Last two weeks
oL
Y= W y) ~ H1i0), 0=, veR Bk

» two steps in constructing a pivot for (non-Bayesian)
inference about v:

1. find a distribution on R that captures all the information
about ¢

2. find a distribution on R that captures all the information
about
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Last two weeks
>y =W ¥n) ~f(y:0), 0=(P,N), YeER

» two steps in constructing a pivot for (non-Bayesian)
inference about v:
1. find a distribution on R that captures all the information

about ¢
2. find a distribution on R that captures all the information

about

» in an exponential family model,

Fly:6) o exp{usi(y) + ATsa(y) — (o, A)‘,}
step 1. follows by marginalizing to the disfribution of the -
sufficient statistic: s = (s1, s1) € RY S a|>t : oﬂa r+ X
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Last two weeks

a. =
v

:(y1a"'7yn)Nf(.y;0)7 9:(%)\), @ZJGR

» two steps in constructing a pivot for (non-Bayesian)

inference about v:

1. find a distribution on R that captures all the information
about ¢

2. find a distribution on R that captures all the information
about

in an exponential family model,

H(y:0) o< exp{wsi(y) + ATsa(y) — (¥, ),

step 1. follows by marginalizing to the distribution of the
sufficient statistic: s = (s1, s1) € RY (éJ(T
in a regression-scale model, for example GL(@ - ) Q_) ,
f(y;0) o "1 fo{yi — X7 8)/o}, =

step 1. follows by conditioning on the residuals

(vi — x! 3/5), which are ancillary for 0 = (8, o).
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... last week
>y =W ¥n) ~f(y:0), 0=(P,N), YeER

» two steps in constructing a pivot for (non-Bayesian)
inference about v:

1. find a distribution on R that captures all the information
about 6

2. find a distribution on R that captures all the information
about ¢

LTCC Likelihood Theory Week 4 November 26, 2012



... last week
>y =W ¥n) ~f(y:0), 0=(P,N), YeER

» two steps in constructing a pivot for (non-Bayesian)
inference about v:

1. find a distribution on R that captures all the information
about 6

2. find a distribution on R that captures all the information
about ¢

» in an exponential family model,

F(y:0) oc exp{ysi(y) + ATs2(y) — (v, \),
step 2. follows by conditioning:

f(s1]s2:9,A) = f(s1 | s2:9)
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... last week
>y =W ¥n) ~f(y:0), 0=(P,N), YeER

» two steps in constructing a pivot for (non-Bayesian)
inference about ¢:
1. find a distribution on R that captures all the information
about ¢
2. find a distribution on R that captures all the information
about ¢

» in an exponential family model,

F(y:0) oc exp{ysi(y) + ATs2(y) — (v, \),
step 2. follows by conditioning:

f(s1]82:9,A) = f(s1 | 82: %))
» in a regression-scale model, for example
f(y:0) o "I folyi — X/ B) /o },
step 2. follows by marginalizing: f,{(31 — 51)/4} has a
distribution free of (52), o) Week 3 handout.
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... last week

» in both cases, exponential family models and
regression-scale models, the resulting pivot is

Q

. 1 .
r _r+7log(7)~N(O,1)

» only the form of Q changes (slightly)
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... last week

>

LTCC Likelihood The:

in both cases, exponential family models and
regression-scale models, the resulting pivot is

Q

. 1 .
r _r+7log(7)~N(O,1)

only the form of Q changes (slightly)
suggests that the result can be applied more generally

use an approximate transformation model (ancillary) to
reduce from nto d

use an approximate exponential family model to reduce
from d to 1

these are both embedded in the tangent exponential model
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. last week

>

LTCC Likelihood The:

in both cases, exponential family models and
regression-scale models, the resulting pivot is

r=r+ 1 Iog(g) ~ N(0,1)
r r

only the form of Q changes (slightly)
suggests that the result can be applied more generally
use an approximate transformation model (ancillary) to |
reduce from nto d ([& o) o< ol (S‘Jge
use an approximate exponential family model to reduce
from d to 1
these are both embedded in the tangent exponential model

Z it e boe Vel
Bayesian posterior distribution functions have the same
approximation, with Q = gg depending on the prior
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This week

a few hoa examples
composite likelihood
estimating functions
generalized estimating equations (GEE)

Ao~
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Several 2 x 2 tables.

Institution 1 m  yo me Institution y1 M Yo me
1 3 4 1 3 12 2 2 0 2
2 3 4 8 11 13 1 4 1 5
3 2 2 2 3 14 2 3 2 4
4 2 2 2 2 15 2 4 4 6
5 2 2 0 3 16 4 12 3 9
6 1 3 2 3 17 1 2 2 3
7 2 2 2 3 18 3 3 1 4
8 1 5 4 4 19 1 4 2 3
9 2 2 2 3 20 0 3 0 2

10 0 2 2 3 21 2 4 1 5
11 3 3 3 3

Lipsitz et al. 1988: Biometrics; BDR p.64
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... matched pairs

Model: Yi; ~ Binomial (my;, p1;) Yoi ~ Binomial (ms;, po;)
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... matched pairs

Model: Yi; ~ Binomial (my;, p1;) Yoi ~ Binomial (ms;, po;)

parameter of interest ¢ = po; — p1;
nuisance parameters pq;,i=1,...21
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... matched pairs
Model: Y;i; ~ Binomial (my;, p1;) Yei ~ Binomial (my;, po;)

parameter of interest ¢ = po; — py;
nuisance parameters pq;, i =1,...21

inference for ¢ :
lower upper point estimate p-value for ¢ =0
®(r) —0.081 0.243 0.10 0.16
®(r) —-0.137 0.126 0.01 0.45
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... matched pairs

Model: Yi; ~ Binomial (my;, p1;) Yoi ~ Binomial (ms;, po;)

parameter of interest ¢ = po; — p1; >‘L = P. v 2\

nuisance parameters pq;,i =1,...21

inference for ¢ :

lower
o(r) —0.081
o(r*) -0.137

upper
0.243

0.126

‘-l/ [E 225120 Ba!

point estimate  p-value for ¢y =0
0.10 0.16
0.01 0.45

e(0) = [>7y moilog{p1;/(1 — p1i)},
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Pivot (psi)
Log likelihood
-4
!

-0.2 -0.1 0.0 0.1 0.2 0.3 -02 -0.1 0.0 0.1 0.2 0.3
psi psi

likelihood root, r*, q profile log likelihood,

modified profile
’ \(p(e) (f tf) ? Qq/) ?f
,_”S—

| ¢ (B)) T 1
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Example G: Cox & Snell, 1980

cost date Tl T2 cap PR NE CT BW N PT
1 460.05 68.58 14 46 687 0 1 0 0 14 0
2 452.99 67.33 10 73 1065 0 0 1 0 1 0
3 443.22 67.33 10 85 1065 1 0 1 0 1 0
4 652.32 68.00 11 67 1065 0 1 1 0 12 0
5 642.23 68.00 11 78 1065 1 1 1 0 12 0
6 345.39 67.92 13 51 514 0 1 1 0 3 0
7 272.37 68.17 12 50 822 0 0 0 0 5 0
8 317.21 68.42 14 59 457 0 0 0 0 1 0
9 457.12 68.42 15 55 822 1 0 0 0 5 0
10 690.19 68.33 12 71 792 0 1 1 1 2 0
11 350.63 68.58 12 64 560 0 0 0 0 3 0
12 402.59 68.75 13 47 790 0 1 0 0 6 0
13 412.18 68.42 15 62 530 0 0 1 0 2 0
14 495.58 68.92 17 52 1050 0 0 0 0 7 0
15 394.36 68.92 13 65 850 0 0 0 1 16 0

n=32,d=8
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Linear regression, non-normal error

» Model Y; = o + X B + o¢;
» e~ N(0,1)ore~t,
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Linear regression, non-normal error

» Model Y; = o + X B + o¢;
» e~ N(0,1)ore~t,
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Linear regression, non-normal error

» Model Y; = o + X B + o¢;
» e~ N(0,1)ore~t,

Normal t4, first order t4, third order
Est (SE) z Est (SE) z Est (SE) z
Constant —13.26 (3.140) —4.22 —11.30 (3.67) —3.01 —11.86 (3.70) —3.21
date 0.212 (0.043) 4.91 0.191 (0.048) 3.97 0.196 (0.049) 4.02
log (cap) 0.723 (0.119) 6.09 0.648 (0.113) 5.71 0.682 (0.129) 5.31
NE 0.249 (0.074) 3.36 0.242 (0.077) 3.12 0.239 (0.080) 2.97
CT 0.140 (0.060) 2.32 0.144 (0.054) 2.68 0.143 (0.063) 2.26
log (N) —0.088 (0.042) —2.11 —0.060 (0.043) —1.40 —0.072 (0.048) —1.51
PT —0.226 (0.114) —1.99 —0.282 (0.101) —2.80 —0.265 (0.110) —2.42
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Linear regression, non-normal error

» Model Y; = o + X B + o¢;
» e~ N(0,1)ore~t,

Normal ty, first order t4, third order
Est (SE) z Est (SE) z Est (SE) z
Constant —13.26 (3.140) —4.22 —11.30 (3.67)  —3.01 —11.86 (3.70)  —3.21
date 0.212 (0.043) 4.91 0.191 (0.048) 3.97 0.196 (0.049) 4.02
log (cap) 0.723 (0.119) 6.09 0.648 (0.113) 5.71 0.682 (0.129) 5.31
NE 0.249 (0.074) 3.36 0.242 (0.077) 3.12 0.239 (0.080) 2.97
CT 0.140 (0.060) 2.32 0.144 (0.054) 2.68 0.143 (0.063) 2.26
log (N) —0.088 (0.042)  —2.11 —0.060 (0.043)  —1.40 —0.072(0.048)  —1.51
PT —0.226 (0.114)  —1.99 —0.282 (0.101)  —2.80 —0.265 (0.110)  —2.42
v log (N) PT
First order  Third order First order  Third order
4 0.162 0.151 0.005 0.024
6 0.110 0.116 0.007 0.032
8 0.081 0.098 0.009 0.036
10 0.064 0.086 0.011 0.038
20 0.036 0.064 0.016 0.045
40 0.025 0.053 0.029 0.050
100 0.020 0.047 0.022 0.053
LTCC Likelihood Theory Wee®©November 26, 91.035 O . 045 O . 046 0 . 057 9/39



library (marg)
# part of package 'hoa’ on cran-r
data (nuclear)

# Fit normal-theory linear model and examine its contents:

nuc.norm <- lm( log(cost) ~ date + log(cap) + NE + CT + log(N) + PT,
+ data = nuclear )
summary (nuc.norm)

# Fit linear model with t errors and 4 df and examine its contents:

nuc.t4 <- rsm( log(cost) ~ date + log(cap) + NE + CT + log(N) + PT,
+ data = nuclear, family = student (4) )

summary (nuc.t4)

plot (nuc.t4)

# Conditional analysis for partial turnkey guarantee:
nuc.t4.pt <- cond( nuc.t4, offset = PT )
summary (nuc.t4.pt)

plot (nuc.t4.pt)

# For conditional analysis for other covariates, replace pt by
# log(N),



Type Il censored data

40 units on test, 28 failures at (log) times
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Type Il censored data

40 units on test, 28 failures at (log) times

0.0507
0.2501
0.7811
1.0876

0.0579
0.2811
0.8228
1.2473

0.0784
0.3027
0.9455
1.2776

0.0954
0.3091
0.9871
1.3445

0.1376 0.2249
0.4296 0.5379

1.0060

1.0335

0.2362
0.5621
1.0377

0.2481
0.5781
1.0471
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Type Il censored data

40 units on test, 28 failures at (log) times

0.0507
0.2501
0.7811
1.0876

0.0579
0.2811
0.8228
1.2473

0.0784
0.3027
0.9455
1.2776

0.0954
0.3091
0.9871
1.3445

0.1376 0.2249 0.2362 0.2481
0.4296 0.5379 0.5621

1.0060

1.0335

1.0377

0.5781
1.0471

Weibull model: f(y; u,0) = e¥~#)/7 exp{—eV~#/}
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Type Il censored data

40 units on test, 28 failures at (log) times

0.0507

0.0579

0.0784 0.0954

0.1376 0.2249 0.2362 0.2481

0.2501 0.2811 0.3027 0.3091 0.4296 0.5379 0.5621 0.5781
0.7811 0.8228 0.9455 0.9871 1.0060 1.0335 1.0377 1.0471
1.0876 1.2473 1.2776 1.3445

Weibull model: f(y; u,0) = e¥~#)/7 exp{—eV~#/}

o(r)
d(rv)

90% confidence intervals
g

Exact (num. int.)

LTCC Likelihood Theory Week 4 November 26, 2012

0.107,0.510)

n
(—0.116,0.476)
(_
(-0.11,0.51)

(
(
(

0.700,1.217)
0.743,1.320)
0.724,1.277)

Lawless 2003 Ch.5; Wong & Wu 2003
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Vector parameter of interest

» use tangent exponential model
or usual exponential family model

» construct a scalar parameter of interest “ '.V L}}

Ml/’f@“&/ direction in sample space

8 :d
» apply higher order approximation D t RS
Uolbe Stb .

Nominal (%) 1.0 2.5 50 10.0 25.0 50.0 750 90.0 950 975

First order 55 105 170 270 487 73.0 895 96.7 985 994
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Vector parameter of interest

» use tangent exponential model
or usual exponential family model

v

construct a scalar parameter of interest
direction in sample space

v

apply higher order approximation

Example y ~ N(u,X); Ho: X~ is tri-diagonal
First-order Markov dependence in a graphical model

v

v

Nominal (%) 1.0 2.5 50 10.0 25.0 50.0 750 90.0 950 975

First order 55 105 170 27.0 487 73.0 895 96.7 985 994
Second order 1.1 2.6 50 101 248 498 749 899 949 974
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Composite likelihood

» Vector observation: Y ~ f(y;6), YecYcCR™ #HecR?
» Set of events: {Ax, k € K}
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Composite likelihood
» Vector observation: Y ~ f(y;6), YecYcCR™ #HecR?

Set of events: { Ay, k € K} Ll((_e/ 7) - jﬁlg EAIQ)G-)

Composite Likelihood: (Lindsay, 1988)

L(0;y) = T Lk(6; y)™

kek

v

v

v

L(0;y) = f({y € Ak}, 0) likelihood for an event
{wk, k € K} a set of weights

v
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Examples 9%FG

» Composite Conditional Likelihood: (Besag, 1974)

Lc(0:y) = ses fsise(Vs | ¥so)™s, ‘”’KA,W.JJKZ*T Cé/ﬁgd‘

and variants by modifying events
» Composite Marginal Likelihood:

CML(Gv y) = Hses fS(ys; Q)WS’

fs(ys; 0): marginal density of the subvector ys induced by f

» Independence Likelihood: T[—_J: (y_‘ /9)

=
» Pairwise Likelihood: wm

Tl gf(y,\_yg'ﬁ)

v
1 I

o S
LTCC Likelihood Theory Week 4 November 26, 2012 ‘> / 14/39
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Derived quantities
log composite likelihood: c/(6; y) = log CL(6; y)
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Derived quantities  \/ Nf{\hev) 4eRm
log composite likelihood: c/(6; y) = log CL(6; y)
score function: U(0; y) = Vgcl(0;y) = > scs WsUs(0; y)
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Derived quantities

log composite likelihood: c/(6; y) = log CL(6; y)
score function: U(0; y) = Vgcl(0;y) = > scs WsUs(0; y)

Us(6: y) = vst('(aﬁ/e)
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Derived quantities

log composite likelihood: c/(6; y) = log CL(6; y)
score function: U(0; y) = Vgcl(0;y) = > scs WsUs(0; y)

Us(0;y) = Vofs(ys: 0)

variability matrix: J(0) = var,{U(0; Y)}
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Derived quantities

log composite likelihood: c/(6; y) = log CL(6; y)
score function: U(0; y) = Vgcl(0;y) = > scs WsUs(0; y)

Us(9;y) = Vofs(ys; 0)

variability matrix: J(0) = vars{U(6; Y)} J=H-= }
sensitivity matrix: H(0) = E¢g{—-V,U(6; Y)} al [—' 7

qt

A s

ys
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Derived quantities
log composite likelihood: c/(0; y) = log CL(8; y)
score function: U(0; y) = Vgcl(0;y) = > scs WsUs(0; y)

Us(0; y) = Vfs(ys: 0)

variability matrix: J(6) = varp{U(0; Y)}
sensitivity matrix: H() = Eg{—VoU(0; Y)}

Godambe information (or sandwich information):
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Inference
» Sample: Yi,..., Yy, iid., CL(6;y) = [IiL{ CL(6; yi)

>

Vn(fc, —0) ~ N{0,G~(0)} G(0) = H(0)J(0)~"H(0)
a U”(QCL'/ L—')\)"')tﬂf“) =0 UWs
) o A :Q%urd
UB)=0 = u(9)+(@f§3vbu(sj +R .
60,,’9 = M(Q‘/ Q 6/;2
— V. (9)
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. inference  (8) for- mﬁ.«mw

> w(0) = 2{cl(bcr) — cl(O)} ~ Y5 naZs Za~ N(O,T)
> Uy 1q €igenvalues of J(0)H(6) ™ = /)(/aL

Tf-m&u(eq)-{—}—.-s*vaa(eo o mf\
|

e A A A \
de,) = Lle,)+ e-e 07(s) M
{—%(9,3)1 > (&) ~ 5

KN (o, z) o TR B

K Axl A=ILZ-)

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

‘-\
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.. inference

> w(0) = 2{ct(lc,) — cl(0)} ~ 39, paZ2 Za~ N(0,1)

> g eigenvalues of J(0)H(H) ™

w(6) = (B — 0){nH(6)}(BcL - 0)

O ~ N{6,G1(0)} CM Varin 7/5-08/)
(= H'TH > HG= T4
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Nuisance parameters 0 = (i, \)

» constrained estimator: 4, = SUPg—g(y)cl(0; ¥)

>

V(e =) ~ N{0, G (9)} G(0) = H(6)J(0)~"H(0)
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Nuisance parameters 6 = (1, \) e
» constrained estimator: 9¢ = SUpy—_ 9(¢)Cf (6;y) ’lljé R

>

V(e — ) ~ N{0, G ()} G(0) = H(0)J(0)~" H(0)

Paa,gm&gaf‘l'hfi Lo ) S’}.S'\Y\'\CO\,

2{05(9&)—05(%)} S 22 e—

M)

> [y e|genvalues of (HY¥)~1Gv¥
N~——
-l ¢ A
H(e)= (H b

7 fLolw«g'be 70
assam m Lk wf mis =S

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Kent, 1982
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Model selection

» Akaike’s information criterion Varin and Vidoni, 2005

AIC = —2cl(f¢y; y) — 2 dim(h)

v

Bayesian information criterion Gao and Song, 2009

BIC = —2c/(A¢y; y) — log n dim()

v

effective number of parameters (?) w\fk &~ amf; Nf}

dim(6) = w{HO)G (0} = x a4

these criteria used for model averaging
Hjort and Claeskens, 2008

or for selection of tuning parameters Gao and Song, 2009

paport o Bendf uarkshop 2012

v

v
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Example: symmetric normal

> Y~ N(0,R), var(Yj) =1, corr (Yir, Yis) = p
» compound bivariate normal densities to form pairwise
likelihood
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Example: symmetric normal

> Y~ N(0,R), var(Yj) =1, corr (Yir, Yis) = p
» compound bivariate normal densities to form pairwise
likelihood

nm(m — 1 m—1+
cé(p;y1,...,y,,) = _¥|og(1_p2)_2(1_p2)pssw

_(m=1)(1-p) SSp
2(1 — p?) m
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Example: symmetric normal

> Y~ N(0,R), var(Yj) =1, corr (Yir, Yis) = p
» compound bivariate normal densities to form pairwise

likelihood
nm(m —1 m—1+
_(m=1)(1-p) SSp
2(1—p2) m
n m n

SSw = > > Ws—Vi)? SSo=) yi
=

i=1 s=1
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Example: symmetric normal

> Y~ N(0,R), var(Yj) =1, corr (Yir, Yis) = p
» compound bivariate normal densities to form pairwise

likelihood
nm(m—1 m—1-+
CK(P;YM---a}’n) = _¥|09(1 _,02) - r/ﬁ)pssw
(m—1)(1-p) SS,
2(1 — p?) m
n m n
SSw = > > Ws—Vi)? SSo=) yi
i=1 s=1 =1
n(m—1 n
1 1 SSy

e SSw —

2(1-p) 2{1+(m—1)p} m
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.. symmetric normal

> a. Var(ﬁ) /\{1 + m—1 p}2 1 _p)

nm(m—1) +(m—1)p?

(1 - p)%c(m,

» a. var(pcr) \Mm\—u p) p
> c(m,p) =

(1-— ) (3p +1)+mp(— 3p° +8p? 3,0—|-2)+m2p2(1—p)2

ERY:
a.var(per) = nm(n27 ) ((11+ p'.;))z c(m, p)
o(3) o(1)
A n— oo m — o0

N
oo 7 @l o) A N, 6 ) s e

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
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... symmetric normal

a.var(pct)

==, m=3,58,10
avar(p)

(Cox & Reid, 2004)
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. symmetric normal A "(9)

UL (T " (&)

N\
a.var(pez) AV
= 1
) |Z< a.var @L)’ ? m 3a578a o 'P
(Cox & Reid, 2004)
0.0 02 04 06 08 10
p
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LikelihooAd ratio test

B A(p) = <tlp) red

o o 4
°
° S 4
g 7 g " A
g 8 -
£ £ 8
£ 9 g
4 58
2 o tho=0.5, n=10, g=5 = 7
T
g 4
! rho=0.8, n=10, g=5
T T T T T T T T T T
00 02 04 06 08 00 02 04 06 08
tho tho l { l ’\
[‘4 Al fe
—_—
o o (f ) P ( r)
°
S S 4
& - T
8 2 b
<] g =]
27 £ %1
- .
5 ! 5 o
g g 8
tho=0.2, n=10, g=5
S | ° tho=0.2, n=7, g=5
h T
T T T T T T T T T T
00 02 04 06 08 00 02 04 06 08
rho rtho

o~ T,
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... symmetric normal +

> Y~ N(1,02R)  Re=p
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... symmetric normal +

» Yi~N(u1,02R)  Rst=p

A A - N) A A
> fi=ficL, 6°=0¢, P=/pcL
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... symmetric normal +
1
» Yi~N(u1,02R)  Rst=p - o

-

A A - N) A A
> fi=ficL, 6°=0¢, P=/pcL

v

G(0) = H(0)J(0)""H(0) = i() expected Fisher information

v

pairwise likelihood is fully efficient

v

also true for Y; ~ N(u, X)
(Mardia, Hughes, Taylor 2007; Jin 2009)

LTCC Likelihood Theory Week 4 November 26, 2012 25/39


Nancy


. symmetric normal +
( A5, S5

» Yi~N(u1,02R)  Rst=p
Ce( g-’-) Sg S-f
D A A ur) € p b ? ~

~o_n A2 _
> fi=ficL, 6°=0dg, P=pcL

v

G(9) = H(9)J(0)"TH(6) = i(9) expected Fisher information
h+J bt
6=

v

pairwise likelihood is fully efficient

v

also true for Y; ~ N(u, X)
(Mardia, Hughes, Taylor 2007; Jin 2009)

» because Ug,(6) = J(O)H(0) Upy(6) Pagui; Pace et al., 2011
N N —

I T
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Example: dichotomized MV Normal
Y, = 1{Z, > 0} Z~N@O,R) r=1,...mi=1,...n

n
() = DS {yiyislog Py = 1,ys = 1) + yir(1 — yis) log Prg

i=1 s<r

+ (1 = Yir)Yislog Pot + (1 — ¥ir)(1 — yis) log Poo }
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Example: dichotomized MV Normal
Y, = 1{Z, > 0} Z~NO,R) r=1,...mi=A1,

n
=3 {¥iryislog P(yr = 1,ys = 1) + yir(1 = yis) log P1o

=1 s<r

+ (1 = Yir)Yislog Pot + (1 — ¥ir)(1 — yis) log Poo }

1472 (1 - p?)
Eﬁmvar( T T=>> (2ViYis—Yi—Vis)

i s<r

avar(peL) =

’
var(T) = nm*(pi111 — 2p111 +2p11 — PFy + YA
m*(—6p1111.. )+m2( D+ m(...)

(o) = izu vzl (& ;\vzr (Sf)
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ARE

p
ARE

a. variance

0.02
0.998
0.60
0.953

0.00 005 0.10 0.15 0.20 0.25
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1

1

— Pairwise
— full

1

1

0.0 0.2 0.4 0.6 0.8 1.0

0.05 0.12 0.20 0.40
0.995 0.992 0.968 0.953
0.70 0.80 0.90 0.95
0.903 0.900 0.874 0.869

0.50
0.968
0.98
0.850



Example: multi-level probit model
» latent variable: z;, = x;.5 + bj + €, € ~ N(0,1)
» binary observations: y;, =1(z; >0); r=1,...m;i=1,...n
» probit model: Pr(y;, = 1| b)) = ®(x,8+b); b ~ N(0,02)

» likelihood

oo Mi

L(B.0v) = H /. TT o0y (1-0055+0))' " o(bn o)y
» pairwise likelihood

CL(Bu Ub H H PYIr,Vls P)’Ir —Yis) P —Yir)Yis P(():)fyi,)ﬁ —Yis)
i=1r<s

» each Pr(yir =, ¥is = k) evaluated using ®x(-, ; pirs)
(Renard et al., 2004)
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... multi-level probit (Renard et al. 2004)

computational effort doesn’t increase with the number of
random effects

LTCC Likelihood Theory Week 4 November 26, 2012 29/39



... multi-level probit (Renard et al. 2004)

computational effort doesn’t increase with the number of
random effects

pairwise likelihood numerically stable
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... multi-level probit (Renard et al. 2004)
computational effort doesn’t increase with the number of
random effects
pairwise likelihood numerically stable

efficiency losses, relative to maximum likelihood, of about
20% for estimation of 3
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... multi-level probit (Renard et al. 2004)
computational effort doesn’t increase with the number of
random effects
pairwise likelihood numerically stable

efficiency losses, relative to maximum likelihood, of about
20% for estimation of 3

somewhat larger for estimation of o2
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... Example

D. Renard et al. | Computational Statistics & Data Analysis 44 (2004) 649667 663

@ H : . : . .
s . H . .

: : - .

1 - .
= 3 oo

: :
e - )
- < ~ '
«” -y 2
~ o
- =
i *
- = -
N 1
@ . : @
- . s
. .
=
ML PL PaL2 ML PL PaL2 ML PL PaL2

Fig. 5. Boxplots of ML, PL and PQL2 simulated parameter estimates under Model (10) with random
intercept.



Markov chains Hjort and Varin, 2008

» comparison of likelihood
L(0;y) = HPY(Yr =Yr| Y1 =Yr—1;0)
» adjoining pairs CML
CML(0;y) = [ [ pr(Yr = yr, Vet = yr-1:9)
» composite conditional likelihood (= Besag’s PL)

CCL(0;y) = Hpr( Yr = yr | neighbours ;)

’/Tg[ 4, ?/\9)(“{?;-::1)

<s
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... Markov chain example

» Random walk with p states and two reflecting barriers
» Transition matrix

0 1 0 0 ... 0
1—-p O p 0 ... 0

P— 0 1-p O

hs
]
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... Markov chain example

Reflecting barrier with five states: efficiency of pairwise
likelihood (dashed line) and Besag'’s pseudolikelihood (solid
line)

K oy
ZT(L( A‘k;f})

a,l,;.Fas,(‘L(L w—i%;’
Yely Jrlde  Yealys
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Example: longitudinal count data
» subjectsi=1,...,n
» observations counts y;,,r=1,...m;
» model y; ~ Poisson(ujx/ 3)
> Ujq,. .., Upm gamma-distributed random effects
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Example: longitudinal count data

subjectsi=1,...,n

v

v

observations counts y;,,r=1,...m;

model y; ~ Poisson(uj x; 3)

U, . . . , Um, gamma-distributed random effects
but correlated corr(u;,, uj) = pl™—*l

joint density has combinatorial number of terms in mj;
impractical

v

v

v

v

LTCC Likelihood Theory Week 4 November 26, 2012 34/39



Example: longitudinal count data

>

>

>

LTCC Likelihood The:

subjectsi=1,...,n

observations counts y;,,r=1,...m;

model y; ~ Poisson(uj x; 3)

U, . . . , Um, gamma-distributed random effects
but correlated corr(u;,, uj) = pl™—*l

joint density has combinatorial number of terms in mj;
impractical

weighted pairwise composite likelihood

n 1 m; m;
Lpair(B) = H m; —1 H H t(Yir: Yisi B)
i=1 r=1s=r+1

weights chosen so that £, = full likelihood if p = 0

Henderson & Shimura, 2003

ory Week 4 November 26, 2012
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Estimating functions

» Suppose y = (i, ..., ¥n) are i.i.d. from density f(y; ), and
a(y;, 0) is a function from R x R to R, satisfying

E{g(yi,0)} =0
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Estimating functions

» Suppose y = (1, ..., ¥n) are i.i.d. from density f(y; 6), and
a(y;, 0) is a function from R x R to R, satisfying

E{gr 0} =0 glHp)

— Q& 0

» examples: %i - E{}c) 1 (mf }"”) = — o, bt
Afspm L

T
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Estimating functions

» Suppose y = (1, ..., ¥n) are i.i.d. from density f(y; 6), and
a(y;, 0) is a function from R x R to R, satisfying

B0 =0} SpanoHps
examples: ]Du?jf COM'-SJ'QMU

define an estimator of 6 by

v

v

n ~
Zg(yi’ gg) =0
i=1

v

under smoothness conditions on g and f, etc., we have
Jn(fy — 0) =5 N{0,G™1(0)}, G 1(0) = H(6)J~" (0)H(0)
H(0) = —E{Vog(y1,0)}, J(0) =var{g(y1,0)} O M ’}3

composite likelihood a particular example of this

v

v
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... estimating functions

» an optimal estimating function maximizes G(#), or
minimizes G~'(0) in a class of unbiased estimating
functions
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... estimating functions

» an optimal estimating function maximizes G(#), or
minimizes G~'(0) in a class of unbiased estimating
functions

» suppose now that we assume instead Y; independent, and
E(yii0) = pi(6), var(y;; 0) = Vi(6)
» define g(y,0) by : —

wi(O){yi —i(0)} = o
i=1 T
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... estimating functions

» an optimal estimating function maximizes G(#), or
minimizes G~'(#) in a class of unbiased estimating
functions

» suppose now that we assume instead Y; independent, and
E(yii0) = pi(6), var(y;; 0) = Vi(6)
» define g(y, ) by
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. estimnating functions o N ~ V"‘lg\f \/; (@
" ; wi(0){yi — pni(0)} = 0;  w; Vi(0)

~ special case: h(u;) = x7 8, Vi = éaV(u)

o=(7 §)

v

BQNN(/Bv)

» a.var(fy) = H'UH' = XTQX, Q = diag(w;)
.
X GaV () ()2 ™

bt
If V(1) is mis-specified, then /@ g,]—{ MO ‘F‘? é ’/’(
. K

a. var(fg) = H'UH™' = (XTQX) " (XTax)(xTax)™

v

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
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... estimating functions

» even if V(u) is incorrectly specified, 3 is still consistent
a.Var(5) = (XTwX)~"Var{g(y; ) }(XTQX)™"
» often is well approximated by (XTQX)~! in any case

» when extended to dependent data, called
generalized estimating equations

Davison SM, 7.2 and 12.3
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Generalized estimating equations
> Y= Wt V)i B0 =myi var(y) = \J (#, ol
i

» estimating equation for 3:

n

3 (%) V(g 0)™ (3 — 1) = 0

j=1
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Generalized estimating equations
> Yi=W--Yin) B =i var(y) =

» estimating equation for 3:

n

3 (5;‘4) V(g 0)™ (3 — 1) = 0

=1

» multivariate version of quasi-likelihood equation

» needs some specification of V/(-;-) called “working
covariance matrix”
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Generalized estimating equations cL &

> Yi= W Yn) EO)=mi vary) = CL et
» estimating equation for 3: A
n =
0] _
) <IT> V(pjs )™ (v — 1) = 0
= NP

» multivariate version of quasi-likelihood equation

» needs some specification of V/(-;-) called “working
covariance matrix”

» geein library (gee) offers several choices:
independent, exchangeable, AR(p), etc.

» estimate of j is consistent, even if V(-;-) is mis-specified

» but estimates of Var(3) will be incorrect if

Liang & Zeger, 1986
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