Lecture 6 (Applications of Differentiation)

Maximum and Minimum Values

Definition: Let ¢ be a number in the domain D of a function f. Then f(c) is the

e absolute maximumvalueof fonDif f(c) = f(x) forany x € D.
e absolute minimumvalueof fon D if f(c) < f(x) forany x € D.

Example: f(x) = x%, x € [-3, 3]
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Other names: an absolute maximum or minimum is sometimes called a global
maximum or minimum. The maximum and minimum values of f are called
extreme values of f.

Definition: The number f(c) isa

e local maximum value of f if f(c) = f(x) for any x nearc. ~
e local minimum value of f if f(¢) < f(x) forany x nearc. ~ *
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Example: f(x) = sinx
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Example: y = x3
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== When does a function have extreme values?

Theorem: If f is continuouson a closed interval [a, b], then f attains an absolute
maximum value f(c) and absolute minimum value f(d) at some numbers
c,d € [a,b].

ol e
/ ,mbﬂ&,lw\@/}(

—> O‘VZS hulh

é\ % o 4



A0 o £
What if f is discontinuous? / 4/

What if f is continuous but on an open interval (a, b)?
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Fermat's Theorem: If £ has a local maximum or minimum at c, an

exists, then f'(c) = 0.
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A Caution: The converse of Fermat's Theorem is false in general.
Example: f(x) = x3
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The cubic function

Example: f(x) = |x|
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Note: However, Fermat's Theorem suggests that we should start looking for
extreme values at numbers where the derivative is zero or does not exist.



Definition: A critical number of a function f is a number ¢ € D such that either
f'(c) =0or f'(c) does not exist.
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Example: Find the critical numbers of f(x) =
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Rephrase Fermat's Theorem: If f has a local maximum or minimum at c, then ¢
Is a critical number of f.




Closed Interval Method: To find the absolute maximum and minimum values of
a continuous function f on a closed interval [a, b]:

e Find the values of f at the critical numbers of f in (a, b)

e Find the values of f at the endpoints of the interval.

e The largest of the values is the absolute maximum value; the smallest value
Is the absolute minimum value.

Example: Find the absolute maximum and absolute minimum values of

f(x) =x3>—6x*+50n[-3,5]
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Example: f(x) =e*+e **,0<x <1
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Rolle's Theorem: Let f be a function such that

e f Is continuouson [a, b]
e f Is differentiableon (a, b)

e f(a) =f(b)
Then there is a number ¢ in (a, b) such that f'(c) = 0.

Proof:
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Proof (continued):
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Example: Prove that the equation x!3 + 7x — 5 = 0 has exactly one (real) root.
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Mean Value Theorem (MVT): Let f be a function such that

e f Is continuouson [a, b]
e f Is differentiableon (a, b)

Then there is a number ¢ € (a, b) such that
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or
fb)—f(a)=f'(c)(b—a)
Geometric Interpretation:

There is a point in (a, b) such
that the tangent line at that
point is parallel to the secant
line going through points

(a,f(a)) and (b, f(b)).
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Proof (continued):
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Example: Suppose we know that f(x) is continuous ifferentiable on
[—7,0], f(—=7) =-3, and f'(x) < 2. What is th@éssimj\valuejr
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Fact: If f'(x) = O forall x € (a, b), then f is constant on (a, b).

Proof:
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Corollary: If f'(x) = g'(x) for all x € (a, b), then f — g is constant on (a, b).
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How Derivatives Affect the Shape of a Graph

Increasing/Decreasing Test:

o If f'(x) > 0on an interval, then f is increasing on that interval.
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Example: Find the intervals where f(x) = 4x3 + 3x% — 6x + 1 is inceasing or
decreasing.
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First Derivative Test:

Let ¢ be a critical number of a continuous function f. Then,

e If f' changes from positive to negative at ¢, then f has a local max at c.
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e If f’ changes from negative to positive at c, then f has a local min at c.
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o If f' does not change sign at c, then f has no local max or min at c.
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Example:  Given  f(x) =4x3>+3x*—6x+1. Find the
minimum/maximum values.
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Example: Given f(x) =cos?x —2sinx, 0 <x <2m, find the local
minimum/maximum values of f. WC/T — _ 9 1[ ( ’zﬂ> - 2
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Concavities

Definition: If the graph of f lies above (below) all of its tangents on an interval,
then we say, it is concave up (concave down) on that interval.

Concave Up, Decreasing Concave Up, Increasing
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Concavity Test:

e If f'"(x) > 0 onan interval, then the graph of f is concave up (CU) on that
interval.

o If f'"(x) < 0 on an interval, then the graph of f is concave down (CD) on
that interval.
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Definition: A pointP on a curve y = f(x) is called an inflection point (IP) if f
IS continuous there and the curve changes from CU to CD or vise versa at P.




Example: Given f(x) =x%Inx, find the intervals of concavity and the
inflection points.
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Second Derivative Test: Let f'' be continuous near c. LV

v, |
o If f'(c)=0and f”(c) > 0, then f has a local minimum at c. .
e If f'(c) =0and f"(c) <0, then f has a local maximum at c. ol
c> ap,
Example: f(x) = — flnd the local minimum and maximum values.
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Example: Given f(x) = :xx
asymptotes, to sketch the graph of f.
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Indeterminate Forms

What if we want to find lim,._, , ,ICHTJ; ?

There are several types of indeterminate forms:

+o00

0
- and
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Indeterminate difference; oo — o

Indeterminate product: 00

Indeterminate power: 0°, o, and 1%

The first two types are solvable with the help of I'Hospital's Rule.



L'Hospital's Rule: Let f and g be differentiable on (a,b) and g'(x) # 0 on
(a,b). Letc € (a,b). If
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Slant Asymptotes

There are asymptotes that are neither horizontal nor vertical, but oblique.
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V.A. (vertical asymptote) H.A. (horizontal asymptote) S.A. (slant asymptote)

Definition: The line y = mx + b is called a slant asymptote if

lim [£() — (mx = b)] = 0
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Note: For rational functions, the slant asymptotes are present if the degree of the
numerator is one more than the degree of the denominator.
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Example: Find all the asymptotes of r(x) =

2 C ><,_3
Yo — Y- \—)(/7

- |

— XL’7><
- [ [P0 = (A7)
BN x>
— e « ;Ei —~ 0
SpVaN — i35
~ 2 X—>c0




Slant
asymptote

. |




Example: Sketch the graph ofy=":r1 - X T 7
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Example: Sketch f(x) = i_z
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