STACG3. Midterm 2022

Any results established in the class or in the Exercises, appropriately referenced,
can be used as part of solving these questions.



1(i). (10 marks) Suppose you need to approximate the following infegral

. /R h(x)f (x) dx

where h(x) = 0 28, f is the Nig(0, %) and
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Discuss fully how you would carry out such an approximation. You do not have
~ to specify code but make sure you describe each step necessary to implement
your approximation.
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1(i). (10 marks) Suppose you want to generate a sample from a density
h{z) o |cos(x)|@(x) where ¢ is the standard normal density. Fully describe

an algorithm to do this.
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2. For all the parts of question 2 Justlfy any of your conclusmns by 01t1ng relevant
results from the notes. i :

2(1). (5 marks) Suppose that Xl, G Xnisa sample {1 i.d.) from a distribution

with mean . Specify what X? = ( S X ) converges to and the mode of -
© convergence. - '




2(i) (5 ma.rks) ‘Suppose that X, ..., X, is a sample from a distribution with
mean { and variance 1. What distribution does nX? converge to and what is
the mode of convergence? '




- 2(iii) (5 marks) Suppose that Xi,..., X, is a sample from a distribution with
mean 0and ¥ ~ N(1, 2). What dlstnbutlon does X + Y converge to?
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2(iv) (15 marks) Suppose that X1,..., Xy is-a sample from a distribution with .
mean 1 and variance 2. Determine a normal approximation to the distribution of
X? and show how this would be used to determine probabilities for this random
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-3(i) (5 marks) Suppose that X1, Xy . . . is an4.i.d. sequence from a distribution on
Ng given by P(X7 = 2) = p; and X = 0. Prove or disprove that {X, :n € No}
is a Markov chain. Hint: what do you have to specify to determine a MC.
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3(ii) (5 marks) Consider a MC with state space § = {1,2,3,4} and transition

probabilities :
' ' 1/4 1/4 1/4 1/4
P 0 2/3 1/3 0

0 1/5 4/5 O
0 0 0 1

Which states are recurrent and which are transient?
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3(iii) (5 marks) For the MC in 3(3i) compute pfy and pf3.
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3(iv) (5 marks) For the MC in 3(ii) compute fo3 and fia.
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3(v) (5 ina,rks) For the MC in 3(ii) determine the closed classes and whether or
not these are recurrent or transient. :
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4, Consider a MC with state space § = {1,2,3} and transition probabilities
0 1/2 1/2
p={13 0 2/3].
1/4 3/4 0
" 4(i) (5 marks) Find a stationary distribution for this chain.
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4(ii) (5 marks) Determine (with explanation} whether or not limn—+60 p3 =ms.
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4(iii) (5 marks) Determine (with explanation) whether or not fiz = 1.
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4(iv) (5 marks) Determine (with explanation) whether or not 3 oo ; pg’g) = 00,
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4(v) (5 marks) Determine whether or not this chain is time reversible.
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