Appendix C
Common Distributions

We record here the most commonly used distributions in probability and statistics as
well as some of their basic characteristics.

C.1 | Discrete Distributions
1. Bernoulli(9), 0 € [0, 1] (same as Binomial(1, 9)).
probability function: p(x) = 6* (1 — )1 forx =0, 1.
mean: 6.
variance: 8(1 — 6).
moment-generating function: m(t) = (1 — @ + e!) fort € RL.
2. Binomial(n, ), n > 0 an integer, 8 € [0, 1] .
probability function: p(x) = (3)6*(1 —6)" > forx =0,1,...,n.
mean: né.
variance: nd(1 — 6).
moment-generating function: m(t) = (1 — @ + 0e')" fort € RL.
3. Geometric(), 8 € (0, 1] (same as Negative-Binomial(1, 8)).
probability function: p(x) = 1 —6)*d forx =0,1,2,....
mean: (1 —6)/6.
variance: (1 — 0)/62.
moment-generating function: m(t) = (1 — (1 —#)eH)~L fort < —In(1 —6).
4. Hypergeometric(N, M, n), M < N, n < N all positive integers.
probability function:
M N—-—M N
p(x):( )( )/(n)for max(0, n+ M — N) < x < min(n, M).

X n—xXx

mean: n M.
M MY N—n
variance: nyr (1 — ) 1=1-

5. Multinomial(n, 61, ..., 6x), n > 0 an integer, each 8; € [0,1],61 + --- + 0k = 1.
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probability function:

n
P(X1, ..., Xk) = (xl...xk)g){l.-.ei‘(k where each x; € {0,1,...,n}

and X1 + -+ + Xk =n.

mean: E(Xj) = né;.

variance: Var(Xj) = né;(1 — 6y).

covariance: Cov(Xj, Xj) = —n#idj wheni # j.

6. Negative-Binomial(r, ), r > 0 an integer, 9 € (0, 1].

probability function: p(x) = (""x¥)0" (1 — 0)* forx =0,1,2,3, ...

mean: r(1 —6)/6.

variance: r (1 — 6)/62.

moment-generating function: m(t) = 6" (1 — (1 — ) e)~" fort < —In(1 — ).
7. Poisson(4), 4 > 0.

probability function: p(x) = i—fe"- forx =0,1,2,3,....
mean: A. '

variance: A.

moment-generating function: m(t) = exp{A(e! — 1)} fort € RL.

C.2 | Absolutely Continuous Distributions
1. Beta(a, b),a > 0, b > 0 (same as Dirichlet(a, b)).
density function: f(x) = %ﬂ%xa—l(l —x)P~1forx € (0, 1).
mean: a/(a + b).
variance: ab/(a + b + 1)(a + b)2.
2. Bivariate Normal(uy, u, 03, 03, p) for uy, up € RY, 64,05 > 0, p e [-1,1].
density function:

X1, %, (X1, X2)

o N | () () -
oo |2 | g () ()

for x; € RY, xo e RL.

mean: E(Xj) = ;.

variance: Var(Xi) = 2.

covariance: Cov(X1, X2) = po103.

3. Chi-squared(a) or y?(a), « > 0 (same as Gamma(a/2, 1/2)).
density function: f(x) = 2=%/2(I'(a/2))"1x@/2~-1e=X/2 for x > 0.
mean: o.

variance: 2q.
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moment-generating function: m(t) = (1 — 2t)"*2 fort < 1,/2.

4. Dirichlet(ay, ..., ak+1) , @i > 0 for eachi.
density function:

X X (X1, s XK)

_F((X1+~-~+(Zk+1) al—l.

© T(a1) - Tlokgr) *
forxi >0,i=1,...,kand0 <xg+---+xx < 1.

-1 -1
--Xl((lk (1_Xl_..._xk)ak+1

mean: a
E(Xj) = ———.
a1+ -+ ok41

variance:
ai(a1 + -+ ak+1 — ai)

(014 -+ ok41)?A+ar + -+ akp1)

Var(Xj) =

covariance wheni # j:

—ajoj

Cov(Xi, Xj) = .
X = T T a2+t T o)

5. Exponential(1), A > 0 (same as Gamma(l, 1)).

density function: f(x) = 1e=* for x > 0.

mean: 271

variance: 172

moment-generating function: m(t) = (A —t)~1 fort < /.

Note that some books and software packages instead replace 1 by 1/1 in the definition
of the Exponential(4) distribution — always check this when using another book or
when using software to generate from this distribution.

6. F(a,p),a>0,8>0.
density function:

r (“;ﬂ) 0 @21 o \—-@HB2
f)=—>°"7_(2 1+2 4
0 1) OGS DR

forx > 0.

mean: S/(f — 2) when g > 2.
variance: 28%(a + 8 — 2)/a (B — 2)%(8 — 4) when g > 4.

7. Gamma(a, A),a > 0,4 > 0.
Zaxa—l

)
T@ € X forx > 0.

density function: f (x) =
mean: o /4.
variance: a/A2.

moment-generating function: m(t) = 1*(41 —t)"* fort < A.
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Note that some books and software packages instead replace 4 by 1/4 in the definition
of the Gamma(a, A) distribution — always check this when using another book or
when using software to generate from this distribution.

8. Lognormal or log N (u, 62), u € R, 6% > 0.

density function: f(x) = 2za2)"1/2x"Lexp (—Zaiz(lnx — ,u)z) forx > 0.
mean: exp(u + 2/2).

variance: exp(2u + o2)(exp(c?) — 1).

9. N(u,0%),ueRo?2>0.

density function: f(x) = 2za2)"1/2exp (—Zo_iz(x - ,u)z) for x € RL.
mean: x.

variance: 2.

moment-generating function: m(t) = exp(ut 4+ ¢%t?/2) fort e RL.

10. Student(a) ort(a), a > 0 (a = 1 gives the Cauchy distribution).
density function:

mean: 0 when a > 1.
variance: a/(a — 2) whena > 2.

11. Uniform[L, R], R > L.

density function: f(x) =1/(R—-L)forL <x < R.

mean: (L + R)/2.

variance: (R — L)2/12.

moment-generating function: m(t) = (eRt —elt)/t(R — L).





