- STAC63 Midterm 2024

Any results established in the class or in the Exercises, appropriately referenced,
can be used as part of solving these questions.
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_ . 1{a). (10 ma.rl:s) Suppose you need to a,pprommate the followmg probability
P{.Xl > 0. XlO > 0) Whel‘e X= (X:[, Xm) N-_[{](,u, S) where

p= (1,2,3,1,2,3,4,5,6,7)’

1.0 05 ... 05 .

T = _0:5 1.0 : .
: .05
0.5 ... 05 10

Diseuss fully how yon would carry out such an approximation including how you
would assess the accuracy of the estimate. You do not have to specify code but
make sure you describe each step necessary to implement your approximation
in a language such as R (you can reference any of the ca.pa.bﬂmes of such a
language).
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1(b). (15 ‘marks) Suppose you want to e&txmate the integral I Jox h(m) dz and
. you will use imiportance samplmg hased on the importance. sampler g- So, your

estima,te is.of the form n
Iy==Y =1
= 2 (e

where @1,..., -’b‘n el g Use the Central Limit Theorem to determine a conﬁdence
interval for I based on I, and state any conditions that need to be satisfied for -
the CLT to be valid. .
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2(a). (10 marks) Suppose X1y, X ¥ U0, 1), the uniform distribution on.
(0,1). Determine the cdf of X(n) = max{X1,...,X,}. Show how you could

generate a value X,y from its-distzibution basad on generatmg a gingle value
U ~T(0,1),
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" 2(b). (10 marké) Suppose you want to generate p value from, the probablhty

digtribution on R with density f(z) = 3%%/2 + 52*/2 when z € ( (0,1) and
f (a:) 0 elsewhere Determme a rejectmn a.lgomthm for this. .
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3(a). (10 marks) Suppose that X,, 5 X ~ ~ Ni(0,%) and Y,, = a+ BX,, for
fixed a ¢ R', B € R***. Determine the limiting distribution of Y,, and justify
this.
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3(b). (10 marks} Suppose that X, .
mation to the asymptotic dastnbutmn of

n_____ZXS |

, and recall that the. k-th moment of the N(0,1) is given by u; = 0 when + s .
odd and pk—(k 1) x (B -3) x X 3 X 1 when k is ever.
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3(c). {10 marks) Repéat S(b) but for the statistic
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4{a) (5 marks) Suppose a sequence of random varisbles Xj, X. 1, Xq... is gener-

. ated as follows: Xo =0 and X; = X; 1 + Z; where Z; ~ Poisson()). Is this a-

- time homogeneous Markov chein and, if 5o, what is the state space 5, the initial
d1stnbut10n v and the transition probabﬂ:ty Pig? J ustlfy all your claims,
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4(b) (§marks) Consider a MC wi ith state space S {1 2, 3,4}, initial proba-
bility di stribution .
v=(1/2,1/6,1/6,1/6)

~ and transition probabilities .
' 1/2 '1/4 1/4 0\
P 0 2/3 1/3°0
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(c) (5 ma.rks) Is the chain.in 4(b} irreducible? Ident1fy all the recurrent and
transient sta.tes
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.4(&) (wmarks) Prove that for a time homogeneous Markov chain with state
space § = N we have that . '

Bil:) = ZP(") = qu

Hint: Use the result proved in class that E;(N; E P} p ) and the Choquet
formula for expectation of nonnega.tzve random varlables
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