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C
o

n
ten

ts

➠
M

ultiple
C

om
parisons.

➠
False

D
iscovery

R
ate

(FD
R

)
and

N
on-D

iscovery
R

ate
(N

D
R

).

➠
Stratified

False
D

iscovery
C

ontrol.

➠
“R

O
C

”
-

based
com

parisons.

–
1

–



F
D

R
,N

D
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&
S

tratified
F

D
R
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M
u

ltip
le

C
o

m
p

ariso
n

s

➠
Sum

m
ary

of
events

for
m

ultiple
hypothesis

testing:

D
eclared

D
eclared

Total

non-significant
significant

counts

T
ruth:

H
0

U
(=

T
rue

N
egatives)

V
(=

FP/type
I

errors)
m

0

T
ruth:

H
1

T
(=

F
N

/type
II

errors)
S

(=
T

rue
Positives)

m
1

Total
m
−

R
R

m

•
O

bserved:
m

,
R

.

•
U

nobserved:
m

0 ,m
1 ,U

,V
,T

and
S

.
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D
R
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M
easu

res
o

f
Typ

e
IE

rro
r

R
ate

➠
Fam

ily-W
ise

E
rror

R
ate:

FW
E

R
=

Pr(V
≥

1).

•
Stringentcriterion:

e.g.
α
≈

1
0
−

5
required

for
genom

e-w
ide

linkage

analyses
of

com
plex

diseases
using

an
A

ffected
Sib-Pair

(A
SP)

design.

•
D

im
inished

pow
er:

often
few

or
no

discoveries.

➠
False

D
iscovery

R
ate:

FD
R

=
E
[V

/R
]

(B
enjam

iniand
H

ochberg,1995).

•
C

ontrolFD
R
≤

α
=
⇒

corresponding
FW

E
R
≥

α
.

•
A

lternative
definitions:

FD
R

=
E
[V

/
R
|R

>
0
]Pr(

R
>

0
)

(B
H

,1995),

pFD
R

=
E
[V

/
R
|R

>
0
](Storey,2002).

•
In

practice:
Pr(

R
>

0
)
≈

1
(Storey

and
T

ibshirani,2003).
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Tw
o

F
ram

ew
o

rks
fo

r
F

D
R

co
n

tro
l

➠
Fixed

FD
R

fram
ew

ork:
pre-specify

FD
R

atlevel
γ

,then
find

a
rejection

procedure
thatrejects

as
m

any
tests

as
possible

w
hile

controlFD
R

at
γ

.

•
T

he
FD

R
-adjusted

p-value
m

ethod
(Y

ekutieli,B
enjam

ini,1999)

and
the

q-value
approach

(Storey,2002).

•
C

ontrolFD
R

at
γ

level⇐
⇒

R
ejectalltests

w
ith

q-values≤
γ

.

p
(1

)
≤

...
≤

p
(
m

) ,

q̂
(
m

)
=

π̂
0

p
(
m

) ,
q̂
(
i)

=
m

in 
π̂

0
m

p
(
i)

i
,q̂

(
i+

1
) ff

.

➠
Fixed

rejection
region

fram
ew

ork:
rejectalltests

w
ith

(unadjusted)

p-values
≤

α
level(pre-specified),then

estim
ate

FD
R

am
ong

allpositives.
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dFD
R
(α

)
=

m
in


m

π̂
0

α

R
=
{
#

p
i
≤

α
}
,1 ff

.

➠
A

n
estim

ator
for

π
0

=
m

0 /m
:

π̂
0 (λ

)
=

#
{p

i
>

λ}
(1−

λ
)
m

,
w

ith
λ

=
1/2.

0
.
0

0
.
2

0
.
4

0
.
6

0
.
8

1
.
0

0 1 2 3

p
-
v
a

l
u

e
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M
o

tivatin
g

E
xam

p
le

I

C
ontrolF

D
R

at5%
C

ontrolFD
R

at10%

D
eclared

D
eclared

D
eclared

D
eclared

Total

non-signifi
cant

significant
non-significant

significant

T
ruth:

H
0

899
1

892
8

900

T
ruth:

H
1

81
19

28
72

100

Total
980

20
920

80
1000

➠
C

ontrolFD
R

at5%
:

m
iss

81
true

signals
and

identify
19

true
signals.

➠
C

ontrolFD
R

at10%
:

m
iss

28
true

signals
and

identify
72

true
signals.

W
hich

F
D

R
level?

M
easures

of
type

II
error

rate
and

pow
er?
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N
o

n
-D

iscovery
R

ate
(N

D
R

)

➠
D

efinition:
N

D
R

=
E
[T

]/m
1

=
1−

E
[S

]/m
1 .

➠
E

stim
ation:

N̂
D

R
=

1−
{
R

(1−
FD

R
)}/{m

(1−
π̂

0 )}.
•

A
ccurate

estim
ation

of
π

0 .

➠
Interpretation:

Fixed
region

fram
ew

ork
w

ith
threshold

α
,

N
D

R
=

β
(α

);
1−

N
D

R
=

Pow
er(α

).

➠
U

tility:
trade-off

betw
een

FD
R

and
1

-
N

D
R

.
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A
p

p
licatio

n
-

M
icro

array

➠
Storey

and
T

ibshirani(2003):
m

=
3,170,π̂

0
=

0.67.
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R
=55%
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D

R
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S
tratifi

ed
False

D
iscovery

C
o

n
tro

l

➠
Inherentstratification

in
m

any
genetics

studies:

•
high

priority
m

arkers
selected

from
candidate

genes
or

linkage
regions

vs.
secondary

m
arkers

included
to

cover
the

genom
e,

•
SN

Ps
vs.

m
icrosatellites,

•
each

m
arker

tested
for

association
w

ith
each

of
K

phenotypes
of

interest,

•
tests

conducted
assum

ing
K

differentgenetic
m

odels,

•
...

➠
A

vailable
auxiliary

inform
ation/variable:

stratum
indicator.

•
E

ffective
w

ay
to

incorporate
the

auxiliary
inform

ation?

•
A

ny
gain

by
adjusting

for
m

ultiple
com

parisons
w

ithin
stratum

?
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M
o

tivatin
g

E
xam

p
le

II

➠
In

a
G

W
A

study,assum
e

a
m

ap
w

ith
105K

SN
Ps,and

•
5K

SN
Ps

w
ere

selected
from

favored
regions

(stratum
1),am

ong
w

hich
100

are
truly

associated,

•
100K

SN
Ps

w
ere

chosen
to

cover
the

genom
e

(stratum
2),am

ong
w

hich
50

are
truly

associated.

➠
Fixed

rejection:
α

=
0.001,and

1−
β
(α

)
=

70%
:

A
ggregated

Stratum
1

Stratum
2

m
=

#
SN

Ps
105,000

5,000
100,000

m
1

=
#

associated
SN

Ps
150

100
50

E
[V

]
=

E
[#

false
positives]

105
5

100
E

[S]
=

E
[#

true
positives]

105
70

35
E

[R
]

=
E

[#
positives]

210
75

135
FD

R
=

E
[V

/R
]

50%
7%

74%
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➠
Fixed

FD
R

:
γ

=
10%

,and
pow

er
follow

s
a

norm
alm

odel,

1−
β
(α

;µ
)
=

Φ
(Φ
−

1(α
)
+
√

n
µ
/σ

)
w

ith
n

=
100,µ

=
1.8,σ

=
5:

A
ggregated

Stratum
1

Stratum
2

m
=

#
SN

Ps
105,000

5,000
100,000

m
1

=
#

associated
SN

Ps
150

100
50

α
used

0.00006
0.0016

0.000016
1
−

β
(α

)
40%

74%
29%

E
[V

]
=

E
[#

false
positives]

6
8

1.6
E

[S]
=

E
[#

true
positives]

60
74

14.4
E

[R
]

=
E

[#
positives]

66
83

16

E
[S

]
=

6
0

<
7
4

+
1
4
.4

=
∑

k

E
[S

(k
)]
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A
g

g
reg

atio
n

vs.S
tratifi

catio
n

➠
Fixed

rejection
region:

α
fixed

(R
=
{#

p-value≤
α}).

FD
R

=
∑

k

w
(k

)
FD

R
(k

).

w
(
k
)
=

E
[R

(
k
)]/ X

j

E
[R

(
j
)],

•
If

π
(
k
)

0
=

π
0 ,

1
−

β
(α

)
(
k
)
=

1
−

β
(α

)
:

FD
R

(
k
)
=

FD
R

.

•
If

π
(
k
)

0
<

π
0 ,

1
−

β
(α

)
(
k
)
>

1
−

β
(α

)
:

FD
R

(
k
)
<

FD
R

.

•
If

π
(
k
)

0
>

π
0 ,

1
−

β
(α

)
(
k
)
<

1
−

β
(α

)
:

FD
R

(
k
)
>

FD
R

.

➠
Fixed

FD
R

:
γ

fixed
(E

[V
/
R

]
=

γ
).

E
[R

]≤
∑

k

E
[R

(k
)].
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R
O

C
cu

rves

➠
T

he
traditionalR

O
C

curve
is

used
for

diagnostic
accuracy

➠
X

is
the

diagnostic
toolm

easurem
entfor

controls
(true

null)
and

Y
is

the
diagnostic

toolm
easurem

entfor
cases

(false
null).

➠
Specificity:

probability
thata

controlis
classified

as
norm

al.

Sensitivity:
probability

thata
case

is
classified

as
diseased.

➠
R

O
C

plots
Sensitivity

vs
1

-
Specificity.
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R
O

C

P
(Y

>
X

)

0
1

1
(1,1)

Sensitivity

1 −
 S

pecificity
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R
O

C
-like

co
m

p
ariso

n
fo

r
F

D
C

m
eth

o
d

s

Stratified
FD

R
and

“classical”
FD

R
can

be
com

pared
as

FD
C

procedures
defined

on
the

w
hole

(unstratified)
setof

p-values.

➠
1-N

D
R

=
Sensitivity;FD

R
=

1
-

Specificity.

➠
Sim

ulation
study

of
tw

o
strata

each
w

ith
different

m
,
π

0
and

signals
of

differentstrength.

➠
A

ggregated
N

D
R

can
be

obtained
in

tw
o

w
ays:

1)
W

ork
w

ith
allthe

p-values
(ignore

stratification).

2)
C

om
bine

the
strata-specific

N
D

R
’s

into
a

unified
m

easure:

N
D

R
s

=
m

(1
)

1
N

D
R

(1
)
+

m
(2

)
1

N
D

R
(2

)

m
(1

)
1

+
m

(2
)

1
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S
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d
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F
D
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1 − NDR

m
u1=

3, pi_0=
0.9

m
u1=

3, pi_0=
0.9

0.0
0.1

0.2
0.3

0.4
0.5
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S
tratified

 an
d

 A
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g
reg

ated
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D

R

1 − NDR

 strat 
 aggreg 

0.0
0.1

0.2
0.3

0.4
0.5

0.0 0.2 0.4 0.6 0.8 1.0

S
trata 1  an

d
 2

F
D

R

1 − NDR

m
u1=

2, pi_0=
0.99

m
u1=

2.5, pi_0=
0.90

0.0
0.1

0.2
0.3

0.4
0.5

0.0 0.2 0.4 0.6 0.8 1.0

S
tratified

 an
d

 A
g

g
reg

ated

F
D

R

1 − NDR

 strat 
 aggreg 

–
16

–



F
D

R
,N

D
R

&
S

tratified
F

D
R

'&

$%

0.0
0.1
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0.0 0.2 0.4 0.6 0.8 1.0

S
trata 1  an

d
 2

F
D

R

1 − NDR

m
u1=

3, pi_0=
0.98

m
u1=

2, pi_0=
0.999

0.0
0.1

0.2
0.3

0.4
0.5

0.0 0.2 0.4 0.6 0.8 1.0

S
tratified

 an
d

 A
g

g
reg
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F
D

R

1 − NDR

 strat 
 aggreg 
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0.0 0.2 0.4 0.6 0.8 1.0

S
trata 1  an

d
 2

F
D

R

1 − NDR

 m
u1=

2, pi_0=
0.8 

m
u1=

6, pi_0=
0.998
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0.0 0.2 0.4 0.6 0.8 1.0

S
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 an
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 A
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 aggreg 

–
17

–



F
D

R
,N

D
R

&
S

tratified
F

D
R

'&

$%

R
eferen

ces

➠
C

raiu
R

V
,Sun

L
(2005).

C
hoosing

the
lesser

evil:
trade-off

betw
een

false
discovery

rate
and

non-discovery
rate.

TechnicalR
eport#0504,

D
epartm

entof
Statistics,U

niversity
of

Toronto.

➠
Sun

L
,B

ullSB
,C

raiu
V

R
,Paterson

A
D

(2006).
Stratified

false

discovery
controlfor

large
scale

hypothesis
testing

w
ith

application

to
genom

e-w
ide

association
studies.

G
enetic

E
pidem

iology,to

appear.
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