for integral of denominator
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Logistic regression

• yi ∼ Binom(mi,pi), i = 1, . . . ,n

• log{pi/(1− pi)} = xT

i β

• f (y;β) = exp{β1Σ(xi1yi) + · · ·+ βpΣ(xipyi)− Σmi log(1+ exTi β)}

• fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)
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... Logistic regression

fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)
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Marginal and conditional likelihoods

Lc(ψ) = log fc{s(y) | t(y);ψ},
Lm(ψ) = log fm{s(y);ψ}

• Inference based on usual asymptotics applies, under regularity conditions on f (y;ψ,λ)
• likelihoods based on observable random variables
• Bartlett identities apply directly
• use conditional or marginal Fisher information, etc.

• might lose information in other component
f (y;ψ,λ) ∝ fm(s;ψ)fc(t | s;ψ,λ)

• marginal likelihoods associated with transformation models
REML
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Approximate conditional inference

• ℓc(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)| iψλ(θ) = 0

• ℓm(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)|

• ℓc(ψ)
.
= ℓp(ψ) +

1
2 log |jηη(ψ, η̂ψ)| exp{ψTs+ ηTt− c(ψ, η)}

• adjusted profile log-likelihood

ℓA(ψ) = ℓp(ψ) + A(ψ)

A(ψ) assumed to be Op(1)

• generic form is AFR(ψ) = +
1
2 log |jλλ(ψ, λ̂ψ)|− log |d(λ)

dλ̂ψ

| Fraser 03

• closely related ABN(ψ) = − 12 log |jλλ(ψ, λ̂ψ)|+ log | dλ̂
dλ̂ψ

| SM §12.4.1

BN 83STA 4508 January 19 2022 32


