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V. Gaussian Processes
V.1 Stationary Gaussian Processes

- f(t,Xt ) : t 2 Tg is a Gaussian process if for any ft1, . . . ., tng � T , then0B@ Xt1
...
Xtn

1CA � Nn

0B@
0B@ µ(t1)

...
µ(tn)

1CA ,
0B@ σ(t1, t1) � � � σ(t1, tn)

...
...

σ(tn, t1) � � � σ(tn, tn)

1CA
1CA

for some mean function µ : T ! R1 and autocovariance function
σ : T � T ! R1

- when T � R1 then a weakly stationary Gaussian process has µ constant
and σ(ti , tj ) = κ(ti � tj ) for some positive de�nite κ : T ! R1

De�nition V.1.1 A s.p. with T � R1 and the property that
(Xt1+h, . . . ,Xtn+h) � (Xt1 , . . . ,Xtn ) for all ft1, . . . ., tng � T and h such
that ft1 + h, . . . ., tn + hg � T is said to be a strictly stationary process. �
- so a weakly stationary Gaussian process is always strictly stationary since
σ(ti + h, tj + h) = κ(ti � tj ) = σ(ti , tj )
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Example V.1.1 Autoregressive process of order 1

- fZn : n 2 Zg i.i.d. N(0, τ2) and consider

Xn = αXn�1 + Zn (1)

where Xn�1 is independent of Zn

- does there exist a stationary Gaussian process satisfying this?

- assume there is, then

Xn = αXn�1 + Zn = α2Xn�2 + αZn�1 + Zn
k steps
= αkXn�k + αk�1Zn�k+1 + � � �+ Zn

- consider the case when jαj < 1 then, since fXn : n 2 Zg is stationary
(which implies mean and variance constant), as k ! ∞

E (Xn) = αkE (Xn�k ) = αkE (X0)! 0 so E (Xn) = 0

Var(αkXn�k ) = α2kE (X 2n�k ) = α2kE (X 20 )! 0
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- therefore, as k ! ∞,

E

0@ Xn � k�1
∑
j=0

αjZn�j

!21A = α2kE (X 2n�k )! 0

so Xn �∑k�1
j=0 αjZn�j

2! 0 and it would be natural to de�ne

Xn =
∞

∑
i=0

αiZn�i

and note that formally such an Xn satis�es (1)

- but is ∑∞
i=0 αiZn�i a r.v.?

- consider ∑∞
i=0 jαiZn�i j and let

Ab =

(
ω :

∞

∑
i=0
jαiZn�i (ω)j � b

)
= \∞

m=0

(
ω :

m

∑
i=0
jαiZn�i (ω)j � b

)

A =

(
ω :

∞

∑
i=0
jαiZn�i (ω)j = ∞

)
= \∞

b=1

(
ω :

∞

∑
i=0
jαiZn�i (ω)j > b

)
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- then Ab ,A 2 A so ∑∞
i=0 jαiZn�i j is an (extended) r.v. and by MCT

E

 
n

∑
i=0
jαiZn�i j

!
= E (jZ0j)

n

∑
i=0
jαji " E

 
∞

∑
i=0
jαji jZn�i j

!
= E (jZ0j)(1� jαj)�1 < ∞

so P(A) = 0 (otherwise the expectation would be in�nite),A can be
removed from Ω implying ∑∞

i=0 jαiZn�i j is a r.v.
- now X 2n =

�
∑∞
i=0 αiZn�i

�2
= ∑∞

i=0 α2iZ 2n�i +∑∞
i 6=j αi+jZn�iZn�j����� ∞

∑
i 6=j

αi+jZn�iZn�j

����� � ∞

∑
i 6=j
jαji+j jZn�i jjZn�j j �

∞

∑
i 6=j
jαji+j maxfjZn�i j2, jZn�j j2g

�
∞

∑
i 6=j
jαji+jfjZn�i j2 + jZn�j j2g � 2

∞

∑
i=0
jαj2iZ 2n�i

and by MCT

E

 
k

∑
i=0

α2iZ 2n�i

!
= τ2

k

∑
i=0

α2i " τ2

1� α2
< ∞
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- since E (X 2n ) < ∞ for every n, the autocovariance function of
fXn : n 2 Zg is de�ned and is given by (suppose wlog s � t and use
E (ZiZj ) = 0 when i 6= j ,E (Z 2i ) = τ2)

σ(s, t) = Cov(Xs ,Xt ) = E

 
∞

∑
i=0

αiZs�i
∞

∑
j=0

αjZt�j

!

=
∞

∑
i=0

∞

∑
j=0

αi+jE (Zs�iZt�j ) =
∞

∑
f(i ,j):

∞

∑
s�i=t�jg

αi+jE (Zs�iZt�j )

=
∞

∑
i=s�t

α2i+t�sE (Z 2s�i ) = τ2αs�t
∞

∑
i=0

α2i =
τ2αjs�t j

1� α2

since j = t � s + j so i + j = t � s + 2i and i = s � t + j � s � t, and it
is a weakly stationary process
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- for n1 < � � � < nk 2 Z and a = (a1, . . . , ak )0 2 Rk for Y = ∑k
j=1 ajXnj

cY (t) = E (expfitY g) DCT= lim
n!∞

E

 
exp

(
it

k

∑
j=1
aj

n

∑
m=0

αmZnj�m

)!
= exp(�a0(σ(ni , nj ))a/2)

and so (by Uniqueness) Y � N(0, a0(σ(ni , nj )a) and Prop. III.9.8 implies
that fXn : n 2 Zg is a stationary Gaussian process
- to simulate (approximately) choose n0 2 Z, say n0 = 0, and choose k s.t.

k

∑
j=0

αjZn0�j � N

 
0, τ2

k

∑
j=0

α2j

!
= N

 
0, τ2

1� α2(k+1)

1� α2

!

� N
�
0,

τ2

1� α2

�
so take Xn0 =

k

∑
j=0

αjZn0�j

and then generate Zn0�k ,Zn0�k+1, . . . ,Zn0+n
i .i .d .� N(0, σ2) and use (1) to

obtain Xn0 ,Xn0+1, . . . ,Xn0+n �
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