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I\V.2 Convergence in Probability

Definition IV.2.1 The sequence X, of r.v.’s converges in probability to
rv. X if

lim P(| X, —X|>6)=0
for any 6 > 0 and we write X, x m

- this is different than X wp! X which says

P({w: lim X,(w) # X(w)}) =0

while X, £ox says for any 6 > 0, & > 0 there exists N; . such that for all
n> N(S,s
P{w: |Xp(w) — X(w)| > d}) <e
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Proposition 1IV.2.1 (i) X, "% X implies X, = X and (ii) X, = X
_— d

implies X, — X.

Proof: (i) Let Amn = {w : [Xp(w) — X(w)| > 1/m} so

limsupApn = {w : | Xy(w) — X(w)| > 1/m for infinitely many n}.
By hypothesis

0 = P(limsupAmn) = PN UY_ Amn)
n

= lim P(U34Amn) > lim P(An)

so limy_co P(Am k) = 0 which implies X, £ x.
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(ii) For 6 > 0,

Fx,(x) = P(Xp <x,X<x+6)+P(X, <x,X>x+9)
< Fx(x+98)+ P(|X, — X]| > 4) and
Fx(x—=0) = P(Xp<x,X<x—=08)+P(X,>xX<x-9)
< Fx, (x)+ P(| X, — X| > 9).
Therefore

Fx,(x) = Fx(x)
Fx(x) = Fx,(x)

Fx(X+(5)—Fx(X—(5)+P(|Xn—X| >(S)

<
< Fx(x406) — Fx(x—8) + P(|1Xy — X| > 6).

Then, for ¢ > 0 there exist N, s.t. for all
n> Nse, P(| X, — X| >J) <e/2 and so

|Fx (x) — Fx,(x)| < |Fx(x+8) — Fx(x —8)| +¢&/2

If x is a cty point of Fx choose § s.t. |Fx(x+6) — Fx(x —6)| <e&/2 and
so |Fx(x) — Fx,(x)| < e. Since ¢ is arbitrary this implies the result. B
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note X, P, X does not imply X, Pl X (example is complicated)

Example 1V.2.1 X, 4, X does not imply X, A X

-put X, =2~ N(0,1), X =—-Z~ N(0,1) so X, -5 X but
P(|X, — X| > 6) = P(2|Z] > 6) = 2(1 — ®(6/2))

andsz,,—in

Proposition 1V.2.2 X, 9, w iff X, LS I

Proof: Prop IV.2.1(ii) establishes that if X, LS i, then X, 4, p. For the
other direction,

P(I1Xg—pl < 8)=P(u—35< Xy < p+9)

(Fx, (4 +0) = Fx, (= 0)) + P(Xo = jp = 9)
and P(X, = pu—90)<Fx(p—95)—0

P(|Xo—u| < 6)—1-04+0=1

since u £ ¢ are cty pts of limiting dist., which implies X, L . A
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Proposition IV.2.3 (Slutsky's Theorem) If X, > X and Y, % ¢, then (i)
Xy + Yo 5 X + ¢ (i) X,Y, 5 X (iii) and provided

c£0,X,/Ys S X/c.

Proof: Accept.

Proposition 1V.2.4 If X, < candh: (R, B') — (R, B!) is continuous
at ¢, then h(X,) LA h(c).

Proof: Let € > 0. Then there exists 6 > 0 s.t. |h(x) — h(c)| < & whenever
|x — c| < 4. Therefore

P(|h(Xy) — h(c)| > €) < P(|X, —c| >6) — 0. W
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Example 1V.2.2

- suppose Xi, X2, ... is an i.i.d. sequence from a distribution with mean u

and variance 02 so by CLT
Lyn X — X —
= Xi—p V(X =) g N(0,1) and if

n

a/\/n o

(X —X)? 1 .
i S_ o (ZX,?—X2> then
i=1

s2 = =
n—1 n—1\n

1 n
=) X7 5 0% 4 4% by WLLN,

i=1
x2 2, 1% by Slutsky (i) and nfnl e 1, so
s2.9 52 by Slutsky and S LNy by Prop. IV.2.4
g VX1 9, p(0,1) by Slutsky

- therefore T, = ﬁ();_”) =
- when X1, Xy, ... is an i.i.d. N(u,0?) sequence this implies

Student(n) <, N(0,1)
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V.3 Convergence in Expectation

Definition 1V.3.1 The sequence X, of r.v.'s converges in expectation of
order r (> 1) to r.v. X if E(|X,|") < oo for every n and

lim E(|X, — X|") =0
and we write X, — X. l
Proposition IV.3.1 (i) If X, = X, then X, = X forany 1 < s < r. (ii) If
X, & X, then X, > X.

Proof: (i) Note that d?xP/dx?> = p(p —1)xP~2 > 0 when x > 0,p > 1
and so x"/S is convex on [0, oo). Therefore,

Jensen

E(1Xo = X|") = E((IXa = X)) = (E(1Xo = X[%))*
which implies the result. (ii) For any 6 > 0

Markov E(‘Xn _X’)
<

P(1 X, — X| > 6) ;

0.1
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- the converses to Prop. 1V.3.1 are false

- the most important case is r = 2 and we let
[2(P)={X:Xisarv. and E(X?) < oo}
- define < -, >: L2(P) x L?(P) — R' by < X, Y >= E(XY) and note

Cauchy-Schwartz

(E(XY))? < E(X?)E(Y?) < o0
and let || X]| =< X, X >1/2

Proposition 1V.3.2 (i) If X, Y € L%(P), then a+ bX + cY € L?(P) for
all constants a, b, c. (i) < -,- > is an inner product on L2(P) (iii) || - || is
a norm on L%(P).
Proof: Exercise 1V.3.1.
- this leads to a geometry of r.v.’s and the angle 0 between
X —E(X),Y — E(Y) € L%(P) satisfies

<X—EX),Y—-E(Y)> Cov(X,Y)

oS0 = X EOOIIY — EM) ~ SdGo) sa(v) ~ XY
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Proposition 1V.3.3 (L? Law of large Numbers) If X, is an i.i.d. sequence
in L2(P) then 1y, X; 2 E(Xy).
Proof:

1o ? Var(X1)

ar( A1
E =Y Xi—E(X = V. Xi 0.1
(sEemeo) ) () - -

- in time series many s.p.’s are defined in terms of series of r.v.'s that
converge in L?

- note X, > X implies X, 5 X implies X, = X implies X, % X
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