STAC63 Final 2022

Any results established in the class or in the Exercises, appropriately referenced,
can be used as part of solving these questions.



1(a) (5 marks) Suppose you need to generate values from a distribution with

densﬂ;y

L fa@)= cx® for0<z<2"
' R otherwise

where ¢ is the normalizing_const&nt. Determine an algorithm to do this.
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1 {(b) (5 marks) Suppose you are asked to approximate E(exp(cos(X 0 where
X ~ f with f as in 1(a). -Show how you would construct a Monte Carlo estimate
of thlS quantity and also how you would asgess the error in-your estimate;
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2 (a) (5 marks) Suppose that X1,..., X, is a sample (i.i.d.) from a U(0,1) dis-
tribution and let X,y = max(Xjy,..., X,,). Determine the distribution function

of X,y and then prove that Ky 41,
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2 (b) (5 marks} Suppose that X, ..., Xn 13- sample as in 2(a). What constants
aand b gua_rantee that : :

‘/_( ZX wa) Lz~ N(O 1)?
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2 {c) (5 marks) Suppose that Y, is as in 2(b) and W,, = exp(Y ). Determine an

asymptotic distribyution for W, that can be used to apprommate probabilities
for W,.
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3 (a) (5 marks) Suppose the state space S for a stochastic process is finite. - Is
it possible to have iy 00 pgj) =0for alli,j € 8. Justify your conclusion,
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3 (b) (5 marks) Suppose a process {X, : n € Np} has state space § = N and
Xo=1,X; =X, 1+ 1 for i > 1. Is this a Markov chain and, if it is, what is
the transition probability matrix P? :
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3 (c) (5 marks) Consider a Markov chain with state space'.S = {1,2,3} and
transition probability matrix

1/6 1/3 1/2\ -
P = 0 1 0 .
. ( 0 0 1 )

Prove that pg’;) >1/3 for alln > 1 (Hint: induction) and so conclude Zpgg) =

n=1

co. Does this imply fi2 =17




3 (d) (5 marks) Consider a Markov chain with state space S = {1,2,3} and
transition probability matrix

(1/6 1/3 "1/2)
P=|1/6 2/3 1/6 |.
2/3 0 1/3

Determine a stationary distribution for this chain. Is the chain reversible with
respect to this stationary distribution? '
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( ) (5 marks) For the M
Sustify this. arkov cham in 3(d) determine hmn_.oo p{7 and fully
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4 (a) (5 marks) Suppose (£2,A, P) is a probability model with X and Y ran-
‘dom variables. Using the general definition of conditional expecation prove that
E(XY|Ax) = XY (Hint: use the uniqueness wpl of the conditional expecta-
tion). S T ' '
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V&
4 (b) (# marks} Suppose {Mp : n %NO} is a martingale with respect to the
stochastic process { X, :n € No} @@m}y M, is a function of (Xg, X1,..., X,,),

and also {Bn in € No} is a stochastic process where B, is a functlon of
(Xo, X1 1) 8.t P(|B|<C) 1 for every n . IfYE, Oand

Y, = ZB (M — Mi_1),
i=1

then prove that {Y,, :n € No} Is a martingale with respect to {X, : n € Ng}.
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4 {c) (5 marks) Suppose for the processes defined in 4 (b) that T is a stopping
time for the process {Y}, : n € Np}.Establish that 7" also a stopping time for the
process {X,, :n € Ng}.
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4. (d) (5 marks) For the process {Y,, : n € Ny} with stoppmg time T prove
that the process {¥pines, 7y n & Np} is also ‘a martingale. (Hint: Yn(
I{T<n} len(n ) + I{T>n)yn+1 )
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5. (a) (5 marks) If {B; : t > 0} is'a Brownian motion, then determine F((B, —
Bl/z)(BQ - Bl)z). . ’
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5. (B) {5 marks) If {B;:t>0}isa Brown1an motion and Mt max{B;: 0 <
s <t} then determine E(M;).
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6. (a) @ marks) Suppose messages arrive according to a Poisson process with
intenstity A and a message is labelled as urgent with probability 1/3. If M, is
the total number of messages in [0,¢] and U; is the number of messages labelled
urgent in [0, ¢, then compute P{Us = 3), P(Uy = 3, M5 = 4)
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6. (b) (5 marks) Suppose messages arrive from two independent sources accord-
ing to a Poisson processes with intenstities A1 and Ay and U is the number of
messages labelled urgent (Wlth probablhty 1/8) in [0,#]. Compute P(U; = 3).
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