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➠ General MCMC.

➠ Antithetic coupling and Stratified Sampling.

➠ Negative Association.

➠ Latin Hypercube Sampling.

➠ Implementation for the Gibbs sampler.

➠ Multiple-Try Metropolis (MTM).

➠ Randomized QMC for MTM.

➠ Future directions in MCMC.
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General MCMC

➠ We are interested in computing forf : Rd → R

I =

∫

Ω⊂Rd

f(x)π(x)dx.

➠ π is generally known only up to a proportionality constant sodirect
calculation is impossible.

➠ MCMC idea: create a Markov chain whose stationary distribution is
π. Sample fromπ using the realizations of this Markov chain.

➠ Issues:

• burn-in long enough?

• chain is mixing well?
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The Gibbs Sampler

Supposeπ is ad-variate distribution with one-dimensional conditionals

πi(xi|x[−i]) from which it is possible to sample for alli = 1, . . . , d. The

Gibbs samplergoes through the following steps:

Step 0 Initialize the chain by sampling/selectingx0 ∈ Rd.

Step t For each1 ≤ i ≤ d updateXt−1 toXt by sampling from

Xt;i ∼ πi(·|xt;1, xt;2, . . . , xt;i−1, xt−1;i+1, . . . , xt−1;d).
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Alternative implementations

➠ One can (in factshould!) update simultaneouslysubvector

(xi1, . . . , xik) of (x1, . . . , xd) if the corresponding conditional

distribution can be sampled directly.

➠ One does not have to go through the components ofx in the order

x1 → x2 . . .→ xd. Any order would do, in factthe order can be

selected at random in each step.
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The Metropolis-Hastings Sampler

Given a targetπ and a proposal distributionT theMetropolis-Hastings

sampleris performed in the following manner:

Step 0 Initialize the chain by sampling/selectingx0 ∈ Rd.

Step t:1 Sample aproposal y ∼ T (·|xt−1); the proposal distribution may

depend on the current state of the chain,xt−1.

Step t:2 Compute theacceptance ratio rt = min
{

1, π(y)T (xt−1|y)
π(xt−1)T (y|xt−1)

}

.

Step t:3 Sample independentlyUt ∼ Uniform(0, 1). If Ut ≤ rt then

Xt = y; otherwiseXt = xt−1.
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Sample processing

➠ Given the set of realizationsx0, x1, . . . , xm, xm+1, . . . , xm+n we
discard the firstm samples (m is called burn-in time) and we use for
inference the lastn samples obtained.In many casesm can be
HUGE!.

➠ The desired integral is approximated by

Î =
1

n

n
∑

j=1

f(xm+j).

➠ The efficiency of the estimator depends on the size of
Cov(f(Xm+t), f(Xm+t+s)). The auto-covariance can be reduced
via: reparametrization of the distributionπ, choice of the proposal
distributionT , antithetic variates, etc.

– 6 –



SPSR - QMC for MCMC'

&

$

%

Antithetic principle for classical Monte
Carlo

➠ Find Î, Î ′, estimators ofI such that Corr(Î , Î ′) ≤ 0.

➠ For K=2 processes use theantithetic quantile coupling

X
(1)
i = F−(U),X(2)

i = F−(1 − U).

➠ TakeÎ =
∑n

i=1X
(1)
i andÎ ′ =

∑n
i=1X

(2)
i .

➠ Use 1
2 (Î+ Î ′) as the estimator forI (Hammersley and Morton, 1955).

➠ Stratification of the input variablesstate space into two strata. What

if we want to usemore than two strata?
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Antithetic variates for k MCMC processes

We want to estimateI = Eπf(X) using

Process 1 → f(X
(1)
m+1) ... f(X

(1)
m+n)

Process 2 → f(X
(2)
m+1) ... f(X

(2)
m+n)

... ... ... ... ...

Process K → f(X
(K)
m+1) ... f(X

(K)
m+n)

If γs = Cov(f(X
(j)
m+r), f(X

(j)
m+r+s))

βs = Cov(f(X
(i)
m+r), f(X

(j)
m+r+s)).

Let Î = 1
nK

∑

r,j

f(X
(j)
m+r). We denotêIind if the parallel processes are

independent.
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V (Î)

V (Îind)
= 1 + (K − 1)

β0 + 2
∑n−1

r=1 βr(1 − r
n )

γ0 + 2
∑n−1

r=1 γr(1 − r
n )

In general,γr ≥ 0 so if βs ≤ 0 then we obtain variance reduction.

�
�
�
�

����

����

Burn−in Period Sampling from the MC path

Correlation induced by transition kernel Antithetically
   coupled

Antithetically

   coupled

Correlation induced by transition kernel

Correlation induced by transition kernel

Path 1

Path k

Path 2
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Negative Association

➠ The random variablesX1, X2, ..., XK are said to benegatively

associated (NA)if for every pair of disjoint subsetsA1,A2 of

{1, 2, ..., K}

Cov(f1(Xi, i ∈ A1), f2(Xj , j ∈ A2)) ≤ 0

wheneverf1 andf2 are increasing in each of the arguments

(Joag-Dev and Proschan, 1983).

➠ The union of two independent sets, each of which is NA, is NA.
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NA and MCMC

➠ A generic MCMC algorithm can be written in the general form

Xt = ψ(Xt−1,Wt),

whereψ is adeterministic mapand all randomness is absorbed in the
random seedW (t). We can think ofW as being avector of
Uniform(0, 1) random variables.In the case of Gibbs samplers,ψ is
monotone in at least some of theW ’s.

➠ SupposeWt = (Ut, Vt) andψ is monotone in bothUt andVt. We
canantithetically coupleK parallel MCMC processesby generating
at thet-th iterationK-dimensional random vectors(U (1)

t , . . . , U
(K)
t )

and(V
(1)
t , . . . , V

(K)
t ) which are NA and update each chain using

X
(i)
t = ψ(X

(i)
t−1, U

(i)
t , V

(i)
t ) for any1 ≤ i ≤ K.
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Iterative Latin Hypercube Sampling

➠ Latin Hypercube Sampling is a traditional method to stratify the

input variables used in Monte Carlo experiments. The iterative

variant of the classical construction is as follows:

Step 0 DrawU (0) = (U
(0)
1 , ..., U

(0)
K ) iid Uniform(0, 1).

Step t Let σ(t) be a random permutation of{0, 1, ..., K − 1} then

takeU (t) = 1
K (σ(t) + U (t−1)), t = 1, ..., T .

➠ Marginally,U (T )
i ∼ Uniform(0, 1) , ∀T, i .

➠ Corr(U (T )
1 , U

(T )
2 ) = − 1

K−1

(

1 − 1
K2T

) T→∞−→ − 1
K−1 .

➠ U
(T )
1 , U

(T )
2 , ...., U

(T )
K are NA,∀T > 0.
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Example K=3

➠ U
(0)
1 , U

(0)
2 , U

(0)
3 ∼ Uniform(0, 1).

➠ U
(T )
1 = 1

K + 2
K2 + 0

K3 + ...+ 1
KT +

U
(0)
1

KT .

➠ U
(T )
2 = 0

K + 1
K2 + 2

K3 + ...+ 2
KT +

U
(0)
2

KT .

➠ U
(T )
3 = 2

K + 0
K2 + 1

K3 + ...+ 0
KT +

U
(0)
3

KT .
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Slice Sampling: π(x) = C · f(x)

X

{Y :  f(Y)>U*f(x) }

X

V ~ Uniform (0, f(X))X.new~ Uniform ({ Y: f(Y)> V })
V=U*f(X)

f(X)
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Simple Illustration

➠ We want Eπ[X ] whereπ(x) ∝ e−ex

.

➠ Slice sampling using the change of variablev = − log(u/x2).

➠ Step 1:v ∼ p(v|x) ∝ e−vI{v≥ex}dv

➠ Step 2:x ∼ p(x|v) ∝ I{x≤log(v)}dx.

➠ TogetherXt+1 = ψ(Xt, ξ1, ξ2) = ξ1 log(eXt − log(1 − ξ2)), where

ξ1 andξ2 are i.i.d. Uniform(0, 1).
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Simulation Results
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Quasi-Monte Carlo (QMC)

➠ QMC is ade-randomized MC.

➠ QMC methods focus on theunit hypercubefor uniform and stratified
sampling.

➠ Features of interest:equi-distribution, high-uniformity, technically
known aslow discrepancy.

➠ The sequences do not have to be random, in fact they can be
completely deterministic.

➠ More oftenrandomized versions of QMC (denoted RQMC)
algorithms are used.

➠ Adding noise to a deterministic method allows theestimation of the
Monte Carlo error. (i.e.Var(Î)).

– 19 –
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QMC and RQMC

➠ If we construct the LHS using att = 1

U
(1)
i =

σ(i) + 0.5

K
, ∀1 ≤ i ≤ K

then the (iterative) hypercube sampling is deterministic.

➠ The random variablesU (0)
1 , . . . , U

(0)
K ∼ Uniform(0, 1) used in our

construction results in allowing each component ofU (1) to be

anywhereinside the intervals(i/K, (i+ 1)/K) for 0 ≤ i ≤ K − 1.

– 20 –
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RQMC for MH

➠ The antithetic coupling described beforefails in the case of M-H

algorithms.

➠ Due to accept-reject behavior, the NA between processes cannot be

preserved.

➠ A different use ofRQMC methods is allowed via the Multiple-Try

Metropolis

– 21 –
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Multiple-Try Metropolis

➠ SupposeT is such thatT (x|y) > 0 ⇔ T (y|x) > 0.

➠ DrawK trial proposalsY1, . . . , YK from T (y|x(t)). Compute
w(yj , x

(t)) = π(yj)T (x(t)|yj)λ(x(t), yj) for eachj. (we need only
λ(x, y) = λ(y, x))

➠ SelectY among theK proposals with probability
w(yj , x

(t))/
∑K

i=1 w(yi, x
(t)), j = 1, . . . , K.

➠ Drawx∗1, . . . , x
∗
K−1 ∼ T (·|y) and letx∗K = x(t).

➠ Acceptx(t+1) = y with generalized acceptance probability

rg = min

{

1,
w(y1, x

(t)) + . . .+ w(yK , x
(t))

w(x∗1, y) + . . .+ w(x∗K , y)

}

.

– 22 –
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Multiple-Correlated-Try Metropolis

➠ Suppose we sampleK trial proposalsY1, . . . , YK from

T̃ (y1, . . . , yK |x(t)) where
∫

T̃ (y1, . . . , yK |x(t))dy2 . . . dyK = T (y1|x(t)).

➠ The algorithm proceeds as in the independent case with one

exception.

➠ Draw (X∗
1 , . . . , X

∗
K−1) variates from the conditional transition

kernelT̃ (x1, . . . , xK−1|y, xK = x(t)) and letX∗
K = x(t)

➠ We have quite a bit of freedom in choosing̃T as long as we can

performthe blue step.

– 23 –
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Random Walk Multiple Try Metropolis

➠ For multivariate targets a common choice is theRandom Walk

Metropolis.

➠ Y1, . . . , Yk ∼ Nd(xt; Σ).

➠ Idea:Stratifying the sample of proposals produces a more structured

search of the space ”aroundXt”.

– 24 –
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Korobov rule

➠ Choose an integera ∈ {1, . . . , K − 1} and let

PK =

{

i− 1

K
(1, a, . . . , ar−1) mod 1, i = 1, . . . , K

}

.

➠ This type of point set can be randomized by generating a random

vectorv uniformly in [0, 1)r, and adding it to each point ofPK

(modulo 1). That is, let̃PK = {ũi, i = 1, . . . , K}, where

ũi = (ui + v) mod 1.
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Figure 1:Two-dimensional Korobov rule with K = 1024 and a = 139.
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Example: Lupus Data

Table 1:The number of latent membranous lupus nephritis cases, the nu-

merator, and the total number of cases, the denominator, for each combi-

nation of the values of the two covariates.

IgA

IgG3-IgG4 0 0.5 1 1.5 2

-3.0 0/ 1 - - - -

-2.5 0/ 3 - - - -

-2.0 0/ 7 - - - 0/ 1

-1.5 0/ 6 0/ 1 - - -

-1.0 0/ 6 0/ 1 0/ 1 - 0/ 1

-0.5 0/ 4 - - 1/ 1 -

0 0/ 3 - 0/ 1 1/ 1 -

0.5 3/ 4 - 1/ 1 1/ 1 1/ 1

1.0 1/ 1 - 1/ 1 1/ 1 4/ 4

1.5 1/ 1 - - 2/ 2 -
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The Model

➠ logit P (Yi = 1) = β0 + β1X1i + β2X2i whereXT
i = (1, Xi1, X2i)

is the vector of covariates for thei-th individual.

➠ The prior forβ = (β0, β1, β2)
T is trivariate normal with zero mean

and variance diag(1002, 1002, 1002).

➠ The posterior density is then proportional to

π(β|x, y) ∝
2

∏

j=0

e−0.5βj/1002

100
√

2π

55
∏

i=1

[

exp(XT
i β)

1 + exp(XT
i β)

]yi
[

1

1 + exp(XT
i β)

]1−yi

.
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Simulation Results

➠ We report forβ1 andp25 = 1{β1>25}, the ratiosR =
MSEanti
MSEind

and

R =
MSEqmc
MSEind

➠ If we denote bybij thejth sample point drawn in theith replicate

from the posterior distribution ofβ1 then, usinḡb·· =
P

ij
bij

MN and

b̄i· =
P

j
bij

N for all i = 1, . . . ,M the MSE is defined as

MSE = (b̄·· −E[β1|data])2 +

∑

i(b̄i· − b̄··)
2

(M − 1)
.

➠ Similar calculations can be done forp25.
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Table 2:Values of R for β1/p25 in the logit example.

Antithetic QMC

K\σ 2 3 4 2 3 4

3 0.92/0.92 0.90/0.86 0.99/0.95 - - -

4 0.94/0.87 0.88/0.88 0.91/0.89 - - -

5 0.98/0.96 0.81/0.81 0.89/0.86 - - -

6 0.91/0.86 0.86/0.78 0.95/0.92 - - -

8 0.81/0.70 0.75/0.69 0.83/0.80 0.69/0.72 0.61/0.60 0.59/0.56

16 0.87/0.81 0.97/0.94 0.91/0.88 0.81/0.81 0.82/0.84 0.76/0.75
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Monte Carlo: What Else is Hot?

➠ Adaptive MCMC: how can we change the transition kernel for an
MCMC algorithm “on the go”.Problems: the adaptation has to take
into accounta number of the samples already producedso the
process loses its Markovian property.

➠ Sequential Monte Carlo.

state equation:xt ∼ qt(·|xt−1, θ)

observation equation:yt ∼ ft(·|xt, φ)

whereyt are observations arriving sequentially,xt are the “state
variables”. Of interest is the “current” posterior distribution ofxt

πt(xt) ∝
∫

qt(xt|xt−1)ft(yt|xt)πt−1(xt−1)dxt−1.
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Places to go and see more

1. Web page of Christiane Lemieux (Waterloo):

http://www.math.uwaterloo.ca/˜clemieux/

2. Web page of Jun Liu (Harvard):

http://www.people.fas.harvard.edu/˜junliu/

3. Web page of Art Owen (Stanford):

http://www-stat.stanford.edu/˜owen/

4. I will post this talk on my website:

http://fisher.utstat.toronto.edu/craiu/
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