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Shrinkage-Based Capon and APES
for Spectral Estimation

Jun Yang, Xiaochuan Ma, Chaohuan Hou, Fellow, IEEE, and Yicong Liu

Abstract—In this letter, we propose shrinkage-based Capon
(S-Capon) and APES (S-APES) spectral estimators by minimizing
the mean-square error (MSE) of standard Capon and APES in a
linear regression framework. The proposed methods are shown
to give more accurate spectral estimates but lower resolution
than the methods they based on. We combine Capon with the
proposed S-Capon and S-APES to overcome the resolution limit
of shrinkage-based methods for estimation of both frequency
and amplitude of spectral lines. The so-obtained Capon-SCapon
and Capon-SAPES spectral estimators, which have about the
same computational complexity as Capon, are compared with the
Capon-APES (CAPES) by numerical examples. Simulations show
that the Capon-SCapon performs similarly to CAPES in a wide
range of signal-to-noise ratio, and the Capon-SAPES always gives
more accurate spectral amplitude (less bias and lower MSE) than
CAPES.

Index Terms—Amplitude and phase estimation, Capon spectral
estimator, shrinkage estimates, spectral estimation.

I. INTRODUCTION

S PECTRAL estimation is an important problem in many
applications. Lately, there has been an increasing interest

in nonparametric spectral estimators, including the classical
Capon algorithm [1], the amplitude and phase estimation
(APES) approach [2], [3], and so on (see, e.g., [4], [5] and
the references therein). In general, Capon usually yields high
resolution (even higher than MUSIC, see [6] for more de-
tails), while it also gives high spectral amplitude bias and
mean-square error (MSE) at the same time. The APES can give
more accurate spectral amplitude at the true peak locations.
However, the APES estimates of the spectral peak locations are
in general biased and the resolution of APES is low. One ap-
proach to circumvent the disadvantages of Capon and APES is
to combine the resolution properties of Capon with the spectral
estimation accuracy of APES. The algorithm was proposed in
[6] as Capon-APES (CAPES) spectral estimator.

In this paper, we analyze the MSE performance of Capon and
APES spectral estimators in the generalized sidelobe canceller
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(GSC) parametrization as a linear regression problem, and pro-
pose minimized MSE spectral estimators using a shrinkage ap-
proach. The shrinkage-based methods are expected to give more
accurate estimates. The rest of this paper is organized as fol-
lows. In Section II, we reformulate the Capon and APES spec-
tral estimators in a linear regression framework as a combina-
tion of a few individual components. Then, the shrinkage-based
Capon (S-Capon) and APES (S-APES) are proposed in Sec-
tion III by choosing a set of weights for the combination to
minimize the MSE of the resulting spectral estimators. Sim-
ilar to CAPES, we also combine Capon with the S-Capon and
S-APES to overcome the resolution limit of the shrinkage-based
methods. The so-obtained Capon-SCapon and Capon-SAPES
spectral estimators are compared with Capon and CAPES in
Section IV by numerical examples. Simulations show that the
Capon-SCapon performs similarly to CAPES when SNR is low,
and the Capon-SAPES always gives less bias and lower MSE of
spectral amplitudes than CAPES. Finally, we conclude in Sec-
tion V.

II. THE CAPON AND APES SPECTRAL ESTIMATORS

A. Matched-Filterbank Interpretations

Both the Capon and APES estimators can be interpreted in an
adaptive filterbank framework. In the filterbank approach, the
spectrum is estimated by passing the signal through a normal-
ized finite-impulse response (FIR) filter of length , with
varying center frequency . Let denote
the available (stationary) data sample whose spectrum is to be
estimated. The filter output can then be written as

(1)

where
is some additive colored noise. and denote the trans-
pose and the complex conjugate transpose, respectively. For the
Capon method, the filter coefficients in are chosen such
that the energy of the filtered signal is minimized subject to
the constraint that a sinusoid with frequency passes the filter
undistorted:

(2)

where . For the APES method,
the filter and the amplitude spectrum estimate are
the joint minimizers of the following criterion:

(3)
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The corresponding filters of the Capon and APES are given
by and

, where
, and

is an estimate of the noise covariance matrix in which
. Note that, only forward data

sample is used to estimate and . However, in some
scenarios, the performance of spectral estimator can be im-
proved by means of a forward-backward estimate of covariance
matrix. Thus, for a more general case and simplicity, we use
the theoretical covariance matrices in the rest of this paper. In
this way, the Capon and APES can be written as

(4)

where
, and is the expectation

operator. Note that both and are deterministic, but they
are in practice replaced by either forward or forward-backward
estimates, all of which are random variables. We also see that
the forms of and in (4) are very similar.
Thus, only the GSC formulation of Capon will be given in the
following section. We can replace the by directly for a
fixed to get the formulation of APES.

B. General Sidelobe Canceller Formulation

For the Capon method, the filter can be reparameterized
by a new parameter vector according to

. In this equation, is the
semi-unitary matrix which spans the entire space together with

so that and . In this
way, the formulation of Capon is equivalent to

(5)

where denotes the positive definite Hermitian square root
of . If we see as the “design matrix”, and

as the “observed vector” in a linear regres-
sion problem, the Capon spectral estimator can be interpreted as
the standard least square (LS) solution,

(6)

Suppose that are the eigen-
values of . Let the eigenvalue decomposition be

, where and
. Then, the can be written as

(7)

in which is the component of
along . We note that the definitions of

and are all -dependent. Thus, the formulation of
APES can be obtained in the same way using instead of

.

III. SHRINKAGE-BASED CAPON AND APES

A. The MSE of

Because the LS estimate is well known to be unbiased, we
can define which is a deterministic (but
unknown) value. Then, we consider the MSE of the LS solution

in the standard linear regression problem:

(8)

where is the residual term and is defined in (5). Note
that both and are not random variables when they are
computed by which is deterministic. Thus, we can compute
the MSE of the :

(9)

where denotes the trace. We can see from (9) that
does

not depend on the value of , and may be very high when
the noise in (1) is not white, for instance, may contain
signals of other frequencies. Thus, the corresponding spectral
estimator may be sensitive to noise.

In practice, when an estimated covariance matrix is used in-
stead of , the corresponding “design matrix” and the variance
of residual term are random variables. Thus, there will be a
random effect on the and an error on the residual term

. In that case, the linear regression model will be very com-
plex. However, though it is very difficult to analyze the random
effect on , only the errors on the residual term can lead to
poor performance of the Capon estimator because of the high
MSE. In this way, we can explain why the Capon spectral esti-
mator usually gives high bias and MSE of amplitude estimates.

B. Shrinkage-Based Spectral Estimators

To cope with the aforementioned problem, we define the
shrinkage-based Capon spectral estimator as

(10)

where is a set of weights which can be chosen by minimizing
the MSE of . Similar to (9), we get
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(11)

Thus, the weights can be obtained by solving the minimization
problem as

(12)

Note that the in (12) is only theoretical optimal, since both
and are unknown and have to be estimated in practice.

The estimates of and are obtained using
an estimated covariance matrix instead of , and we define these
estimates by and , respectively. One so-
lution is to compute the feasible weights using the eigenvalue
decomposition of and

(13)

We note that the from (13) could be poor in some cases.
For instance, when there are a few snapshots, is usually un-
derestimated by , which makes approximate to 1. So the
performance of S-Capon may approximate to Capon. On the
other hand, can be overestimated when SNR is very low.
Thus, the proposed S-Capon may give even higher bias and
MSE of estimates than Capon. However, according to the sim-
ulations in Section IV, this only happens when SNR is very low
(much lower than dB). Therefore, we expect that the fea-
sible S-Capon can improve the performance of Capon in a wide
range of SNR.

C. Capon–SCapon and Capon-SAPES Spectral Estimators

The computational complexity of S-Capon is mainly deter-
mined by the eigenvalue decomposition of which
is about . Therefore, the proposed S-Capon has
about the same computational complexity as Capon. Moreover,
since both Capon and S-Capon can be computed at very low
computational cost using and , the idea of combing Capon
and S-Capon is appealing. The so-obtained Capon-SCapon es-
timator is a two-step method that uses the Capon spectral esti-
mator’s superior frequency estimation to locate the frequencies
of the spectral lines and then refines the amplitude estimates for
these frequencies using the S-Capon estimator. In the same way,
we propose Capon-SAPES by combing Capon and S-APES as
a two-step spectral estimator. The computational complexity
of the resulting estimator may be a little higher than Capon-
SCapon, since how to compute the eigenvalue decomposition
of using is still
an open problem. However, the extra computations needed to
evaluate the S-APES spectrum at the spectral line locations are
generally negligible compared with those for locating the spec-
tral lines. Thus, the computational complexity of Capon-SAPES
is about the same as that of CAPES.

D. Comparison With the MMSE Spectral Estimator in [7]

In this section, we clarify that the proposed methods are dif-
ferent from the MMSE spectral estimator in [7]. Without loss
of generality, we only compare it with the proposed S-Capon

Fig. 1. Illustration of the resolution and accuracy of spectral estimators.

spectral estimator. The method proposed in [7] tries to minimize
, which is the MSE of the estimate , by

choosing a windowing function for covariance estimates (see
[7] and Section 4.3.5 of [5] for details). However, we note that
the MSE-minimizing algorithms in [7] and this paper are based
on different models. The MMSE spectral estimator minimizes
the MSE of whereas the proposed S-Capon minimizes the
MSE of a shrinkage estimator based on the GSC parametriza-
tion of Capon method. Thus, the meanings of the two “MSE”s
are different. One solid evidence is that the MMSE spectral es-
timator can provide slightly better resolution than APES and
Capon, while the proposed S-Capon gives lower resolution but
more accurate amplitude estimates. For a more careful compar-
ison, the MMSE spectral estimator can be formulated by

(14)

where , and
. However, the S-Capon can be written as (we

omit the derivations for limits of space):

(15)

in which and
.

Thus, we can see from (14) and (15) that S-Capon is different
from the MMSE spectral estimator.

IV. NUMERICAL EXAMPLES

Without loss of generality, we get the feasible S-Capon and
S-APES using the forward estimates and in this section.
In the first example, the true spectrum consists of three dominant
spectral lines and ten smaller spectral lines located at the fol-
lowing frequencies: 0.0625, 0.0725, 0.25, 0.28, 0.33, 0.35, 0.37,
0.39, 0.41, 0.43, 0.47, 0.49. The data sequence has data
samples and is corrupted by complex zero-mean white Gaussian
noise. We will assume the filter is taps long and the
SNR is 10 dB as default values in all examples. Fig. 1 illustrates
the resolution and the accuracy of Capon, S-Capon, APES, and
S-APES for a randomly chosen data realization. We can see that
Capon gives the best resolution performance from the figure.
The S-Capon gives more accurate spectral amplitude estimates
at the true locations than Capon, but lower resolution. Though
both APES and S-APES can not separate the first two spectral
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Fig. 2. Normalized amplitude bias for varying SNR.

Fig. 3. Normalized amplitude MSE for varying SNR.

lines, the S-APES seems to give more accurate amplitude esti-
mates at the true locations.

Consequently, we compare the amplitude bias and MSE of the
different frequency and amplitude estimators including Capon,
Capon-SCapon, CAPES and Capon-SAPES in the next two ex-
amples. We study an example in which all the spectral lines are
resolved by all the estimators to make the comparison possible.
This is done by choosing the second spectral line frequency as
0.085 instead of 0.0725 as the example above. The results are
obtained from 1000 Monte Carlo trials. Figs. 2 and 3 show the
bias and MSE of the amplitude estimates of the first spectral
line as the SNR varies. The results show that Capon-SCapon
gives much more accurate amplitude estimates than Capon, and
perform similarly to CAPES in a wide range of SNR (less than
20 dB). The Capon-SAPES performs best of all, which gives
slightly less amplitude bias and lower MSE than CAPES. The
amplitude bias and MSE of the first spectral line for varying the
filter length is shown in Figs. 4 and 5. From the figures, we can
see that the Capon-SAPES gives the best amplitude estimates
among all tested spectral estimators. The Capon-SCapon per-
forms much better than Capon in this example, and gives similar
estimates to Capon-SAPES when .

V. CONCLUSION

In this letter, we propose the shrinkage-based Capon and
APES spectral estimators, termed S-Capon and S-APES, by
minimizing the MSE of Capon and APES in a linear regression
framework using a shrinkage approach. The proposed methods

Fig. 4. Normalized amplitude bias for varying the filter length.

Fig. 5. Normalized amplitude MSE for varying the filter length.

are combined with Capon for estimating both amplitude and
frequency of spectral lines. The so-obtained Capon-SCapon and
Capon-SAPES are shown to give good performance compared
with Capon and CAPES by simulations. Note that Capon-based
methods may has more advantages than APES-based methods
in some applications, such as spatial spectral estimation in
which the performance of APES is good only when used in
uniform linear array. We have discussed the use of S-Capon in
[8] as a robust adaptive beamformer.
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