Lecture 1 (Review of High School Math: Functions and Models)

Introduction: Numbers and their properties
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Addition:

(1) (Associative law) If a, b, and c are any numbers, then
a+b+c)=(a+b)+c

(2) (Existence of an additive identity) If a is any number, then
a+0=0+a=aqa

(3) (Existence of additive inverses) For every number a, there is a
number —a such that
a+(—a)=(-a)+a=0

(4) (Commutative law) If a and b are any numbers, then
a+b=b+a



Multiplication:

(5) (Associative law) If a, b, and ¢ are any numbers, then
a-(b-c)=(a-b)-c

(6) (Existence of an multiplicative identity) If a is any number, then
a*l=1-a=a

(7) (Existence of multiplicative inverses) For every number a # 0, there
is a number a~* such that
aral=ala=1
(Note: division by 0 is always undefined!)
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(8) (Commutative law) If a and b are any numbers, then
a-b=b-a

(9) (Distributive law) If a, b, and ¢ are any numbers, then
a-(b+c)=a'b+a-c



Definition: The numbers a satisfying a > 0 are called positive, while those
numbers a satisfying a < 0 are called negative.

For any number a, we define the absolute value |a| of a as follows:

|a|_{a, a=0
—a, a<0

Note: |a| is always positive, except when a = 0

Example:
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Theorem (Triangle Inequality): For all numbers a and b, we have
la + b| < |la| + |b]

Proof:

Note: a < |a|
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Exercises

1. Prove the following:
@ x*—y*=@x-»kx+y)

(b) (x £y)* =x*+2xy +y*

€ ¥*+y’=(@xxy)(x*Fxy+y?)



2.What is wrong with the following «proof»?

Let

then

X =Yy
x? = xy
xt —y*=xy—y* wronwd

@+yXWﬁw=y@—fZ) X=4 =0
X+y=y
2y =y
2=1

)



What types of numbers are there?...

Real Numbers

Rational Numbers

Integers

Whole

[ Irrational
Numbers [

| Numbers

|
[ Natural |
"\ Numbers/ /

\
"

The simplest numbers are the «counting numbers»:
1,23, ..

We call them natural numbers and denote by N.

The most basic property of N is the principle of «mathematical induction».



Mathematical Induction: Suppose P(n) means that the property P holds for the
number n. Then P(n) is true for all natural numbers n provided that

(1) P(1) is true
(2) Whenever P(Kk) is true, P(k + 1) iIs true.

A standard analogy is a string of dominoes which are arranged in such a way
that if any given domino is knocked over then it in turn knocks over the next
one.

This analogy is a good one but it is only an analogy, and
we have to remember that in the domino situation there is only a finite number
of dominoes.



Example: Showthat1 + ---+n = norl) 6’19
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Solution:

(1) Shaw (¥) & true for =1
N hd) _ 7f7+4) /

Nooo| 4o prove for p=k+l,c £
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Exercise
Prove by induction on n that
1 — T.n+1
1—r7r
If r # 1 (note that if r = 1, you can easily calculate the sum)

1+r+ri4+r"=



Other numbers:
Integers: ..., -2,-1,0, 1, 2,.... This set is denoted by Z.

Rational numbers: % n # 0, m,nel. This set is denoted by Q.

Real numbers: denoted by R.

Real numbers include rational and irrational numbers (e.g. = or V2, i.e.
numbers that can be represented by infinite decimals).
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Set notation and set operations

Definition: A set A is a collection of objects which are called elements or
members.

Example: A = {-1,0, 1,2}
Symbols that we shall use:

x € A (X belongs to A)
71
-1 A
x & A (x does not belong to A)

7
S & A



Subset: A c B cwny x A = /(éB

Venn Diagram:

~

(D °) At

—
Complement: A€ X £ 7A\C =N X J_A
) A p=(-1,0/1,2]

P\C: \R\ f~l/0,])7_/l)

_/
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Union: AUB = ZPC - OC e A v DCfBI}

A: {)/Q/L/bl")
6/ /b// p=1 3454
A op= {02,348, 8, LY
o oxed awd o€ D)

Intersection:ANB = f

@ AOB= 15 4
Empty set: ¢ @ @
N\ 7
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Intervals: [a, b], (a,b), |a,b), (a,b]

& @ O O
¢ b Il b

closed interval [a, b] open interval (a, b)

L O O 9
a b o b

half-closed interval |a, b) half-closed interval (a, b]
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Example:
1o = (7 H)
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Solving inequalities

Example: Solve 2 — 3x > 8.

) —& > 2X
ey &« 6
¥ £ — <&

Express the answer as an interval and graphically.
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Example: x2 —3x+3>1

. — L
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Example: Solve |x — 3| < 2

-2 £x-3=2  £3

|« y =5
X & E’/fj
[/,
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Functions

What is a function?

- A function is a rule which assigns, to each of certain real numbers, some other
real number.

Notation: f(x).

INPUT x
-

FUNCTION f:

v
OUTPUT f(x)



Example: The rule which assigns to each number the cube of that number:

flx) =x3

x=0,1,2,3 [ 1nrUT

Function:
y=x

OUTRPUT > = 0 1,8, 27




Using notations:

e A function f is a rule that assigns to each element x from some set D
exactly one element, f(x), in a set E.

e D is a set of real numbers, called the domain of the function.

e E isa set of real numbers, called the range of the function, it is the set of all
possible values of f(x) defined for every x in the domain.

e \We call x an independent variable, and y = f(x) a dependent variable.

Examples: Find domain and range in interval notation.

(1) fx)=x?

@) f0) == <
D: ix IR - ><7—,5|‘5:(—901\)U(\/5§
- oo D)\j(o,ao\




Visualizing a function

There are different ways to picture a function. One of them is an arrow
diagram:

Each arrow connects an element of D to an element of E.



The most common way to picture a function is by drawing a graph.

Definition: A graph is the set of ordered pairs {(x, f (x))|xeD}.

7

(1) 1)

Example: Given f(x) = x% —2x + 1, find f(6).

)= 6=2 ¢+

3
No
e



Example: Graph f(x) = x + 2

Example: Graph f(x) = |x]|




®
=~ When you look at the graph, how do you know you are looking at a
function?

Vertical Line Test: A curve in the xy-plane is the graph of a function of x if and
only if no vertical line intersects the curve more than once.
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Cuts once, so graph Cuts twice, so graph does

represents a function. not represent a function.



Example: x = y2 — 1
2

t] = Xt

g=rber
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* ' Mathematical models: What kind of functions are there?

A mathematical model is a mathematical description (function or equation) of a
real-world phenomenon.

Example: There is a strong positive linear relationship between husband's age

and wife's age.

YWife's Age

Husband's Age

We can use a linear model to describe this relationship!



Definition: We say y is a linear function of x if y = f(x) = mx + b

— equation of a line, where

e m is the slope of the line, the amount by which y changes when x increases
by one unit.

e b is the y-intercept, the value of y when x = 0.

Example: y = —0.5x + 1

—

\ hnh = — 0.

{ = |




Definition: A function f is a polynomial function if there are real numbers
ag, dy, ..., A, Such that P(x) = f(x) = a,x™ + a,_x" 1+ -+ a;x + a,, for
all x, n is a nonnegative integer.

The numbers a,, a4, ..., a,, are called coefficients of the polynomial. The highest
power of x with a nonzero coefficient is called the degree of the polynomial.

Examples:

1) A polynomial of degree 0 is a constant function f(x) = ¢
eg.y =3

L=

- ir

2) A polynomial of degree 1 is a linear function f(x) = mx + b.



3) A polynomial of degree 2 is a quadratic function f(x) = ax? + bx + c,

e.g. 2
\ y=x*-2x+1 = [)(—l‘\

——1

() D>
The graph is called a parabola.

4) A polynomial of degree 3 is a cubic function f(x) = ax3 + bx? + cx + d,
eg.y =x°




Definition: If f(—x) = f(x) for every xeD, then f is called an even function. If
f(—x) = —f(x) for every xeD, then f is called an odd function.

Example:
f(x) = x? isan even polynomial function.

_[: (,-y) — [—)(\7/_—\{’;— ﬁ&() The graph of an even

| function Is symmetric
with respect to the y-axis.

f(x) = x3 is an odd polynomial function.
3 3
FE) =X =¥ =-£
‘ The graph of an odd
function Is symmetric
about the origin.

-




What about £(x) = x? — 2x + 17
Py = 0= 20X+

= iyl F FE)

=+ - 7£(><>
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Definition: A function f is called increasing on an interval | if

f(xq1) < f(x,) whenever x; < x, in |
It is called decreasing on | if

f(xy) > f(x,) whenever x; < x, in |

e : _ \__
/ X; X, X X; X X




Example: Given f(x) = —x? +4x —4, find the intervals where f(x) is
Increasing/decreasing.

fry= — (x= Yx+4) = ~(¥-2)

{6 /onf-=12)
) )N on (2,0

(DI"H)



Definition: A function of the form f(x) = x%, where a is a constant, is called a
power function. We consider the following cases:

e If a = n, where n is a positive integer, then f(x) = x™ is a polynomial
function.
e If a =1/n, where n is a positive integer, then f(x) = Vx is a root function.

Example: y = vx




e Ifa=—1,thenf(x) =x"1= % IS a reciprocal function.

The graph is called a hyperbola with the coordinate axes as its asymptotes.



Definition: A function f is called a rational function, if it can be written as a
ratio of two polynomials:

_P®) «| 0O
F0) = 565 Q (x]

xX2—x+2

Example: f(x) =

x—3




Definition: A function f is called an algebraic function if it is constructed by
applying algebraic operations (such as addition, subtraction, multiplication,
division, and taking roots) to the polynomials.

Examples:

@) =VaZ+ 2 fo) = 5=

1
flx) = 2+ )



Trigonometric functions (review):

f(x) =sinx f(x) =cosx




f(x) =tanx = Z.:S_/(

'.1.III:

75

m! =

-]

-10-
tanx

No{xe R, x4 I+ kT, keZ!
E — |R F&V;OM—/—"”—

The remaining functions: cosecant, secant, and cotangent, are the reciprocal of
the ones above.




Partial table of values for trigonometric functions:

Angle
Degrees Eadians st & cos & tan &
0 0 N 1 0
T 1 W3 1
T 1 1
45 4 2 | AP :
x| | !
60 3 o 2 NE]
i
0 o 1 0 undefined
150 T 0 -1 0
Eyry
270 o -1 0 undefined
260 25T 0 1 0




Identities

Pythagorean Identities:

sinc @ + cos? @ =1
tan @ + 1 = sec? @
cot® + 1 = csc2

Sum or Difference of Two Angles:

sin{f + ¢b) = sin #cos ¢ + cos fsin ¢

cos(# + ) = cos #cos ¢ F sin #sin b

tan @ + tan ¢
1 & tan ftan ¢

tanlf + ) =

Law af Casines:

B +¢c2— 2bccos d

Reduction Formulas:

sin(— @) = —sin @
cos{—@) = cos @
tan(—@) = —tan @

Half~Angle Formulas:

1
sint @ = E{l — cos 28)

1
cos” = 5 (1 + cos 268)

Reciprocal Identities:
1
Csc = ——
sin #
0 1
sec i =
cos @
1
cotf = ——

tan &

sin @ = —sinl@ — )
cos § = —cos(® — w)
tan # = tan{# — o)

Double—Angle Formulas:

sin 28 = 2sin @ cos @

cos 28 =2cost @ — 1
=1-—2sinp
= rost @ — sin® @

Quotient Identitias:
5111 @
tan @ =
cos 6
cos 6
cot @ = —
sin (#



Exponential functions

Definition: The function of the form f(x) = a*, where the base a is a positive
constant, is called an exponential function.

Let's recall what that means.

X
y = (1) y =3

.l &£




Laws of Exponents: If a and b are positive numbers and x and y are any real
numbers, then

1.a*tY = a*a¥
ax
X=y —_
2.a —~
3.(a¥)Y =a™

4.(ab)* = a*b*

5\/5
Example: Simplify o 1
[ IO
~ @ s a? {
B N { I/)
Ol 5 g ’\_
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' ® How can we get new functions from the ones we know?
Transformations of functions

Vertical and Horizontal Shifts: Suppose ¢ > 0. To obtain the graph of

e y=f(x)+c, shift the graph of y=f(x) a distance c units

upward/downward
o y = f(x £ ¢), shift the graph of y = f(x) a distance c units to the left/right
Example: f(x) = (x —2)2 + 1 (zl\\ —;/th&x
\ DS (x- k)™ 4 h
- \ (K, h)-Vertex

(.
Cx—1)




Vertical and Horizontal Stretching: Suppose ¢ > 0. To obtain the graph of

e v = cf(x), stretch the graph of y = f(x) vertically by a factor of c
oy = %f(x), shrink the graph of y = f(x) vertically by a factor of ¢
e v = f(cx), shrink the graph of y = f(x) horizontally by a factor of ¢
ey=f (f) stretch the graph of y = f(x) horizontally by a factor of ¢

Example: y = sin 2x

Sth 2 x

-1 [ T
\{




Reflecting: To obtain the graph of

e v = —f(x), reflect the graph of y = f(x) about the x-axis
e v = f(—x), reflect the graph of y = f(x) about the y-axis

- (x+1)
Example:y =27*"1 = Z




Combinations of functions

(f £ 9)(x) = f(x) + g(x) (sum/defference)
(fg)(x) = f(x)g(x) (product)

()()_fiig(x);tO(quotlent) poj j 307[

(f o g)(x) = f(g(x)) (composite function)
Example: If f(x) = e* and g(x) = sin®x, find fog,go f,andg + f o f.

fog = Hgw) = 4 (5nx) = ™"~
9ot = 9(H(x) = 3/4) C st (e
0+ Pof= x4 ¢ X

What about f o f o f? 7#(1& q&fx))) = €€



Inverse functions
Definition: A function f is called a one-to-one function if it never takes on the

same value twice, i.e.
f(xy) # f(x,) whenever x; # x,

Example: y = x?. Is it one-to-one? /\/ @

2 2
(-2)=M = (2)
&




3
\

Horizontal line test: A function is one-to-one if and only if no horizontal line

- How to check?

Intersects its graph more than once.

i

Pass

One-to-one Function: Yes

‘I 1 L L 1 L
-6 -5 -4 -3 -2 -

i L
5 6

6 -5 —4 -3 -2 -l

-1k

().J'."'("' [lO-0ne j'lfr.'r."l."'f'."rf"-(*'.f'e"_ /




Definition: Let f be one-to-one function with domain A and range B. Then its
inverse function £~ has domain B and range A and is defined by

f'y)=x o f(x)=yforanyy € B

Note: f~1(x) # —

f(x)

Example: Given that f(x) is one-to-one, and f(0) = —1, f(2) =0, f(3) = 2.
Find f~*(=1), f71(0), and £ (f 71 (2)).

/@"I(Fl)jx _ i
f&)= -] => x=0 , 5° (=0

qw(@ =2
P#)= Fl =2



Note: Inverse functions have the unique property that, when composed with
their original functions, both functions cancel out. Mathematically, this means
that

U fx)=x x€A
f(f'x)=x, =x€B

Since functions and inverse functions contain the same numbers in their ordered
pair, just in reverse order, their graphs will be reflections of one another across
the line y = x:




Example: f(x) = x3

2= VY




)

o

How to find the inverse function?

To find the inverse function for a one-to-one function, follow these steps:

1. Rewrite the function using y instead of f( x).
2. Solve the equation for x in term of y.

3. Switch the x and y variables

4. The resulting equation isy = f~1(x)

5. Make sure that your resulting inverse function is one-to-one. If it isn't, restrict
the domain to pass the horizontal line test.



ily\b_/f?
2

3.

Example: Givenf(x) = vx + 3 , find f ().

«3 = X135

X = y= 3 /
t): Xi_g _ _3. o
VZg%kuwme - X2 0 \é‘Dmﬁ&

Note: x > 0 for f ~'( x). Without this restriction, f ~'( x) would not pass the
horizontal line test. It obviously must be one-to-one, since it must possess an
inverse of f( x). You should use that portion of the graph because it is the
reflection of f( x) across the line y = x, unlike the portion on x < 0.



Examples of inverse functions you need to know

e Logarithmic functions

If a > 0 and a # 1, the exponential function f(x) = a* is one-to-one, so it has
an inverse function f~1 called the logarithmic function with base a.

Notation: log,,
Thus,
fTlx) =logex=y < f(y)=a”=x
Cancellation property:
() =loge(@*) =x, x€R
f(f1(x)) =a'°8e* =x, x € R




Laws of logarithms: Given x,y € Z* (positive integers)

1.log,(xy) = log,x + log,y
X

2.1og, = loggx —log,y

3.log, x" =rlog,x, r €R

Note: log,a =1

Example: Evaluate log,5 —log,40 —log,1
A\

= O
— /Oj,_% - O
,Bl_ = IDj,Ll_ = -]

— .



Definition: The logarithm with base e is called the natural logarithm.

Notation: log,x = Inx

S0,
nx=yeYy=x
lne* = x, x €ER
elnx — 5 x>0

Ine=1

Example: Solve e37* =7
A 63F>< - W3

=X =|in 3
X = 33— |n T




Change of base formula:

In x
logax=m, a>0a+1

Example: Evaluate logg 3

On 3

— = 0. S oK

a8 |

CO‘\{C(/\ lm‘{'@lf




e Inverse trigonimetric functions

Inverse sine function or acrsine function: sin~1 x

; T
Vertical \° | _ ;
Line S J|= aresin x =
es E ST

1.0

—1.04

Domain: [-1,1]

T
272

Range: [

y = sinx IS not one-to-one, but for —w/2 < x < /2 it is.



So we have
sinlx=yosiny=xand—n/2<y<mw/2
sin"! (sinx) =x, —w/2<x<m/2
sin(sin"'x)=x, —-1<x<1
Example: Evaluate
(@) sin"'1/2 = X
| )

(b) cossin‘l%E = Cofk E: U-lf’—L—
Sip ' = - x



Similarly we can define inverse functions for other trigonometric functions:

FFFFF
=

-

-n2 a2

f (x) = tan™*(x)

f (X) = cos™(x)

f (x) = arctan(x)

f (x) = arccos(x)

Domain: (-, )

Domain: [-1,1]
[0.7]

Range:

[_E ud
Range: 272




--——_-h

arccot(x)

y=cot lx,x ER & coty = x,

y € (0,m)

y=sec lx,|x| >1

=4

secy =x,y €[0,n/2) VU [rr,3n/2)

y=csclx,|lx| =21 & cscy=x,y€ (0,m/2] U (m,31/2]

YA
-
arcsec(x)
-4 -3 -2 -1
arcesc(x) -..,,‘\
| —




I sin #

"

arcsin z [sin(arcsinz) = x

arccos:

arctanz{sin(arctanz) =

arccot z|sin(arccotx) =

ArcsSecr) sin(arcsecx) =

arcesc |sin(arcescx) = —
T

sin(arccosz) = V1 — a2

T

cos(arctanz) =

V1 + 22

1

v 1+ a2

|

xI

cosf I

tand

cos(arcsinx) = V1 — a2

cos(arccosz) = x

a

v14 a2

X

tan(arcsinz) =

tan(arccosx) =

cos(arccotx) =

1

cos(arcsecx) = -

rt—1

cos(arcescx) = "

1
a2 an(arccotx) =

tan(arcsecx) =

tan(arcescr) =

V1 —x?

tan(arctanz) = x

X

T
x?—1
1
2 —1

x

v1— x?



http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse3.svg
http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse.svg
http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse2.svg
http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse4.svg
http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse6.svg
http://en.wikipedia.org/wiki/File:Trigonometric_functions_and_inverse5.svg

General solutions

Note: trigonometric functions are periodic.
This periodicity is reflected in the general inverses:
sin(y) =x < y=arcsin(x) + 2km or y =7 — arcsin(z) + 2km ke
or
sin(y) =z < y=(—1)"arcsin(z) + k=
cos(y) = x < y = arccos(x) + 2km or y = 2w — arccos(x) + 2kw
or
cos(y) =x & y = Larccos(x)+ 2km
tan(y) = x < y = arctan(x) + kw
cot(y) = & y = arccot(x)+ km
sec(y) = & y = arcsec(x)+ 2km or y = 27 — arcsec(x) + 2k
(

x 4 y=arcesc(x)+ 2km or y = m — arcesc(x) + 2k7

e
LA
0l
=
S
1



Example: Solve equation 2sin2x+1 =10

Sih 2x = ——

P
B=2X 8
RA

TN
—— + 2K, kel

x = L+ kT kel

'LJ—,|_ <l /Ké/z



