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The sine-BOC (binary offset carrier) modulation is used

in several signals of the new European Global Navigation

Satellite System, Galileo, and modernized GPS. It provides

these signals with enhanced robustness against multipath and

increases the precision of the range measurement. However,

this modulation presents some drawbacks. The most severe

is the ambiguity problem in acquisition and tracking, which

introduces a large bias in the pseudo-range measurement. In

order to solve this problem, an unambiguous tracking technique

for sine-BOC signals is proposed. This technique is based on a

pseudo correlation function (PCF) which does not have any side

peak and thus completely removes all of the false lock points on

the discriminator output. Impacts of thermal noise and multipath

on the proposed technique are investigated. Theoretical and

numerical results obtained with BOC(n,n) and BOC(2n,n) signals

show that this technique has a good noise mitigation performance

and an average multipath performance.
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I. INTRODUCTION

Applications of the modernized Global Navigation

Satellite Systems (GNSS) are developing rapidly

and have gained a great interest. The modern Global

Positioning System (GPS) has transmitted several

new signals [1—4], and the European satellite system

Galileo is also planning to transmit many new

signals to provide different services to various

user classes [5]. The accuracy and reliability of

the new signals and the compatibility between

new signals and already-existing signals have been

simultaneously taken into account in the design

of new signals. Sine-phased binary offset carrier

(BOC) and multiplexed binary offset carrier (MBOC)

modulations are used in some of the new signals, for

example, GPS L1C, GPS M-code, and Galileo open

service (OS) signals. The sine-BOC modulation is

a sine-phased square-wave modulation scheme. It

moves signal energy away from the band center and

thus achieves a higher degree of spectral separation

between sine-BOC modulated signals and other

signals which use traditional binary phase shift

keying (BPSK) modulation, such as the GPS C/A

code, in order to get a more efficient sharing of

the L-band spectrum. Sine-BOC modulation also

provides better resistance to multipath and narrowband

interference. The MBOC modulated signal results

from multiplexing two sine-BOC modulated signals

with different square-wave frequencies, and it has a

high degree of compatibility with receivers that might

use sine-BOC(n,n) signals, so it is feasible to process

MBOC signals as sine-BOC modulated signals [6].

However, sine-BOC modulation presents some

drawbacks, the most severe being the ambiguity

problem in tracking. Since the sine-BOC modulated

signal has a sawtooth-like, piecewise linear

autocorrelation function which has multiple peaks,

the receiver may lock onto one of the side peaks.

This would result in intolerable bias in measurements.

Several solutions have been proposed [7—16], where

side-peaks cancellation methods are a class of

innovational algorithms to cope with the ambiguity

problem. The side-peaks cancellation techniques are

all based on the idea of suppressing the undesired

peaks of the correlation envelope while maintaining

the sharp shape of the main peak.

In this paper, a novel unambiguous tracking

method is proposed. This method is suitable for

generic sine-BOC(kn,n) signals. Sine-BOC(10,5),

which is employed in GPS M-code signal, as well

as sine-BOC(1,1) and sine-BOC(6,1), which are two

components of MBOC used in GPS L1C and Galileo

OS signals, all belong to this modulation family.

The proposed method is referred to as the pseudo

correlation function (PCF) based unambiguous delay

lock loop (PUDLL). It is based on the combination of

two correlation functions. This method is convenient
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to implement. Theoretical approximate analysis and

simulation results obtained with sine-BOC(n,n) and

sine-BOC(2n,n) signals show that it has a fine noise

mitigation performance and an average multipath

performance.

The paper is organized as follows. In Section II,

the concept and some main characteristics of

sine-BOC modulated signals are given, and the

ambiguity problem with a brief review of some

existing representative solutions is also described. In

Section III, an analytical expression of correlation

function of two signals with step-shape modulated

symbols is presented. Section IV proposes PUDLL

for sine-BOC(kn,n) signals and investigates its

multipath mitigation and noise performance. Some

implementation issues are also given in this section,

and finally conclusions are drawn in Section V.

II. SINE-BOC MODULATED SIGNALS

A. Definitions and Main Characteristics

A baseband direct sequence spread spectrum signal

may be represented as

s(t) =

1X
i=¡1

(¡1)cip(t¡ iTc) (1)

where fcig is the spreading sequence of binary digits
f0,1g, p(t) is modulated symbol, and Tc is the period
of the modulated symbol. The modulated symbol

is divided into M segments, each with equal length

Ts = Tc=M. Then the spreading symbol is given by

p(t) =

M¡1X
k=0

Ãk(t) ¢ dk (2)

where

Ãk(t) =

½
1 t 2 [kTs, (k+1)Ts]
0 others

(3)

and dk can take any real number. We assume that the

modulated symbols are energy normalized so that

1

M

M¡1X
k=0

d2k = 1: (4)

For expressional simplicity, we define this kind

of modulated symbols as “step-shape modulated

symbols.” Every step-shape modulated symbol p(t)

can be identified by vector d= [d0,d1, : : : ,dM¡1]
T and

spreading sequence rate fc = 1=Tc. So a step-shape

modulated symbol can be denoted by p(t;d,fc). Some
examples of step-shape modulated symbols are shown

in Fig. 1.

A sine-BOC modulated signal can be considered

a special case of the signals described above.

Its modulated symbol is sine phased and square

wave. Using the terminology from [3], a sine-BOC

Fig. 1. Step-shape modulated symbols.

modulated signal is denoted as sine-BOC(m,n) where

m means the ratio of the square-wave frequency fs to

1.023 MHz and n represents the ratio of the spreading

code rate fc to 1.023 MHz. m and n are constrained

to positive integer m¸ n, and the ratio M = 2m=n is

a positive integer. Consequently, a sine-BOC(m,n)

signal is equivalent to a step-shape-symbol modulated

signal whose modulated symbol is p(t;dBOC,n£
1:023 MHz). For M even, dBOC = [1,¡1, : : : ,¡1]TM£1
is independent of the starting point iTc of the

spreading symbol, but for M odd, dBOC does not
have a concise form; it is a function of i, dBOC =
(¡1)i[1,¡1, : : : ,1]TM£1 in p(t¡ iTc). We assume that
M is even hereafter.

As noted in [17], sine-BOC modulation

symmetrically splits the main energy component of

the signal spectrum and moves them away from the

band center, thus achieving a higher degree of spectral

separation between sine-BOC modulated signals and

other signals which use traditional BPSK modulation

such as the GPS C/A code in order to get a more

efficient sharing of the L-band spectrum.

The classical tracking method of BPSK modulated

spread spectrum signal is very well documented [18]

and consequently is not further described herein,

but those of the BOC modulation are still a topic

of active research. As noted in [17], sine-BOC

modulated signals have greater rms bandwidth

compared with traditional BPSK signals with the

same spreading code frequency. The greater the rms

bandwidth, the better the inherent ability to mitigate

white Gaussian noise and narrowband interference

during tracking. Consequently, sine-BOC modulation

provides better resistance to thermal noise and

narrowband interference. However, the ambiguity of

the autocorrelation function of sine-BOC modulated

signal induces a risk of biased measures while

tracking. Consequently, the traditional techniques for

the tracking of a BPSK modulated signal have to be

revised to avoid the ambiguity problem, which are

explained in the next section.

B. Ambiguous Problem

Because of the square-wave modulated symbol,

a sine-BOC modulated signal has a sawtooth-like,

piecewise linear autocorrelation function which

has multiple peaks. Compared with the triangular

autocorrelation function of BPSK signals with the

same spreading code frequency, those of sine-BOC

modulated signals have sharper main peaks, which
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means better tracking accuracy. However, when
using a traditional narrow early-minus-late (NEML)
tracking loop [19] with the early-late separation ¢, the
discriminator characteristic curve of sine-BOC(m,n)
signal has a smaller linear domain than the one of
the BPSK signal with rectangular symbols and the
same code rate (denoted as BPSK-R(n)). Besides, the
discriminator characteristic curve of a sine-BOC(m,n)
signal has (4m=n¡ 2) stable false lock points which
are due to the side peaks of the autocorrelation
function. It is then possible to have the loop locking
on one of the side peaks, which would result in
intolerable biased measurements. This problem is
reputed as an ambiguity problem for BOC modulated
signal tracking.
Several solutions have been proposed to solve

the ambiguity problem for sine-BOC modulated
signals. Among them, there are three representative
ways which are respectively referred to as BPSK-like
technique, bump-jumping technique, and side-peaks
cancellation techniques.
The earliest BPSK-like idea was described in

[7]. As its name implies, the BPSK-like technique
considers the received sine-BOC signal as the
sum of two BPSK signals with carrier frequency
symmetrically positioned on each side of the BOC
carrier frequency. Thus each sidelobe is treated
independently as a BPSK signal, which provides an
unambiguous correlation function and a wider S-curve
steady domain. However, this technique is complex
to implement, and it completely removes all of the
advantages of BOC signal tracking since it causes the
rms bandwidth of the received signal to approach that
of the BPSK signal.
Another technique, presented in [8], is referred

to as bump-jumping technique. This technique uses
an early-minus-late discriminator which is similar
to the traditional BPSK tracking methods. This
technique also uses an extra two correlators which
are referred to as very early (VE) and very late
(VL) correlators. These two correlators are located
at the nearest two side peaks to the main peak. By
comparing the magnitudes of the VE, VL, and prompt
(P) correlators’ outputs, this technique checks whether
the loop is locked on the main peak. If the outputs
of VE or VL correlators are consistently higher than
that of the P correlator, then the loop will jump in the
appropriate direction. When locked on the main peak,
this technique has high tracking accuracy. However,
since it is based on the comparing of the main and
side peaks magnitudes, the detection may have a high
probability of false alarm when the signal-to-noise
ratio (SNR) is low. Not only that, but this technique
needs time to detect and recover from false lock, so it
is inapplicable in some critical applications.
Side-peaks cancellation techniques are another

way to solve the ambiguity problem for sine-BOC
modulated signals. The first side-peaks cancellation
technique is proposed in [9]. This approach removes

the ambiguities of the correlation function, but one
drawback is that this method destroys the sharp peak
of the correlation function. For accurate tracking,
preserving a sharp peak of the correlation function is
a prerequisite. An innovative unambiguous tracking
technique, which is referred to as ASPeCT, is
described in [10]. This technique uses ten correlation
channels, completely removing the side peaks from
the correlation function and keeping the sharp main
peak. However, this technique has some limitations,
for it is only applicable to sine-BOC(n,n) signals.
Some other side-peaks cancellation methods have
been proposed recently [11—16]. All of the side-peaks
cancellation techniques mentioned above use new
local replica signals whose modulated symbols
are different from that of the received signal and
noncoherently combine outputs of the correlation
channels to completely remove the side peaks from
the correlation function.
The key of the side-peaks cancellation technique is

the design of local signals’ modulated symbols, which
need to be analyzed by the correlation function of the
signals with various step-shape modulated symbols. In
[20], the analytical expression of the autocorrelation
function for BOC modulated signals was given.
However, to the authors’ knowledge, there is no
available theoretical formula of the cross-correlation
function of two signals with step-shape modulated
symbols. In the next section, an analytical expression
of that correlation function is given out, which is
the basis of the investigation of a newly developed
side-peaks cancellation technique in Section IV.

III. DERIVATIONS OF CORRELATION FUNCTION

Consider two spreading signals with step-shape
modulated symbols s(t) and s0(t) which have the
same fc and M, while the spreading sequence and the
shapes of the modulated symbols may be different.
Using (1) and (2), these two signals are specified by

s(t) =

1X
i=¡1

M¡1X
k=0

(¡1)cidkÃk(t¡ iMTs)

s0(t) =
1X

j=¡1

M¡1X
k=0

(¡1)c0j d0kÃk(t¡ jMTs):
(5)

The cross-correlation function of these two signals is

Rss0(¿ ) =
1

T

Z T

0

s(t)s0(t+ ¿)dt

=
1

T

X
i

X
j

M¡1X
k=0

M¡1X
q=0

(¡1)ci+c0j dkd0q

£
Z T

0

Ãk(t¡ iMTs)Ãq(t¡ jMTs+ ¿)dt (6)

where T =NTc is the period of the spreading signals.
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Note that the integral in (6) is non-zero only when

Ãk(t¡ iMTs) and Ãq(t¡ jMTs+ ¿ ) overlap. In that
condition, we have

j(i¡ j)Tc+(k¡ q)Ts+ ¿ j< Ts: (7)

For a pair of given i and k, j and q only have very

limited choices. The delay ¿ can be expressed as ¿ =

aTc+ bTs+ ", where a is an integer, b = 0,1, : : : ,M ¡ 1,
" 2 [0,Ts). Substituting this expression into (7), and
using the identities

1

Ts

Z Ts

"

Ãk(t)Ãk(t+ ")dt= 1¡
"

Ts

1

Ts

Z Ts

Ts¡"
Ãk(t)Ãk(t+ ")dt=

"

Ts

(8)

we can rewrite (6) as

Rss0(¿) =
1

MN

N¡1X
i=0

M¡1X
k=0

(¡1)ci+c0i+adkd0b+k
μ
1¡ "

Ts

¶

+
1

MN

N¡1X
i=0

M¡1X
k=0

(¡1)ci+c0i+adkd0b+k+1
"

Ts

+
1

MN

N¡1X
i=0

M¡1X
k=0

(¡1)ci+c0i+a+1dkd0b+k¡M
μ
1¡ "

Ts

¶

+
1

MN

N¡1X
i=0

M¡1X
k=0

(¡1)ci+c0i+a+1dkd0b+k¡M+1
"

Ts
: (9)

Defining

Ra
¢
=
1

N

N¡1X
i=0

(¡1)ci+c0a+i (10)

and

rb
¢
=
1

M

M¡1X
k=0

dkd
0
b+k (11)

where dk = 0, (k ¸M or k < 0), we obtain the final

expression of the cross-correlation function as

Rss0(¿) = Rss0(aTc+bTs+ ")

=

μ
1¡ "

Ts

¶
[Rarb+Ra+1rb¡M]

+

μ
"

Ts

¶
[Rarb+1 +Ra+1rb¡M+1]: (12)

When the spreading sequence period N is

large enough, it is tolerable to assume that the

autocorrelation characteristics of the sequence are

approximately ideal, that is, when c0k = ck,

Ra ¼
½
1 a= lN

0 a 6= lN : (13)

On the assumption of that, only in the event that a= 0

or a=¡1, Rxx0 6= 0, that is, when x(t) and x0(t) use the

Fig. 2. Schematic diagram of correlation function Rss0 (¿).

same spreading sequence, the correlation function will

be identically equal to zero when the absolute value of

the delay j¿ j ¸ Tc. Therefore, on that assumption, the
expression (12) can be further simplified as

Rss0(¿ ) =

8>>>>>>>>>><>>>>>>>>>>:

μ
¿

Ts
¡ b
¶
(rb+1¡ rb) + rb,

¿ 2 [bTs, (b+1)Ts)μ
¿

Ts
¡ b+M

¶
(rb¡M+1¡ rb¡M) + rb¡M ,

¿ 2 [(b¡M)Ts, (b¡M +1)Ts)

0, others

:

(14)

Fig. 2 shows a schematic diagram of Rss0(¿ ).

Note that within (¡Tc,+Tc) the correlation function
is piecewise linear between kTs and (k+1)Ts, and

Rss0(kTs) = rk, for k 2 [¡M +1,M ¡ 1] and k 2 Z.
Changing the modulated symbol shape vector d

can change the shape of Rss0(¿). This is the theoretical

basis of side-peaks cancellation techniques. It is

possible to obtain a near-perfect discriminator S-curve

by employing dozens of correlators and linearly

combining their outputs as the methods proposed

in [15] and [16] do. However, taking the realizing

complexity into consideration, it is necessary to

construct a more practicable discriminator by using

as few correlators as possible.

In the next section, an unambiguous tracking

method with side-peaks cancellation to sine-BOC

signals, PUDLL, is investigated based on the

quantitative analysis of (14). We always assume that

the received signal and local signals use the same

spreading sequences hereafter.

IV. PUDLL FOR SINE-BOC SIGNALS

A. Method Description

The idea of PUDLL is to not subtract a

cross-correlation function from the sine-BOC(kn,n)

autocorrelation function. This new method uses two

local signals with step-shape modulated symbols that

noncoherently combine the output of the correlators

in order to create a no-side-peak function for tracking
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instead of the original autocorrelation function. For

simplicity, we define this no-side-peak function as

pseudo correlation function (PCF). To obtain a PCF,

it is necessary to calculate the cross-correlation of

a sine-BOC(kn,n) signal and two local step-shape

modulated signals. The modulated symbol of one

local signal is denoted as p1(t;d1,fc), where d1 =

(d(1)0 ,d
(1)
1 , : : : ,d

(1)
M¡1)

T. The modulated symbol of

another local signal, denoted as p2(t;d2,fc), is the
mirror image of p1, i.e.,

d(2)k = d(1)M¡k¡1: (15)

The correlation functions of the received

sine-BOC(kn,n) signal and these two local signals can

be denoted as Rss01(¿ ) and Rss02(¿ ), respectively. Note

that

r(2)i =
1

M

M¡1X
k=0

d(BOC)k d(2)i+k =
1

M

M¡1X
k=0

(¡1)kd(2)i+k

= (¡1)1¡M+2k 1
M

M¡1X
k=0

(¡1)M¡k¡1d(1)M¡k¡i¡1

=¡ 1
M

M¡1X
k=0

(¡1)kd(1)k¡i

=¡r(1)¡i : (16)

Substituting (16) into (14), we obtain

Rss02(¿ ) =¡Rss01(¡¿ ): (17)

As we show in Fig. 2, the cross-correlation

function is piecewise linear. Utilizing this

characteristic and the relationship (17), using the

absolute-magnitude operation to change the direction

of lines on one side of the zero crossing point and

following with the linear combination, it is possible to

obtain the PCF without any side peak. Therefore, in

the proposed method, the PCF can be chosen as

R̃(¿) = jRss01(¿)j+ jRss02(¿)j ¡ jRss01(¿) +Rss02(¿ )j:
(18)

Since Rss0(kTs) = rk, it can be proved that one of the

necessary conditions of (18) which only has a main

peak is

r(1)i r
(1)
¡i · 0, i 6= 0
r(1)0 6= 0:

(19)

We assume that d(1)0 ¸ 0 and jd(1)0 j ¸ jd(1)M¡1j without
loss of generality. In the case M = 2, (19) is

equivalent to

d(1)0 > d(1)1 ¸ 0 (20)

and it can be verified that (20) is also the sufficient

condition of R̃(¿ ) without any side peak.

For M > 2, the necessary and sufficient condition

of R̃(¿) without any side peak is hard to obtain.

However, we can show that

d(1)0 > d(1)M¡1 ¸ 0,
d(1)i = 0, 0< i <M ¡1

(21)

is a sufficient condition of (18) which only has a

main peak for all M even, and as shown later, the

modulated symbol whose shape vector d satisfies
this condition has an equivalent form which is easier

to be implemented via logic circuits. Therefore, the

shape vectors of those two local step-shape modulated

symbols can be expressed as

d1(·) =

Ãr
M

1+·2
,0, : : : ,0,·

r
M

1+·2

!T

d2(·) =

Ã
·

r
M

1+·2
,0, : : : ,0,

r
M

1+·2

!T
:

(22)

These two step-shape symbols have been energy

normalized and the shapes are identified by a

parameter ·
¢
=d

(1)
M¡1=d

(1)
0 , · 2 [0,1). Utilizing (22),

(14), and the expression of PCF (18), without

considering front-end filtering, we can obtain the

expression of R̃(¿ ;·):

R̃(¿ ;·) =

8<:
M(2·¡ 4)j¿ j+2(1¡·)Tcp

M(1+·2)Tc

, j¿ j< (1¡·)Tc
M(2¡·)

0, others

:

(23)

From (23), it can be noted that PCF R̃(¿ ;·)

completely removes the side peaks. The shapes of

R̃(¿ ;·) for M = 2 and M = 4 are shown in Fig. 3

and Fig. 4, respectively. They are triangular and the

baseline width of the triangles are much narrower than

the ones of the BPSK signal with the same spreading

code frequency. The half width of the baseline is

w(·) =
(1¡·)Tc
M(2¡·) (24)

and the height of the peak is

h(·) =

q
4(1¡·)2=(M +M·2): (25)

Note that R̃(0;·) will not always be one since PCF is

not a real autocorrelation function.

Fig. 5 shows the impact of a front-end filter with a

4 MHz double-sided bandwidth on the sine-BOC(1,1)

signal. It can be seen that even the low-pass filter

makes the shapes of the correlation functions Rss01(¿)

and Rss02(¿ ) change, the PCF R̃(¿ ;·) does not have any

side peak. Consequently, the PCF can be used in the

discriminator of the NEML tracking loop instead of

the original autocorrelation function.
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Fig. 3. jRss01j and PCF R̃(¿ ;·) for sine-BOC(n,n) signal, ·= 0 and ·= 0:3, without front-end filter.

Fig. 4. jRss01j and PCF R̃(¿ ;·) for sine-BOC(2n,n) signal, ·= 0 and ·= 0:3, without front-end filter.

Fig. 5. jRss01j and PCF R(¿ ;·) for sine-BOC(1,1) signal, ·= 0:1 and ·= 0:3, with 4 MHz front-end filter (double-sided).
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Fig. 6. New DLL architecture based on PCF.

A new architecture of the noncoherent NEML

tracking loop, referred to as PUDLL, is depicted

in Fig. 6. Since the discriminator is noncoherent,

the code-phase synchronization can be achieved

before carrier-phase synchronization. The received

sine-BOC(kn,n) signal is first multiplied with the local

carrier and then down converted to baseband in-phase

(I) and quadrature-phase (Q) signals. The local

sequence generator generates early and late spreading

sequence with a spacing Tc¢ between them. Each

sequence is modulated by the symbol p1(t;d1(·),fc)
and the symbol p2(t;d2(·),fc), respectively, and then
does multiplication with the baseband I and Q signals.

The results of those multipliers are resampled by the

integrate and dump accumulators with the duration

time T, and then the PCF is given by

R̃i(·) =

q
(Ii1)

2 + (Qi1)
2 +

q
(Ii2)

2 + (Qi2)
2

¡
q
(Ii1 + I

i
2)
2 + (Qi1 +Q

i
2)
2 (26)

where i= E,L indicates early (E) or late (L). The final

result of the discriminator is

"(t,¿ ;·) = R̃2E(·)¡ R̃2L(·): (27)

Substituting (23) into (27) and, after some

straightforward algebraic simplification,

"(t,¿ ;·) =

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

h2(2¿ +¢Tc+2w)
2

4w2
, ¡¢Tc+2w

2
< ¿ · ¢Tc¡2w

2

¡2h
2¢Tc(w+ ¿ )

w2
,

¢Tc¡ 2w
2

< ¿ ·¡¢Tc
2

2h2(2w¡¢Tc)¿
w2

, ¡¢Tc
2
< ¿ <

¢Tc
2

2h2¢Tc(w¡ ¿ )
w2

,
¢Tc
2
· ¿ < 2w¡¢Tc

2

¡h
2(2¿ ¡¢Tc¡2w)2

4w2
,

2w¡¢Tc
2

· ¿ < ¢Tc+2w
2

0, others

(28)

for ¢· w=Tc. Fig. 7 shows this curve for M = 2 with

·= 0:2 without the front-end filter. For comparison,

it also shows the discriminator characteristic

curve of the NEML loop which uses the original

sine-BOC(n,n) autocorrelation function. Note that by

using the PCF instead of autocorrelation function,

PUDLL completely removes the false lock points.

When j¿ j<¢Tc, the discriminator is in the quasilinear
mode, and its output is

"(t,¿ ;·) =
8(2¡·)[2(1¡·)¡M(2¡·)¢]

(1+·2)Tc
¢ ¿:
(29)
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Fig. 7. Discriminator characteristic curve of PUDLL for M = 2, with ·= 0:2, without front-end filter.

Fig. 8. Code tracing multipath envelop for sine-BOC(1,1), BPSK-R(1), and PUDLL (·= 0, 0.2, and 0.3) for early-late spacing of 0.2

chips, and 8 MHz front-end filter.

Note that both the baseline width and the peak

height of the PCF are functions of the parameter ·.

Changing the value of · can change the linear range

of the discriminator and the slope of the discriminator

characteristic curve, thus changing the multipath and

thermal noise mitigation performances of the tracking

loop.

B. Impact of Multipath

To investigate the effect of multipath on the code

tracking, consider a simple model of multipath as a

one-path specular reflection having some amplitude

relative to the direct path, arriving at some phase and

delay, and with all values time-invariant over the time

period of interest.

Fig. 8 shows that the multipath-induced error

envelope for specular reflection received 5 dB more

weak than the direct path for sine-BOC(1,1) signal

tracking and PUDLL with ·= 0, ·= 0:2, and ·= 0:3.

The front-end bandwidth is 8 MHz and the early-late

spacing ¢= 0:2 chips. And Fig. 9 shows the case

for sine-BOC(10,5) signal tracking with a 30 MHz

front-end filter, ¢= 0:05 chips, and several values

of ·.

From Fig. 8, notice that for a sine-BOC(1,1)

signal with 8 MHz filter bandwidth which is slightly

more susceptible to short-delay multipath (around

0 chip delay) and medium-delay multipath (around

0.5 chips delay) than the bump-jumping method and

ASPeCT, PUDLL has a better performance in terms

of mitigation of medium- and long-delay multipath

(around 1 chip delay) than a BPSK-like method

and slightly outperforms the bump-jumping method

and ASPeCT in long-delay multipath mitigation

performance. It also can be noted that with the

increase of ·, the multipath mitigation performance

of PUDLL is degraded. This phenomenon and the fact

YAO ET AL.: PSEUDO-CORRELATION-FUNCTION-BASED UNAMBIGUOUS TRACKING TECHNIQUE 1789



Fig. 9. Code tracing multipath envelop for sine-BOC(10,5), BPSK-R(5), and PUDLL (·= 0, 0.3, and 0.5) for early-late spacing of

0.05 chips and 30 MHz front-end filter.

that the short-delay multipath elimination performance

of PUDLL is not very ideal seem incompatible with

the fact that PCF has a sharp main peak with no side

peak and that increasing · can decrease the half width

of the main peak. However, one should note that PCF

is based on the noncoherent combination of several

cross-correlation functions which do not have narrow

peaks and are more susceptible to multipath. Those

cross-correlation functions with dissatisfactory shapes

worsen the multipath performance of PUDLL.

Fig. 9 shows the performance of the multipath

mitigation of the PUDLL for a sine-BOC(10,5)

signal with 30 MHz filter bandwidth. Note

that at all multipath delays, PUDLL seems to

eliminate multipath better than the BPSK-like

method. However, its multipath mitigation

performance is still worse than the bump-jumping

method, especially for the long-delay multipath

elimination. Besides, the choice of · seems to

have effect on the performance of long-delay

multipath elimination. With the decrease of ·, the

multipath mitigation performance of PUDLL is

improved.

C. Impact of Thermal Noise

When there is no multipath or other distortion

of the received signal, the dominant source of

measurement error in the code tracking loop is

thermal noise. Considering the thermal noise, the

received sine-BOC(kn,n) signal can be modeled as

r(t) =
p
2PD(t¡ ±Tc)cB(t¡ ±Tc)cos(!0t+Á)+ n(t)

(30)

where P is the received signal power, D is the

navigation data bits, cB is sine-BOC(m,n) code

modulation, ± is the propagation delay in chips, !0 is

the carrier angular frequency in rad/s, Á is the carrier

phase in rad, and n(t) is additive white Gaussian noise

with double-sided power spectral density N0=2 W/Hz.

Assuming the propagation delay and the carrier

frequency are varying slowly, the output of the

in-phase (I
j
i ) and quadra-phase (Q

j
i ) correlators can

be modeled as

I
j
i =

1

T

Z T

0

r(t)ci[t¡ (±̂+ ±j)Tc]cos(!̂0t+ Á̂)dt

¼
p
PDRss0i[("± + ±j)Tc]sinc

μ
"!T

2

¶
cos("Á) + n

j
Ii

(31a)

Q
j
i =

1

T

Z T

0

r(t)ci[t¡ (±̂+ ±j)Tc] sin(!̂0t+ Á̂)dt

¼
p
PDRss0i[("± + ±j)Tc]sinc

μ
"!T

2

¶
sin("Á) + n

j
Qi

(31b)

where i= 1,2 indicates the local signal modulated

symbols p1(t;d1(·),fc) and p2(t;d2(·),fc); j = E,L
corresponds to the early or late correlator; T is

duration time of the integrate and dump accumulators,

and is assumed to be within one data bit; ±̂, !̂0,

and Á̂ are the estimated propagation delay, carrier

angular frequency, and carrier phase of the received

signal, respectively; "±, "!, and "Á represent the

estimation errors of the propagation delay, carrier

angular frequency, and carrier phase, respectively; and

±j is the additional code delay of the signal replica

(±E =¢=2, ±L =¡¢=2). The PCF and the output of
the discriminator are represented by (26) and (27),

respectively.

The characteristic of the noise component

of (27) is complicated to analyze quantitatively.

For simplicity, since the code tracking loop is

noncoherent, we ignore the data modulation and

assume that the carrier tracking loop has completely
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Fig. 10. Code tracking error standard deviation versus C=N0 for sine-BOC(n,n) tracking and PUDLL (·= 0 and ·= 0:3) with

early-late spacing of 0.2 chips and coherent integration time of 1 ms.

removed the carrier from the received signal. The

signal and noise are all in the baseband. The distortion

of the tracking performance analysis caused by these

assumptions is very slight. In that case, the outputs of

the correlators can be represented by

X
j
i =

p
PRss0i[("± + ±j)Tc] +n

j
i (32)

where n
j
i is the correlation calculation result of an

additive white Gaussian noise with single-sided power

spectral density 2N0 W/Hz and the local spreading

waveform ci[t¡ (±̂+ ±j)Tc]. That is

n
j
i =

1

T

Z T

0

n(t)ci[t¡ (±̂+ ±j)Tc]dt: (33)

Since the correlator inputs are Gaussian, n
j
i is

Gaussian and its variance is N0=T. However, the

four variables nE1 , n
L
1 , n

E
2 , and n

L
2 are not independent

since they are generated by the same noise process.

Therefore, the outputs of the correlators XE1 , X
L
1 ,

XE2 , and X
L
2 are dependent Gaussian. Utilizing the

analytical expression of the correlation function what

we derived in (14), the joint distribution of XE1 , X
L
1 ,

XE2 , and X
L
2 at "± ¼ 0 is
(XE1 ,X

E
2 ,X

L
1 ,X

L
2 )
T »N (¹,§) (34)

where

¹= (¹1,¹2,¡¹2,¡¹1)T

=
p
P

0BBBBBBBBB@

r
(1)
0 +

M¢

2
(r
(1)
1 ¡ r(1)0 )

¡r(1)0 +
M¢

2
(r
(1)
0 ¡ r(1)¡1)

r(1)0 ¡ M¢
2
(r(1)0 ¡ r(1)¡1)

¡r(1)0 ¡ M¢
2
(r(1)1 ¡ r(1)0 )

1CCCCCCCCCA
(35)

§ =
N0
T

0BBB@
1 S1 S2 S3

S1 1 S4 S2

S2 S4 1 S1

S3 S2 S1 1

1CCCA (36a)

S1 = r
(12)
0 (36b)

S2 = r
(11)
0 +M¢(r(11)1 ¡ r(11)0 ) (36c)

S3 = r
(12)
0 +M¢(r(12)1 ¡ r(12)0 ) (36d)

S4 = r
(12)
0 ¡M¢(r(12)0 ¡ r(12)¡1 ) (36e)

r
(ij)
b

¢
=
1

M

M¡1X
k=0

d(i)k d
(j)
b+k (37)

and the output of the discriminator is

"= (jXE1 j+ jXE2 j ¡ jXE1 +XE2 j)2

¡ (jXL1 j+ jXL2 j ¡ jXL1 +XL2 j)2: (38)

The approximate code tracking error variation

using PUDLL and assuming an infinite front-end filter

is given by

¾2¿ = 4BLT¾
2

R̃2
[1¡ R̃2(¢Tc)]=[R̃0(0)]2 (39)

where BL is the single-sided loop filter bandwidth and

¾2
R̃2
is given by (51). The derivation of (39) may be

found in the Appendix.

Fig. 10 shows the code tracking error standard

deviation of PUDLL for M = 2, ·= 0, and ·= 0:3

compared with bump-jumping method and traditional

BPSK-R(n) tracking for T = 1 ms, BL = 2 Hz, and

¢= 0:2 chips by theoretics and Monte Carlo (MC)

simulations, respectively. For comparison, the result of

ASPeCT tracking (¯ = 1) is also given. The theoretical

and numerical results for M = 4 are depicted in

Fig. 11, in which ·= 0 and ·= 0:3, T = 1 ms,

BL = 2 Hz, and ¢= 0:05 chips. The slight deviation
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Fig. 11. Code tracking error standard deviation versus C=N0 for sine-BOC(2n,n) tracking and PUDLL (·= 0 and ·= 0:3) with

early-late spacing of 0.05 chips and coherent integration time of 1 ms.

between the theoretical and numerical results is due to

the error introduced by the assumption value of ½
R̃2
E
R̃2
L

and the numerical calculating of the infinite integral

in (49). The derivation of a more precise expression is

one for future work.

Based on Figs. 10 and 11, we may conclude that

the selection of the parameter · has effect on the

noise performance of PUDLL. For low and medium

C=N0, the closer · is to one, the better the accuracy of

PUDLL tracking performance is acquired.

For M = 2, PUDLL has remarkably better

resistance to thermal noise than the BPSK-like

method. With the increase of ·, the performance can

be improved. When ·= 0:3, the tracking accuracy

of PUDLL is close to that of the bump-jumping

method without any potential tracking jumps and

false locks. With M increases, the combination of

correlator outputs in PUDLL technique introduces

more energy loss into the tracking loop. For

M = 4, as shown in Fig. 11, the degradation

using PUDLL is more than in the case M = 2.

However, PUDLL still significantly outperforms

the tracking performance of the BPSK-like method.

Fig. 11 depicts the results of ·= 0 and ·=

0:3. Although PUDLL can achieve better noise

mitigation performance by increasing · further,

taking the robustness of the loop into consideration,

generally speaking, choosing an overlarge · is not

recommended.

D. Implementation Issues

The study of the noise and multipath mitigation

performances of PUDLL has shown that the tracking

performance of PUDLL is relevant to the value

of ·. In practice, the impact of thermal noise and

multipath on the tracking performance, the code

tracking robustness to dynamics, and the capture

region of the loop must be taken into account

comprehensively in the selection of ·. With the

increase of ·, the thermal noise resisted performance

can be improved, while the multipath mitigation

performance is degraded. Besides, increasing ·

creates a narrow main peak of PCF so that the

spacing between early and late correlators has to

be small, and this will consequently lead to a small

capture region, and the code tracking robustness to

dynamic will decrease. Consequently, the value of

· should be chosen based upon the real application

environment.

When PUDLL is working in a benign environment

of multipath and dynamics, such as doing the static

measurement in an open field, it is recommended to

employed some larger · such as 0.3. On the other

hand, in the scenario that multipath effects are strong

or dynamics are high, the value of · should be close

to zero.

Furthermore, in order to get a wider capture

region, it is practical for PUDLL to use a small ·

in the pull-in process and to increase the value of

· gradually when the code tracking loop has been

locked. This, however, poses another problem. Since

the local modulated symbols are step-shape and

· is a real tunable variable within [0,1), there are

some difficulties to implementing the correlators and

proposed modulators in Fig. 6 using logic circuits. To

solve the problem, we herein give an equivalent form

of PUDLL.

The modified form of PUDLL uses two new

modulated symbols p̃1(t;
³d1,fc) and p̃2(t;

³d2,fc) in local
replica signals where

³d1 =
³p
M,0, : : : ,0

´T
³d2 =

³
0, : : : ,0,

p
M
´T (40)
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and the corresponding correlator outputs are denoted

as Rsz01 and Rsz02. The PCF can be obtained by

R̃(¿ ;·) =
j·Rsz01(¿) +Rsz02(¿)jp

1+·2
+
jRsz01(¿ )+·Rsz02(¿ )jp

1+·2

¡ j(1+·)[Rxz01(¿ )+Rxz02(¿ )]jp
1+·2

: (41)

It can be proved that this form is equivalent to the

original form of PUDLL in mathematics. However,

the spreading symbols in this form are easier to

implement using logic circuits.

In this form, after the carrier stripping process, the

received signal does not need to be correlated with

two step-shape symbol modulated local signals. It

just multiplies a replica of the spreading code and

then does gating integral and dump. Rsz01(¿ ) can be

obtained by using an integrator which only works

during the first Ts interval of each Tc, and Rsz02(¿ )

can be obtained by using another integrator which

only works during the last Ts interval of each Tc. The

integration time is T. Such a high-speed but simple

process is easily implemented in an ASIC or FPGA,

and this process provides filtering and resampling.

The low-speed but complex process (41) can be

implemented in a microprocessor.

The architecture of this equivalent form of PUDLL

is similar to Fig. 6 except for the local symbols

and the PCF generator. Note that the number of

correlators the proposed technique employs is the

same as the bump-jumping method and ASPeCT,

which is small compared with those which require

dozens of correlators to obtain an unambiguous

discriminator S-curve, such as the methods proposed

in [15] and [16].

V. CONCLUSIONS

This paper derives the analytical expression of the

correlation function of two signals with step-shape

modulated symbols and presents a new unambiguous

tracking method for generic sine-BOC(kn,n) signals.

The proposed method uses a PCF with a tunable

parameter · for tracking instead of the original

autocorrelation function. The multipath and thermal

noise mitigation performances of the tracking loop can

be changed by adjusting the parameter.

It has been shown that the PCF completely

removes the side peaks, and the proposed method

does not have the potential tracking jumps and false

locks the bump-jumping method does. It also has

been shown that for sine-BOC(n,n) signal tracking,

the proposed method has remarkably better resistance

to thermal noise than the BPSK-like method and

possesses an equivalent level of noise-resisted

ability to the bump-jumping method. For the other

sine-BOC(kn,n) signals such that k > 1, the noise

performance of the proposed method is degraded.

However, for sine-BOC(2n,n) signal tracking, the

proposed method still has better noise-resisted ability

than the BPSK-like method.

The proposed method has an average multipath

mitigation performance. For sine-BOC(n,n) signal

tracking, it has some advantages over the ASPeCT

and bump-jumping methods, such as mitigating the

long-delay multipath and mitigating the medium-

and long-delay multipath over the BPSK-like

method. For sine-BOC(2n,n) signal tracking, the

long-delay multipath mitigation performance is

not as good as that of the bump-jumping method.

However, it is still better than the BPSK-like

method.

The proposed method is practicable and requires

the same number of correlators as ASPeCT and the

bump-jumping method. Moreover, it has an equivalent

form to the proposed method whose correlators and

modulators are easily implemented via logic circuits.

Besides, the analysis of the cross-correlation

function of two signals with step-shape modulated

symbols is useful not only for the investigation of

BOC signal unambiguous tracking, but may find

application in the development of new acquisition

and tracking algorithms in GNSS receiver design and

in other wideband CDMA-based communication and

navigation systems.

APPENDIX. DERIVATION OF THE APPROXIMATE
CODE TRACKING ERROR VARIATION

Define the sets Ai, Bi, and Ci as

Ai = f(Xi1,Xi2);Xi1Xi2 ¸ 0g (42a)

Bi = f(Xi1,Xi2);Xi1Xi2 < 0, jXi1j ¸ jXi2jg (42b)

Ci = f(Xi1,Xi2);Xi1Xi2 < 0, jXi1j< jXi2jg (42c)

and then the nth moment of R̃i can be expressed as

E(R̃ni ) = E(R̃
n
i j (Xi1,Xi2) 2 Ai)Pr((Xi1,Xi2) 2 Ai)

+E(R̃ni j (Xi1,Xi2) 2 Bi)Pr((Xi1,Xi2) 2 Bi)
+E(R̃ni j (Xi1,Xi2) 2 Ci)Pr((Xi1,Xi2) 2 Ci):

(43)
Note that

R̃ni =

8><>:
0, (Xi1,X

i
2) 2Ai

(2Xi2)
n, (Xi1,X

i
2) 2 Bi

(2Xi1)
n, (Xi1,X

i
2) 2 Ci

: (44)

So (43) can be simplified as

E(R̃ni ) = 2
nE((Xi2)

n j (Xi1,Xi2) 2 Bi)Pr((Xi1,Xi2) 2 Bi)
+2nE((Xi1)

n j (Xi1,Xi2) 2 Ci)Pr((Xi1,Xi2) 2 Ci):
(45)
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In addition, the conditional expectation of (Xi2)
n is

given by

E((Xi2)
n j (Xi1,Xi2) 2 Bi)

=

Z +1

¡1
xndFX2 (x j (Xi1,Xi2) 2 Bi)

=

Z +1

¡1
xnd

Pr(X2 < x, (X
i
1,X

i
2) 2 Bi)

Pr((Xi1,X
i
2) 2 Bi)

(46)

for x < 0, we have

dPr(X2 < x, (X
i
1,X

i
2) 2 Bi)

= d

½Z x

¡1

·Z +1

¡v
fX1jX2 (u j v)du

¸
fX2 (v)dv

¾
= d

½Z x

¡1
[1¡FX1jX2 (¡v j v)]fX2 (v)dv

¾
= [1¡FX1jX2 (¡x j x)]fX2 (x)dx (47)

and for x¸ 0, similarly, we have

dPr(X2 < x, (X
i
1,X

i
2) 2 Bi) = FX1jX2 (¡x j x)fX2 (x)dx

(48)

where FX and fX are the cumulative distribution

function (cdf) and probability distribution function

(pdf) of X, respectively. Substituting (47) and (48)

into (46), we obtain

E((Xi2)
n j (Xi1,Xi2) 2 Bi)Pr((Xi1,Xi2) 2 Bi)

=
1p

2¼N0=T

8<:
Z 0

¡1
xne¡(x¡¹2)T

2=2N2
0 Q

0@¡(1+ S1)x¡¹2 + S1¹1q
(1¡ S21 )N0=T

1Adx
+

Z +1

0

xne¡(x¡¹2)T
2=2N2

0

241¡Q
0@¡(1+ S1)x¡¹2 + S1¹1q

(1¡ S21 )N0=T

1A35dx
9=;

¢
=¦

³
n,¹1,¹2,

q
N0=T,S1

´
(49)

where Q(x) is the Gaussian Q-function. In a similar

way

E((Xi1)
n j (Xi1,Xi2) 2 Ci)Pr((Xi1,Xi2) 2 Ci) =¦

³
n,¹2,¹1,

q
N0=T,S1

´
: (50)

As a consequence, the variation of PCF R̃2i is given by

¾2
R̃2
= E(R̃4i )¡E2(R̃2i )

= 16
h
¦
³
4,¹1,¹2,

q
N0=T,S1

´
+¦

³
4,¹2,¹1,

q
N0=T,S1

´i
¡ 16

h
¦
³
2,¹1,¹2,

q
N0=T,S1

´
+¦

³
2,¹2,¹1,

q
N0=T,S1

´i2
: (51)

Note that although the input noise is Gaussian, the

nonlinear processes assure that R̃2i are not Gaussian.

However, the loop filter following the discriminator

has a bandwidth which is much narrower than

the bandwidth of the discriminator output random

process, so that the central limit theorem may

be applied to show that the output of the filter is

nearly Gaussian. Therefore, with the assumption

½R2
E
R2
L
¼ R̃2(¢Tc) for the linear first-order loop, the

close-loop code tracking error variation takes the

form (39).
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