
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 11, NO. 11, NOVEMBER 2012 4161

Linear Receiver for the
Uplink in Distributed Antenna Systems

Jun Yang, Member, IEEE, Il-Min Kim, Senior Member, IEEE, Dong In Kim, Senior Member, IEEE,
and Francois Chan, Member, IEEE

Abstract—We consider the uplink of a distributed antenna
system (DAS) in the presence of interference and unknown
oscillator offsets, which lead to synchronization errors. For this
scenario, we develop a linear receiver which maximizes the
output signal-to-interference-plus-noise ratio (SINR). Specifically,
we first propose a new structured generalized sidelobe canceller
(SGSC) formulation for the commonly used minimum-variance
receiver, and derive a general framework to improve the robust-
ness of a linear receiver when oscillator offsets exist. Then a new
linear receiver is proposed in closed-form based on the proposed
robust SGSC and a ridge regression technique. It is shown
by simulations that the proposed linear receiver can provide
very robust SINR performance and excellent symbol error rate
(SER) performance in the existence of interference and unknown
oscillator offsets.

Index Terms—Distributed antenna systems, linear receiver,
oscillator offsets, synchronization error.

I. INTRODUCTION

W ITH increasing demands for various multimedia ser-
vices, the need for reliable data transmission at high

data rate arises in the design of future cellular wireless
networks. In order to reliably transmit data at higher data rates,
one of the main challenges is to mitigate the adverse effects
of interference. One promising strategy to address the interfer-
ence issue is using a distributed antenna systems (DAS) [1]–
[7]. A DAS, which was originally introduced and implemented
to cover dead spots in state-of-the-art cellular communication
systems, comprises a home base station (BS) and several
distributed antenna elements (AEs) that are connected offline
to the BS, typically via dedicated wires such as optical fibers.
Since the DAS can reduce inter-cell interference, it can provide
potential advantages of increased capacity for both the uplink
[8]–[11] and the downlink [4]–[7].

In spite of extensive studies on the capacity of DASs
in the literature [4]–[11], less attention has been paid to
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design of actual transmit/receive algorithms for DASs, which
is also a practically and theoretically important issue. In fact,
a DAS poses many challenges in practical system design
and implementations due to its distributed nature. Specifi-
cally, effective cooperation of the distributed AEs, such as
cooperative transmit/receive beamforming, requires accurate
synchronization across different AEs [12], [13]. However,
perfect synchronization among the signals from different AEs
requires the perfect knowledge of timing offsets, frequency
offsets, and oscillator offsets, which might be very difficult to
accurately estimate. For example, in the downlink, the signals
transmitted from AEs should be frequency synchronized and
phase adjusted so that the signals can coherently arrive at
the desired user. However, the channel from the multiple
AEs to the desired user is a typical multi-access channel so
that multiple timing offsets, frequency offsets, and oscillator
offsets have to be estimated simultaneously, which is very
difficult. These synchronization issues for the downlink have
been studied very recently in [14]–[18].

On the other hand, in the uplink of a DAS, one might
assume (almost) perfect timing offsets and frequency offsets
which are caused by Doppler effect, which is different from
the downlink. The reason is that, in the uplink, the channel
from the desired user to multiple AEs is typically a broadcast
channel. Thus, the transmission from the desired user to each
antenna of the DAS is a simple point-to-point coherent com-
munication, which makes it possible to accurately estimate the
timing offset and frequency offset at the AE side. However, the
synchronization problem caused by distinct local oscillators
with different offsets of multiple AEs is still a challenging
issue, which has been reported as one of the main sources
of synchronization errors in distributed systems [12]. This is
because in a distributed setting, different AEs have different
RF carrier signals generated by their own distinct local os-
cillator circuits, which are not synchronized a priori. Thus,
the offsets in practical oscillators cause the carrier signals to
drift out of synchronization [12]. In this way, although the
timing offset and frequency offset caused by Doppler effect
for each channel in each AE might be accurately estimated,
the different oscillator offsets across different AEs may cause
a significant performance loss (e.g., signal-to-noise ratio loss
for linear receiver) when the signals from the different AEs
are combined at the BS. Note that such synchronization issue
in a DAS does not exist in non-distributed systems such as
the conventional collocated multiple antenna systems using
a single oscillator. In a DAS, to keep the synchronization
errors small, one may try to re-synchronize the phases of the
signals with a (very) short period for each AE. However, this
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may incur (significant) overhead, leading to a fundamental
tradeoff between the synchronization overhead and the gain of
distributed algorithms, as reported in [12]. In this paper, the
synchronization issue due to oscillator offsets in the uplink of
a DAS is investigated.

Another important issue considered in this paper is the
existence of interference during signal transmission. Such
interference might come from the co-channel interferers and it
may severely degrade the quality of the communications. For
example, if a receiver is around the cell edge, the co-channel
interference may come from the transmitters using the same
frequency band in neighbor cells. Also, when a receiver is near
the area where a femtocell [19] is deployed, the transmitters in
the femtocell may be interferers to the receiver. Particularly,
in a DAS, when there are some interferers near the desired
user and/or some AEs, a large performance loss may occur
because the interference directly affects the signal received at
the desired user and/or the AEs.

In this paper, we study designing of a linear receiver for the
uplink of the DAS in order to mitigate the interference in the
presence of synchronization errors considering the distributed
nature of the DAS. To this end, one may design an adaptive
receiver by exploiting the degree of freedom supplied by the
virtual antenna array of a DAS composed of distributed anten-
nas from different AEs. As mentioned before, however, the ex-
istence of synchronization errors makes the design of adaptive
receiver very difficult, since the adaptive receiver may treat the
desired user’s signal as interference, which is often referred to
as the signal self-nulling. Hence, the receiver should work in
a robust manner to the synchronization errors. To the best of
our knowledge, there is no existing work studying the robust
receivers considering the effect of synchronization errors in the
uplink of distributed antenna systems. In this paper, we aim
to solve this problem by designing a robust linear receiver,
whose goal is to maximize the output signal-to-interference-
plus-noise ratio (SINR) in the presence of interference and un-
known oscillator offsets. Specifically, we first reformulate the
commonly used linear receiver, minimum-variance receiver,
in the generalized sidelobe canceller formulation [20]. Then
by modifying the generalized sidelobe canceller formulation,
we propose a structured generalized sidelobe canceller for-
mulation exploiting a particular uncertainty structure on the
desired user’s channel state information (CSI) vector. Using
a regularization technique, we propose a generalized robust
structured generalized sidelobe canceller framework which
can be used to develop robust linear receivers and derive
some interesting properties. Finally, we propose a robust linear
receiver based on the robust structured generalized sidelobe
canceller and a ridge regression technique [21]. The proposed
linear receiver is robust to the unknown oscillator offsets and
exhibits excellent interference rejection performance in the
simulations.

Notation: We use A := B to denote that A by definition
equals to B, and use A =: B to denote that B by definition
equals to A. Also, the notation p ⇔ q means p is necessary
and sufficient for q. Moreover, (·)H denotes the operator of
conjugate transpose and E(·) is the expectation operator. For
positive Hermitian matrix, (·) 1

2 denotes the Hermitian squared
root. 0N×M denotes an N×M matrix with all zero elements;

AE

Interferer 1

The Desired User

Interferer J

1

BS

AE2

AEK

Fig. 1. System model of a DAS.

IN denotes an N×N diagonal matrix with diagonal elements
equal to one; and C denotes the set of complex numbers.
Finally, for two matrices A ∈ CN×N and B ∈ CM×M ,

diag{A,B} denotes the matrix

[
A 0N×M

0M×N B

]
.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

Let us consider the uplink of a DAS that is composed
of K AEs and a BS connected to the AEs via optical fiber
(see Fig. 1). The k-th AE consists of Mk antennas such that
M =

∑K
k=1 Mk. At each AE, all the received signals are first

frequency-down-converted using its local oscillator, which has
an unknown offset, and then (over) sampled. Subsequently, all
the received baseband sampled signals are transmitted to the
BS via optical fiber, in which a linear receiver combines the
signals from all AEs. In this paper, we assume the desired
user has only one antenna, and there are J single-antenna
interferers, which are co-channel interferers in the same or
neighbor cells.

We suppose the transmitted signals from AEs are re-
synchronized with a period of N symbols, s0(n) is the
transmitted symbol from the desired user and the interfering
signals are denoted as sj(n), j = 1, · · · , J . Then the received
baseband signal at the i-th antenna of the k-th AE can be writ-
ten by r̃k,i(n) = hk,ie

2jπnνk+θk,is0(n) +
∑J

j=1 g̃
(j)
k,isj(n) +

wk,i(n), i = 1, · · · ,Mk, n = 0, · · · , N − 1, where hk,i is the
complex channel gain, θk,i is the phase offset caused by timing
offset, and νk is the carrier frequency offsets (CFO) caused by
Doppler effect, and N is the number of transmitted symbols
in the time period that the phase offset is re-synchronized by
AE. For the interferences, for simplicity we use g̃

(j)
k,i to denote

the term that consists of channel gain, phase offset and CFO.
Finally, wk,i(n) denotes the AWGN.

In this paper, we assume the CFO νk, phase offset θk,i and
channel gain hk,i have been accurately estimated. However,
the carrier frequencies generated by different AEs are not
exactly the same due to oscillator offsets. Let νk − δk be
the CFO actually generated by the oscillator of the k-th AE,
then the CFO mismatch is denoted by δk. We also assume
there is an initial phase offset for the carrier frequency
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signal generated by each oscillator which is denoted by
φk. Thus, in order to compensate, the phase offset θk,i
and the frequency offset νk at each AE are multiplied by
−(θk,i − φk) and −(νk − δk), respectively. That is, the
received signal at the k-th AE is multiplied by ξk,i(n) =
e2jπn(−νk+δk)−θk,i+φk , i = 1, · · · ,Mk, n = 0, · · · , N − 1,
which results in ξk,i(n)r̃k,i(n) = hk,ie

j(2πnδk+φk)s0(n) +∑J
j=1 e

2jπn(−νk+δk)−θk,i+φk g̃
(j)
k,isj(n) +

e2jπn(−νk+δk)−θk,i+φkwk,i(n), i = 1, · · · ,Mk, n =
0, · · · , N − 1. Thus, we can write the received signal
at the k-th AE after compensation as

rk(n) = hke
j(2πnδk+φk)s0(n) +

J∑
j=1

g
(j)
k sj(n) +wk(n),

n = 0, · · · , N − 1,
(1)

where hk := [hk,1, · · · , hk,Mk
]T is the user’s CSI subvector

to k-th AE. Also, g
(j)
k and wk(n) are defined as g

(j)
k :=

[g̃
(j)
k,1e

2jπn(−νk+δk)−θk,1+φk , · · · , g̃(j)k,Mk
e2jπn(−νk+δk)−θk,Mk

+φk ]T

and wk(n) := [wk,1(n)e
2jπn(−νk+δk)−θk,1+φk , · · · ,

wk,Mk
(n)e2jπn(−νk+δk)−θk,Mk

+φk ]T , in which g
(j)
k denotes

the CSI subvector of the j-th interferer, and wk(n) denotes
the Gaussian noise with zero mean and variance ε2k. Thus,
the oscillator offset of the k-th AE is composed of a CFO
denoted by δk and a phase offset denoted by φk. Note that
the above expression of frequency and phase offsets has been
used in the literature such as [15], [17].

Each AE transmits the received signal rk(n) to the
BS via optical fiber. Then the total received signal,
r(n) = [rT1 (n), r

T
2 (n), · · · , rTK(n)]T , at the BS (in one re-

synchronization period) can be written as r(n) = h̃s0(n) +∑J
j=1 g

(j)sj(n) + w(n), n = 0, · · · , N − 1, where h̃ :=⎛
⎜⎝

h1e
j(2πnδ1+φ1)

...
hKej(2πnδK+φK)

⎞
⎟⎠ , g(j) :=

⎛
⎜⎜⎝

g
(j)
1
...

g
(j)
K

⎞
⎟⎟⎠ , w(n) :=

⎛
⎜⎝

w1(n)
...

wK(n)

⎞
⎟⎠. Note that the BS cannot know the particular

vector h̃ separately from r(n); that is, the BS cannot construct
h̃ because it is the CSI vector of the desired user disturbed
by the unknown oscillator offsets δk and φk. By using the
vectors h1, · · · ,hK estimated by each AE, however, the BS
can construct a nominal CSI vector h of the desired user

as h :=

⎛
⎜⎝

h1

...
hK

⎞
⎟⎠. Obviously, the nominal CSI vector h

constructed by the BS equals to the disturbed CSI vector h̃
only when all the oscillator offsets are zero. In the presence of
oscillator offsets, however, the disturbed CSI vector h̃ is not
equal to h. Without loss of generality, we assume the CSI vec-
tors h1, · · · ,hK are normalized such that

∑K
k=1 ‖hk‖2 = M ,

i.e., ‖h‖ = ‖h̃‖ =
√
M .

B. Problem Formulation

Denoting the linear filter at the BS by f , the output of
the linear receiver can be written as y(n) = fHr(n). In this
paper, the objective is to design f that can give robust SINR
performance in the presence of unknown oscillator offsets.

We first consider the ideal case where oscillator offsets
do not exist, i.e., δk = 0, φk = 0, k = 1, · · · ,K . Then the
nominal CSI vector h equals to the disturbed CSI vector h̃.
In the presence of interference, the output SINR of a linear
receiver can be written as

SINR =
E{|fHhs0(n)|2}

E{|fH [
∑J

j=1 g
(j)sj(n) +w(n)]|2} =

σ2
s |fHh|2

fHRI+nf
,

(2)
where σ2

s := E{|s0(n)|2} is the power of the transmitted
signal from the desired user and

RI+n := (3)

E

⎧⎪⎨
⎪⎩
⎡
⎣ J∑
j=1

g(j)sj(n) +w(n)

⎤
⎦
⎡
⎣ J∑
j=1

g(j)sj(n) +w(n)

⎤
⎦
H
⎫⎪⎬
⎪⎭

is the covariance matrix of the interference plus noise. Since
the norm of f does not influence the output SINR, without
loss of generality we can assume fHh = 1 Thus, the problem
of maximizing SINR is equivalent to

min
f

fHRI+nf , s.t. fHh = 1. (4)

Since fHh = 1, if we define R := E{r(n)r(n)H} =
σ2
shh

H + RI+n which is the covariance matrix of received
signals, the objective function of (4) can be rewritten as
fHRI+nf = fH(R − σ2

shh
H)f = fHRf − σ2

s . Note that
σ2
s is a fixed (but unknown) value, which does not influence

the obtained optimal f . Thus, the optimal f which minimizes
fHRI+nf also minimizes fHRf , which means we can
simply drop −σ2

s and use R instead of RI+n in (4)

min
f

fHRf , s.t. fHh = 1, (5)

which leads to the same receiver. In practice, R can be
estimated using the observed data whereas RI+n is much
more difficult to be estimated. Thus, we use the problem
formulation of (5) in this paper. The solution of (5) is the
well-known minimum variance (MV) receiver which has been
used in multi-user CDMA [22], [23] and/or MIMO [24], [25]
systems:

fMV = (hHR−1h)−1R−1h. (6)

In our problem, although the nominal CSI vector h can
be known at the BS (using the desired user’s CSI vector hk

for each AE which is individually known at the BS), the
CSI vector h̃ disturbed by the oscillator offsets δk and φk

is unknown to the BS and h is generally different from h̃.
Therefore, the constraint on the nominal CSI vector, fHh = 1,
cannot guarantee the undistortion of the desired signal, since it
does not imply fH h̃ = 1. In this case, signal self-nulling may
occur when the MV receiver is used [20]. In this paper, fMV
of (6) is referred to as the non-robust MV receiver in the sense
that the performance is not robust to the unknown oscillator
offsets. Therefore, there is a tradeoff between maximizing
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the output SINR and improving the robustness to unknown
oscillator offsets.

III. ROBUST LINEAR RECEIVER WITH OSCILLATOR

OFFSETS

In this section, we will first review the MV receiver in
the formulation of generalized sidelobe canceller (GSC) [20],
[25], and propose a new structured GSC and its robust version
which has some interesting properties. Then by combining the
proposed robust structured GSC and the existing shrinkage
estimate in ridge regression [21], we derive a robust linear
receiver.

A. Structured Generalized Sidelobe Canceller (SGSC)

Since the disturbed CSI vector h̃ is unknown and does
not equal to h, the MV receiver of (4) is not robust to
the unknown oscillator offsets. One may try to develop a
robust receiver directly using (4). However, deriving the robust
version of MV receiver directly using the formulation (4) is a
difficult task due to the existence of the constraint fHh = 1.
Instead, the so-called GSC formulation of the MV receiver
should be a more suitable approach for deriving such robust
receivers, since the constraint fHh = 1 is dropped in the
GSC formulation. The GSC formulation of the MV receiver
was studied for multi-user MIMO systems [25] and can also
be seen in array processing [20], which describes the relation
of the MV receiver to the well-known matched-filter (MF)
receiver. In this section, by exploiting the particular structure
of h̃−h, we derive a structured GSC formulation, which can
be seen as an extension of the traditional GSC formulation.

First, let us review the relationship between the MF receiver
given by fMF = h

M and the MV receiver fGSC in the form of
the traditional GSC, which is given by

fGSC =
h

M
−Qβ, (7)

where β ∈ C(M−1)×1 is referred to as the design vector in
this paper, and the matrix Q ∈ CM×(M−1) satisfies QHh =
0(M−1)×1 and QHQ = IM−1. Then it is clear that the MF
receiver fMF can be obtained by setting β = 0. However, it is
well-known that the MF receiver does not have the capability
to suppress interference since it simply treats the interference
as noise. Thus, in fGSC, the term −Qβ is added to effectively
reject the interference when β is properly designed. If we
substitute (7) into (4), then the GSC formulation for the MV
receiver becomes as follows:

min
β

∥∥∥∥R 1
2
h

M
−R

1
2Qβ

∥∥∥∥
2

, (8)

where the optimum β is given by

βMV =
(
QHRQ

)−1

QHR
h

M
. (9)

Note that the constraint in (4) is dropped in this GSC for-
mulation, because the constraint is automatically satisfied by
using (7). Also, note that in the GSC formulation of the MV
receiver (7), the matrix Q which satisfies QHh = 0(M−1)×1

and QHQ = IM−1 is not unique. For different choices
of Q, the resulting βMV vectors are different. However, the

corresponding linear receiver fGSC computed by (7) is always
the same.

In this paper, we extend the above traditional GSC formu-
lation by exploiting the particular structure of the mismatches
between h̃ and h. Specifically, one can write h̃ − h as (10)
in which V := diag{ h1

‖h1‖ , · · · , hK

‖hK‖} is a matrix that can be
constructed by the BS using the knowledge of hk. On the other
hand, α̃ := [‖h1‖ej(2πnδ1+φ1), · · · , ‖hK‖ej(2πnδK+φK)]T

denotes the unknown part caused by oscillator offsets and
α := [‖h1‖, · · · , ‖hK‖]T is the nominal one that can be
constructed by the BS. Note that the matrix V satisfies (11).
We will exploit this structure to improve the robustness to
the mismatches between unknown α̃ and the known α. The
particular structure characterized by (10) will be referred to
as the uncertainty structure of CSI vector.

In the following, to exploit the knowledge of the uncertainty
structure, we propose a new GSC formulation by designing a
specific Q using the matrix V .

Theorem 1. Introducing a structured design vector

[
β1

β2

]
,

consider a new linear receiver as follows:

f SGSC =
V α

M
− [V P ,V ⊥]

[
β1

β2

]
, (12)

where β1 ∈ C(K−1)×1 and β2 ∈ C(M−K)×1. Also, V ⊥ ∈
CM×(M−K) is a matrix orthogonal to V which satisfies
V H

⊥V = 0(M−K)×K and V H
⊥V ⊥ = IM−K , and P ∈

CK×(K−1) is a matrix that satisfies PHP = IK−1 and
PHα = 0(K−1)×1. Then the MV receiver problem of (8)
can be written as follows:

min
β1,β2

∥∥∥R 1
2V

α

M
−R

1
2V Pβ1 −R

1
2V ⊥β2

∥∥∥2 . (13)

Proof: See Appendix A.
Comparing (12) with (7), one can see that Q of (7) is

replaced by two parts in (12), corresponding to the subspace
of the column vectors of the perfectly known matrix V and to
its orthogonal subspace, respectively. Also, the design vector
β is divided into two subvectors, which correspond to the two
parts of Q, respectively. More specifically, the subvector β1 is
multiplied to V P , which becomes orthogonal to V α

M since P

is orthogonal to α and V HV = IK . Also, the subvector β2 is
multiplied to V ⊥, which also becomes orthogonal to V α

M since
V ⊥ is orthogonal to V . In the presence of oscillator offsets,
however, P may not be orthogonal to α̃. In this case, the
term V Pβ1 is no longer orthogonal to V α̃

M , whereas the term
V ⊥β2 is always orthogonal to V α̃

M since the orthogonality
does not depend on α̃. The linear receiver formulated by (12)
is shown in Fig. 2 and it will be referred to as the structured
GSC (SGSC) in this paper.

B. Robust SGSC

Note that both the GSC formulation of (8) and the SGSC
formulation of (13) are still non-robust, since they are essen-
tially reformulations of the non-robust MV receiver of (4).
Unlike (4), however, the formulations of (8) and (13) are
suitable for deriving robust receivers, because there is no
separate constraint as in (4). When the formulations of (8)
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h̃− h =⎛
⎜⎜⎜⎜⎝

h1

‖h1‖ 0 · · · 0

0 h2

‖h2‖ 0
...

. . .
...

0 0 · · · hK

‖hK‖

⎞
⎟⎟⎟⎟⎠
⎛
⎜⎝

‖h1‖ej(2πnδ1+φ1) − ‖h1‖
...

‖hK‖ej(2πnδK+φK) − ‖hK‖

⎞
⎟⎠

=: V (α̃−α),

(10)

V HV =⎛
⎜⎜⎜⎜⎜⎝

hH
1

‖h1‖ 0 · · · 0

0
hH

2

‖h2‖ 0
...

. . .
...

0 0 · · · hH
K

‖hK‖

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

h1

‖h1‖ 0 · · · 0

0 h2

‖h2‖ 0
...

. . .
...

0 0 · · · hK

‖hK‖

⎞
⎟⎟⎟⎟⎠

= IK .

(11)

Fig. 2. Linear receiver based on the structured GSC (SGSC).

and (13) are compared with each other, only the proposed
SGSC formulation of (13) takes advantage of the uncertainty
structure. Thus, the main advantage of the proposed SGSC
formulation of (13) is that it can be extended to derive robust
receivers by exploiting the uncertainty structure. In order
to develop a robust linear receiver based on the proposed
SGSC formulation, in this subsection we will apply a robust
technique used in the traditional GSC formulation of (8) to
our SGSC formulation of (13).

One of the most commonly used robust techniques is the
diagonal loading [20], in which the matrix R is replaced by
R+ τIM in the MV linear receiver problem (4), where τ is
a positive value which can be determined in different ways.
If one applies R + τIM to the traditional GSC problem (8)
to replace R, it can be written as follows:

min
β

∥∥∥∥R 1
2
h

M
−R

1
2Qβ

∥∥∥∥
2

+ τ‖β‖2. (14)

This formulation based on the diagonal loading can be inter-
preted as the Tikhonov regularization method [26]. The linear
receiver obtained by (14) is more robust to the mismatches
between h and h̃, because τ‖β‖2 will essentially reduce the
amount of signal self-nulling. However, the achieved maxi-
mum output SINR may become lower because the term τ‖β‖2
increases the output power of the interference. Furthermore,
(14) does not exploit the uncertainty structure of (10). Finally,

it is not clear how to determine τ in (14), especially when the
mismatches between h and h̃ are totally unknown to the BS.

These issues will be addressed in our proposed receiver. To
this end, we first apply the Tikhonov regularization technique
to the proposed SGSC framework of (13) in a similar way.
Specifically, if we replace R with R+ τIM in (13), we have
the robust SGSC formulation as follows:

min
β1,β2

∥∥∥R 1
2V

α

M
−R

1
2V Pβ1 −R

1
2 V ⊥β2

∥∥∥
2

+τ‖β1‖2+τ‖β2‖2.
(15)

Different from the formulation of (14), however, the regu-
larization terms for β1 and β2 in (15) are separately given,

since the design vector

[
β1

β2

]
has two subvectors in the

proposed SGSC formulation. One may further generalize the
robust SGSC framework of (15) by choosing two different
regularization operators H1 and H2 for β1 and β2, respec-
tively.1 The result and the properties are given in the following
theorem.

Theorem 2. Consider the following robust SGSC framework
using two regularization operators H1 ∈ C(K−1)×(K−1) and
H2 ∈ C(M−K)×(M−K):

{β̃1, β̃2} =arg min
β1,β2

∥∥∥R 1
2V

α

M
−R

1
2V Pβ1 −R

1
2V ⊥β2

∥∥∥2
+ ‖H1β1‖2 + ‖H2β2‖2.

(16)

Then the following properties hold:

1) The optimal H2 is given by H2 = 0(M−K)×(M−K)

in the sense that the output SINR is maximized without
increasing the amount of signal self-nulling.

1The regularization technique using the regularization operators has been
widely used for solving inverse problems such as in the applications of image
processing [27] and spectral estimation [28], [29], in which the regularization
operators usually express the regularity forms of the designed vector to yield
smaller energy coefficients.
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2) When H2 = 0(M−K)×(M−K), the linear receiver
obtained from

{β̃1, β̃2} =

arg min
β1,β2

∥∥∥R 1
2V

α

M
−R

1
2V Pβ1 −R

1
2V ⊥β2

∥∥∥2
+ ‖H1β1‖2

(17)

has the following closed-form expression:

fR-SGSC =
(R + V PHH

1 H1P
HV H)−1V α

αHV H(R + V PHH
1 H1P

HV H)−1V α
.

(18)

Proof: See Appendix B.
Comparing the robust GSC framework in (14) and the

proposed robust SGSC framework in (16), one can easily
see that the proposed robust SGSC framework using the
regularization method (16) is a generalization of the robust
GSC framework using the Tikhonov regularization (14). Also,
if H1 = 0(K−1)×(K−1) and H2 = 0(M−K)×(M−K), the MV
receiver is obtained as a special case. The diagonal-loading-
based MV receiver is obtained when H1 = τIK−1 and
H2 = τIM−K .

The first property of Theorem 2 implies that regularizing
β2 must not be done to maximize the output SINR, while
the robustness of the linear receiver is maintained. In other
words, the performance of the MV receiver can be improved
by regularizing only β1.

Note that a key difference between the proposed method
(17) and diagonal-loading-based MV receiver of (14) is that
only β1 (part of the design vector β) is regularized in (17),
whereas the whole design vector β is regularized in (14).
In fact, the reason why β2 must not be regularized can be
intuitively seen from Fig. 2 as follows: Since V ⊥β2 is always
orthogonal to V α

M , no matter what α is, any design of β2

cannot suppress the desired signal by mistake (signal self-
nulling) when the mismatches on the CSI vector exist only on
α. Or say, the signal self-nulling is caused only by β1. This
means that constraining β2 will lead to a non-optimal solution
of β2 for maximizing the output SINR; thus the regularization
term for β2 must not be used.

Note that the receiver fR-SGSC of (18) can be considered as
an optimal receiver. In order to actually use (18), however, H1

must be determined such that the output SINR is maximized,
which is given by (19). Unfortunately, the output SINR (19)
depends on σ2

s , RI+n, and α̃, all of which are unknown. If
they were known to the BS, the truly optimal H1 might be
obtained. In practice, however, even if σ2

s and RI+n could be
estimated, it is still not possible to determine H1 since α̃ (due
to the oscillator offsets, δ1, · · · , δK) is assumed to be totally
unknown. Also, exhaustive searching for H1 is impractical
since H1 is a (K−1)×(K−1) matrix. Thus, it is impossible
to directly use (18) in practice. In that sense, (18) might be
considered as a genie-aided optimal scheme.

However, if prior knowledge of α̃ is known in some
cases, we could use fR-SGSC to compute the optimal H1. For
example, if we know α̃ ∈ Ω where Ω is a uncertainty set, we
can compute H1 using the worst-case optimization criterion

as H1 = argmaxH1
minα̃∈Ω SINR(H1, α̃). Overall, the per-

formance of the genie-aided receiver (18) will not be explicitly
evaluated in the simulations since the optimal H1 cannot be
obtained. However, we would like to note that the expression
of fR-SGSC is still interesting and useful when prior knowledge
of oscillator offsets are known to some applications.

In the next subsection, by taking a sub-optimal optimization
approach, we propose an implementable f which requires only
known information.

C. Closed-form Robust Linear Receiver Requiring Only the
Information Available

In this subsection, we derive an explicit form of f in
closed-form requiring only the information available at the BS,
based on the proposed robust SGSC framework and the ridge
regression technique [21]. Recall from (12) that determining f
is equivalent to determining β1 and β2, because V , α, and P
are given. By taking two steps, we will propose a sub-optimal
robust receiver. In the first step, β1 is determined from (15)
with an existing ridge regression method to obtain τ in closed-
form. In the second step, the obtained β1 is substituted into
(17) to determine β2.

Now we present the details of the proposed two-step
approach to derive a robust linear receiver in an explicit
and closed-form. In the first step, we use (15) to compute
only β1 =: βnew

1 . To this end, we first need to determine
τ . Note that the Tikhonov regularization [26] in (15) can
also be interpreted as the ridge regression technique in a
linear regression problem [21], in which there are some
existing methods to determine τ in closed-form. Specifically,
the solution of (13) can be interpreted as the linear square
estimate of the following linear regression problem R

1
2V α

M =(
R

1
2V P ,R

1
2V ⊥

)(
β1

β2

)
+ e, where e ∼ CN (0, σ2

sI),

R
1
2V α

M is the “observed vector”,
(
R

1
2V P ,R

1
2V ⊥

)
is the

“designed matrix”, and [βT
1 ,β

T
2 ]

T is the parameter to be esti-
mated in a linear regression problem. Note that the mismatches
between h and h̃ are only caused by the mismatches between
α and α̃. In the above linear regression problem, the existence
of mismatches on α is equivalent to introducing some noise
on the “observed vector”, R

1
2V α

M . The ridge regression is a
commonly used technique [21] to improve the robustness of
the linear square estimate by shrinking its mean-square error.
In the area of ridge regression, several popular estimators [21]
to determine the diagonal loading term τ have been proposed
which can be directly used in our problem (15). Thus, we
will determine τ =: τRR using some existing ridge regression
estimators. In this paper, we select two most commonly-
used ridge regression estimators to compute τRR, the Lawless-
Wang (LW) estimator [30] and the Hoerl-Kennard-Baldwin
(HKB) estimator [31]. The corresponding expressions of τRR

are derived in closed-form as [30], [31]:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

τRR =
(M − 1)σ̂2

s∥∥∥(X1,X2) β̃MV

∥∥∥2 , if the LW is used, (20)

(M − 1)σ̂2
s

‖β̃MV‖2
, if the HKB is used,(21)
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SINR(H1, α̃) =
σ2
s |αV (R + V PHH

1 H1P
HV H)−1V α̃|2

αV (R + V PHH
1 H1P

HV H)−1RI+n(R + V PHH
1 H1P

HV H)−1V α
. (19)

βnew
1 =

[
IK ,0K×(M−K−1)

]([ XH
1

XH
2

]
[X1,X2] + τRRIM−1

)−1 [
XH

1

XH
2

]
b. (22)

where β̃MV =

([
XH

1

XH
2

]
[X1,X2]

)−1 [
XH

1

XH
2

]
b, σ̂2

s =∥∥∥[X1,X2] β̃MV − b
∥∥∥2, b := R

1
2V α

M , X1 := R
1
2V P , and

X2 := R
1
2V ⊥. Using the above τRR derived by the ridge

regression estimators, we can solve the problem (15) to obtain
the design subvector βnew

1 as (22).
In the second step, we substitute βnew

1 into (17) in order to
derive βnew

2 . From (17), one can see that once β1 is determined
as βnew

1 , the optimal βnew
2 can be derived by solving

βnew
2 = argmin

β2

‖b−X1β
new
1 −X2β2‖2 , (23)

which does not depend on H1, and has a closed-form solution
given by

βnew
2 = (XH

2 X2)
−1XH

2 [b−X1β
new
1 ]. (24)

Finally, using the obtained design subvectors βnew
1 of (22)

and βnew
2 of (24), we can compute the proposed linear receiver

f by (12). Note that the proposed robust linear receiver does
not need to have any prior knowledge of δ1, · · · , δK and
φ1, · · · , φK . Furthermore, the receiver is given in closed-form
and it exploits the uncertainty structure of the CSI vector.
Although the two-step approach is suboptimal, this makes it
possible to analytically derive a robust linear receiver exploit-
ing the uncertainty structure in closed-form. Furthermore, the
performance is excellent as will be demonstrated in the next
section: it gives robust SINR and SER performance to the
unknown oscillator offsets, and moreover, it performs close to
the ideal MV receiver in the absence of oscillator offsets.

Remark: The computational complexity of the proposed
linear receiver mainly comes from the matrix multiplications
and inversions in (22) and (24), which are of the order
O((M − 1)3). Thus, the proposed linear receiver has the
same order of computational complexity as the classical MV
receiver (6).

IV. NUMERICAL RESULTS

In this section, we investigate the performance of the
proposed linear receiver numerically. We assume the DAS is
composed of K = 6 AEs, each of which has Mk = 2 anten-
nas. In our simulation setting, the channel vectors h1, · · · ,hK

are generated by Rayleigh fading and then normalized such
that

∑K
i=1 ‖h‖2 = M . Since the oscillator offsets δk and φk

are totally unknown, they are modeled as Gaussian random
variables with zero mean and variance γ2

δ and γ2
φ in this paper.

Thus, if γ2
δ approaches −∞ dB, δk approaches zero which

means oscillator frequency offset does not exist. In the same
way, if γ2

φ approaches −∞ dB, φk approaches zero which
means oscillator initial phase offset does not exist. The oscil-
lator offsets increase as γ2

δ and γ2
φ increases. For simplicity, we

set γ2
δ = γ2

φ = γ2 in the simulations. There are J interferers
whose channels also undergo Rayleigh fading. The interfering
signals are modeled as constant modulus signals with random
phases, whose interference-to-noise (INR) ratio equals to 20
dB. The desired user’s transmitted signal is also modeled
as a constant modulus signal with either random phases or
Quadrature Phase Shift Keying (QPSK) modulation, whose
SNR equals to 10 dB as the default value.

The tested receivers include the MF receiver, the MV
receiver, and the proposed linear receiver. As a performance
benchmark, we also include the ideal SINR in some examples,
which is achieved by the MV receiver in the absence of
oscillator offsets and the theoretically obtained (rather than
estimated) covariance matrix RI+n is used to achieve the ideal
SINR given by SINRIdeal = σ2

sh
HR−1

I+nh.

In the first three examples, we fix N = 100 and evalu-
ate the SINR performance using the theoretically obtained
R = σ2

sE{h̃h̃H}+RI+n so that the SINR performance loss is
only caused by the unknown oscillator offsets. We assume the
noise variance ε2k for each AE is different. More precisely, we
generate the noise variance for each AE independently in the
range of −17 dB to −30 dB below the power of interference,
with an average of −20 dB. The INR and SNR are computed
using the average noise variance level. We first investigate the
SINR performance for different SNR when J = 2, which is
shown in Fig. 3. From the figure, one can see that, the MF
receiver performs very poorly. Because of signal self-nulling,
the MV receiver degrades severely when SNR is increasing.
Overall, the proposed robust receiver performs the best and
very close to the optimal SINR performance. Next, we set
J = 2 and change the variance of δk and φk from −120 dB to
−50 dB. The SINR performance is shown in Fig. 4. According
to the figure, when γ2 is below −100 dB, the MV receiver
performs very close to the ideal SINR since the oscillator
offsets are too small. In these cases, the proposed linear
receiver gives slightly lower performance than the ideal SINR.
However, when γ2 increases, the performance of the MV
receiver degrades rapidly as shown in Fig. 4. The proposed
linear receiver can give a very good performance in a wide
range of oscillator offsets. In the third example, we change
the number of interferences J from 1 to 8 and investigate the
SINR performance. The results are shown in Fig. 5. From
the figure, one can see that the performance of all tested
receivers degrade as J increases. The proposed receiver always
gives higher SINR than other tested receivers. Particularly, the
proposed receiver using HKB estimator performs better when
J is large than the one using LW estimator.

In the rest of examples, we focus on the more practical
scenarios, in which either SINR or SER performance is
evaluated with the estimated R. We assume the total number
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Fig. 3. Output SINR versus SNR.
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Fig. 4. Output SINR versus γ2.

of received symbols is NtN , where Nt is the total number
of re-synchronization periods. In this paper, we refer to a re-
synchronization period as a “block”; thus, each block has N
symbols. In order to actually estimate R, one may simply use
the sample covariance matrix R̂ obtained by

R̂ =
1

NNt

Nt∑
nt=1

N∑
n=1

rH [(nt−1)N+n]r[(nt−1)N+n]. (25)

However, the sample covariance matrix of (25) is a very
naive scheme to estimate R and the performance is not
satisfactory in general. In this paper, we use an advanced
and effective scheme, so-called the shrinkage-based covariance
matrix estimation methods [32], [33]. In our simulations, we
use the shrinkage-based estimate in [32], which has the form
κ1R̂ + κ2IM where κ1 and κ2 are computed automatically
using the observed data r(n). The shrinkage-based covariance
matrix is used for the MV receiver and the proposed receiver
as well, since their performance can be further improved by us-
ing the shrinkage-based covariance matrix estimate compared
with using the sample covariance matrix R̂.

In the next two examples, we investigate the SINR and
SER performance by varying Nt. In these two examples,
the proposed linear receiver and the MV receiver using both
shrinkage-based estimate of R and the sample covariance
matrix R̂ are included. We first fix N = 100 and consider
the SINR performance for different receivers using different
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Fig. 5. Output SINR versus J .
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Fig. 6. Output SINR versus the number of blocks Nt.

estimates of R. In these cases, since the mismatches between
h and h̃ do not depend on Nt, the sample covariance matrix
R̂ (thus the shrinkage-based estimate) is more accurate when
more blocks of symbols are used. The results are given in Fig.
6. From the figure, one can see that the performance of the
MV receiver and MF receiver cannot be satisfied even using
more accurate estimate of R. However, the performance of the
proposed linear receiver approaches that of the optimal SINR
when R can be well estimated. This is because the proposed
linear receiver is robust to the structured mismatches between
h and h̃ caused by the oscillator offsets. Next, we assume
that QPSK modulation is applied for the user’s transmitted
signal and investigate the SER performance. We fix N = 200
and Nt is changed from 1 to 10. The SER results are shown
in Fig. 7. According to the figure, one can see that the
proposed linear receiver using the shrinkage-based estimate of
R performs the best. When R̂ is used, the SER performance is
still excellent especially when Nt is large. Overall, if enough
data is available (e.g. Nt is large), the performance using
the sample covariance matrix can still be satisfied. However,
since using the shrinkage estimate of covariance matrix can
always slightly improve the performance whenever Nt is large
or small, we recommend using the shrinkage estimate of
covariance matrix other than the sample covariance matrix.

In the last two examples, we investigate the SINR and SER
performance by varying N . First, we set Nt = 1, which
means no re-synchronization is performed at AEs. Note that
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although the effect of imperfect covariance matrix estimation
can be mitigated by using the shrinkage-based estimate, the
mismatches between h and h̃ still cause performance degra-
dation for adaptive linear receivers such as the MV receiver.
Particularly, a large N could lead to large mismatches on
the CSI vector. In Fig. 8, the SINR performance for the
span of N from 15 to 500 when γ2 = −60 dB is shown.
According to the figure, one can see that performance of
the MV receiver and the proposed receivers can not give
good performance when N is only 15. This is because the
estimate of covariance matrix used to compute those receivers
are very poor. As N increases, the MV receiver performs
better at the beginning then the performance degrades. This is
because when N is very small, the estimate error of covariance
matrix is dominated. Thus, by increasing N the estimate of
covariance matrix improves, which means the MV receiver
may perform better. However, when N is relatively large, the
oscillator offsets are large. In this case, the performance of the
MV receiver degrades as N increases. Also, note that N is
the period of re-synchronization. A smaller N yields smaller
oscillator offsets, however, increases the re-synchronization
load. Thus, it is more practical to choose N as large as possible
provided that the receiver can still perform well. From Fig. 8,
one can see that the proposed receivers perform very well
when N is large. Finally, we fix Nt = 5 and plot the SER
performance for varying N , which is given in Fig. 9. From
those figures, one can see that the proposed linear receiver
gives the best SER performance, which is lower than 10−4 in
most cases. The MF and MV receivers almost fail especially
when N is relatively large (e.g., larger than 150).

Overall, the proposed linear receiver consistently gives the
best SINR and SER performance whether R is theoretically
obtained or estimated. For a wide range of SNR and the
variance of unknown oscillator offsets, the performance of
the proposed linear receiver is very close to the optimal
performance achieved by the MV receiver in the ideal case
that oscillator offsets do not exist. Furthermore, according to
the figures, one can see that the proposed receiver using either
LW or HKB estimator performs similarly, both of which gives
a improved SINR compared to MV and MF receivers. Based
on the simulation settings, the proposed receiver using LW
estimator performs slightly better than the one using HKB
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Fig. 8. Output SINR versus the number of symbols N .
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estimator in most of the scenarios. However, when the number
of interference is large, the receiver using HKB estimator
performs best. Thus, both of them have their own merits.

V. CONCLUSIONS

We studied the linear receiver design problem for a DAS in
the presence of unknown oscillator offsets and interference. In
this problem, each AE has accurate estimates of the timing off-
set, frequency offset and the CSI of the desired user. However,
the different oscillator offsets can cause time-varying phase
errors on the nominal CSI vector constructed at the BS. In
this case, the uncertainty on the nominal CSI vector has a
specific structure, which could be utilized to design a robust
linear receiver at the BS. For this scenario, we first proposed
a new SGSC formulation of the non-robust MV receiver
by exploiting the uncertainty structure. Then we derived its
robust version based on the regularization method. Finally, we
proposed a new robust linear receiver based on the proposed
robust SGSC framework and the ridge regression technique.
The proposed linear receiver has simple closed-form, and
could be implemented without requiring any prior knowledge
of the oscillator offsets. Moreover, since the proposed linear
receiver fully exploits the uncertainty structure of the nominal
CSI vector at the BS, it could give better performance than the
other existing receivers in which the uncertainty structure was
not utilized. Numerical results have shown that the proposed
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robust receiver gives excellent performance in terms of SINR
and SER when unknown oscillator offsets exist.

APPENDIX A
PROOF OF THEOREM 1

When the CSI vector has a structure, h = V α, the
design problem of the MV receiver can be written directly
as minf fHRf s.t. fHV α = 1, V ∈ CM×K ,α ∈
CK×1. Considering the following traditional GSC formulation
QHQ = IM−1, QHV α = 0(M−1)×1, f = h

M − Qβ,
we can write Q further as two parts Q = [Q1,V ⊥] ∈
CM×(M−1), where QH

1 Q1 = IK−1, Q1 ∈ CM×(K−1),
V H

⊥V ⊥ = IM−K , V ⊥ ∈ C
M×(M−K), and QH

1 V ⊥ =
0(K−1)×(M−K). In the above, Q1 can be presented by Q1 =
V P , where P ∈ CK×(K−1) can be computed using the
following two equations: PHV HV P = IK−1 ⇔ PHP =
IK−1 andQHV α = 0(M−1)×1 ⇔ PHα = 0(K−1)×1. Then,

by substituting β =

[
β1

β2

]
, the problem of MV receiver in

the GSC formulation can be rewritten as:

min
β

(
h

M
−Qβ

)H

R

(
h

M
−Qβ

)
(A.1)

= min
β1,β2

∥∥∥∥R 1
2

(
V

α

M
− [V P ,V ⊥]

[
β1

β2

])∥∥∥∥
2

(A.2)

= min
β1,β2

∥∥∥R 1
2V

α

M
−R

1
2V Pβ1 −R

1
2V ⊥β2

∥∥∥2 .(A.3)

APPENDIX B
PROOF OF THEOREM 2

1) Proof of Property 1: We can write the linear filter f
as f = V

(
α
M − Pβ1

)−V ⊥β2 =: V β̌1 −V ⊥β2. Then the
SGSC formulation (13) of MV receiver can be rewritten as

β̌1
HV HRV β̌1 − βH

2 V H
⊥RV β̌1

− β̌1
HV HRV ⊥β2 + βH

2 V H
⊥RV ⊥β2.

(B.1)

Note that the first term in (B.1) does not depend on
β2. Using R = σ2

shh
H + RI+n = σ2

sV ααHV H +
RI+n, we can rewrite the last three terms in (B.1)
as follows: −βH

2 V H
⊥RI+nV β̌1 − β̌1

HV HRI+nV ⊥β2 +
βH
2 V H

⊥RI+nV ⊥β2, which does not depend on α (thus h)
but only on RI+n. Thus, the signal component cannot be
suppressed by β2. This means that the optimal choice of H2 is
to minimize the output power of interference, which is equiv-
alent to minimizing the receiver’s output power. However,
since adding the regularization term ‖H2β2‖2 is equivalent
to introducing an additional constraint on β2, which leads to
non-optimal solution, the corresponding output power of the
receiver (interference output power) will increase; so the SINR
is not maximized. Thus, the maximum SINR is achieved by
choosing H2 = 0(M−K)×(M−K), while no signal self-nulling
occurs due to β2.

2) Proof of Property 2: For notational simplicity, we
denote H1 as H in this section. Substituting Q = [V P ,V ⊥]

and β =

[
β1

β2

]
, the problem of (17) can be rewritten as

min
β

{
βHQHRQβ +

hHRh

M2
− βHQHR

h

M

−hH

M
RQβ + βH

1 HHHβ1

}
,

(B.2)

where h = V α. Differentiate (B.2) with respect to β and set
it equal to zero:

QHRQβ −QHR
h

M
+ diag{HHH,0(M−K)×(M−K)}β = 0

⇔β =
(
QHRQ+ diag{HHH, 0(M−K)×(M−K)}

)−1

QHR
h

M
.

(B.3)

Since QHV PHHHPHV HQ =
diag{HHH ,0(M−K)×(M−K)}, we can rewrite (B.3)
as

β =
(
QHRQ+QHV PHHHPHV HQ

)−1

QHR
h

M
.

(B.4)

Also, we know that PHV Hh = PHV HV α =
PHα = 0(K−1)×1. Thus, we can add to (B.4) by[
QH(R+ V PHHHPHV H)Q

]−1
QH(V PHHHPHV H) h

M
=

0 to get (B.5). The corresponding linear filter may be obtained
using (7). In this proof, however, we use a simpler method
that utilize the results of the traditional MV receiver:

fMV = (hHR−1h)−1R−1h

or equivalently given by

βMV =
(
QHRQ

)−1

QHR
h

M
.

(B.6)

Note that if we replace R in (B.6) by R+V PHHHPHV H ,
we can easily obtain f = (R+V PHHHPHV H)−1h

hH (R+V PHHHPHV H )−1h
, which

is the corresponding linear filter for the β in (B.5) and the
same as (18).
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