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Abstract—This paper studies the problem of optimal beam-
forming and power allocation for an amplify-and-forward (AF)-
based two-way relaying network in the presence of interference
and channel state information (CSI) uncertainty. In particular,
we obtain the beamforming vector as well as the users’ transmit
powers under two assumptions on the availability of the CSI of
the interfering links, namely norm-bounded uncertainty model
and the second-order statistics scenario. To do so, we develop
two design approaches. The first approach is based on the total
transmit power minimization technique. We start with the norm-
bounded uncertainty model and derive the optimal solution to
the corresponding problem. To reduce the computational com-
plexity, we also develop a low-complexity algorithm which offers
performance that is very close to the optimal one. In the sec-
ond approach, we apply a signal-to-interference-plus-noise ratio
(SINR) balancing technique. We propose another low-complexity
algorithm based on the SINR balancing criteria. Next, we consider
the scenario where the second-order statistics of the CSIs are avail-
able. Again we start with the total power minimization method and
derive both optimal and suboptimal algorithms. Finally, we apply
the SINR balancing technique to this scenario and develop another
low-complexity algorithm, which is suitable for practice.

Index Terms—Beamforming, channel state information
(CSI) uncertainty, interference, power allocation, two-way relay
network.

I. INTRODUCTION

I N order to support communications in two directions,
two-way relaying methods (bidirectional communications)

between two users (transceivers) have recently received a lot
of attention [1]–[4]. As an extension of the one-way relaying
scheme, the two-way relaying scheme can be designed to avoid
the simultaneous transmissions of the two users. However, this
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approach is not bandwidth efficient since it requires four time
slots to accomplish the data exchange between two users. In the
first two time-slots, by applying a one-way relaying scheme,
one of the users conveys its information to the other one, while
in the next two time-slots, another one-way relaying scheme
is used to transmit data in the reverse direction. To improve
the bandwidth efficiency, a more efficient two-way relaying
scheme was presented in [5]. In this scheme, two users simul-
taneously transmit their data to the relays in the first time-slot.
In the second time-slot, the received signals at the relays are
amplified, and then, retransmitted to the both users, based on
the amplified-and-forward (AF) relaying. This strategy reduces
the required number of time-slots from four to two, and thus,
improves the overall network throughput. In this paper, we
focus on such AF-based bidirectional relaying scheme, because
it is advantageous from an implementation point of view and
bandwidth efficiency.

The advantages of AF-based two-way relaying networks
can be achieved through multi-antenna based beamforming
technique. In certain resource constrained networks, such as
cooperative wireless sensor networks (WSNs), the node size,
cost, and power consumption are limited such that each termi-
nal could be equipped with only a single antenna [6]. In order
to exploit the multi-antenna gain in such resource-limited sce-
narios, collaborative (distributed) relay beamforming methods
have been developed, where a set of relaying nodes cooper-
ate to build a beam towards the intended receiver under the
total or individual relay power constraint(s) [7]. Recently, dis-
tributed beamforming for AF-based two-way relaying networks
has been the focus of numerous studies; see [8]–[12] and the
references therein.

All the aforementioned works were limited to an idealis-
tic assumption of the network, where there is no interfer-
ence. However, in practice, interference is a major limiting
factor that significantly affects the performance of typical
wireless networks. Attentive to this, some recent works stud-
ied the influence of interference over the outage probability,
error probability, and achievable rate of AF-based two-way
relaying networks; see [13], [14] and the references therein.
Nevertheless, the effect of interference on the design and
implementation of collaborative beamforming techniques in
traditional AF-based bidirectional relaying networks has not
been well addressed. Specifically, in the literature, the obtained
beamforming weights [8]–[12] were only related to the chan-
nel coefficients between the two users and the relays, without
considering any interference. Accordingly, for practical pur-
poses, we focus on the important and general scenario where
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some or all of the two users and relays are affected by
interference.

Recently, few papers applied distributed beamforming in the
context of cognitive underlay AF-based two-way relay commu-
nication, where a traditional AF-based two-way relay network,
called secondary network, coexists with a primary transmitter-
receiver pair. For example, the performance of zero-forcing
beamforming was studied in [15]. However, the authors in [15]
did not consider the effect of primary-to-secondary interfer-
ence, which is the essential concern of this work. Considering
the primary-to-secondary interference, [16] has obtained beam-
forming coefficients using iterative semidefinite programming
(SDP) and bisection search methods. We remark that [16]
derived its proposed beamforming scheme based on the pres-
ence of only one interferer (primary transmitter). The authors in
[16] also assumed that all relays and both transceivers are uni-
formly affected by that interferer. However, in many practical
scenarios, multiple uncontrollable interferers exist in the inter-
est area. Moreover, because of the random nature of the wireless
channels, shadowing, and deep fading, some relays and/or
transceivers may not be affected by interferers, whereas the
others may suffer a lot [14]. Therefore, the proposed approach
in [16] is not valid for the practical scenario where multiple
interferers exist, or only some relays and/or transceivers are cor-
rupted by interference. While all previous works have improved
our knowledge, the above mentioned limitations greatly moti-
vate us to provide a detailed and generalized system model that
addresses these important issues.

Another difficulty is related to the availability of the chan-
nel state information (CSI) of the interfering links. In practice,
it is (very) difficult to obtain perfect CSI of the interfering
links. This motivates us to study distributed beamforming and
power allocation schemes that are robust against CSI errors
[17]. In particular, we investigate such problem under two
common assumptions on the availability of the CSI of the inter-
fering links, namely norm-bounded uncertainty model and the
second-order statistics case. Capitalizing on the norm-bounded
uncertainty model to capture errors of the CSI estimates leads
to a worst-case performance optimization problem that pro-
vides robustness against any realization of the uncertain portion
of the interfering links. The assumption that the second-order
statistics of the CSI of the interfering links are available allows
us to consider uncertainty through introducing the covariance
matrices of the CSI of the interfering links. To the best of
our knowledge, this is the first paper that considers the impact
of multiple interferers and CSI uncertainty on collaborated
beamforming and power allocation in the context of two-way
relaying networks.

Obtaining the optimal beamforming vector as well as the
users’ transmit powers in the presence of multiple interferers
and CSI error represents the main focus of this paper. To do so,
we develop two different approaches, namely the total power
minimization method and the signal-to-interference-plus-noise-
ratio (SINR) balancing technique. In the first approach, we
minimize the total transmit power consumed in the whole
network subject to two constraints on the quality of service
(QoS) at the two users in terms of SINR. In the second method,
we aim to maximize the smaller of the two user SINRs subject

to a given power budget. We start with the norm-bounded uncer-
tainty model and find the optimal solution through the total
power minimization approach. The optimal solution consists of
a two-dimensional search over a fine grid and a convex pro-
gramming problem. As the computational complexity of such
method is high, we also derive a low-complexity sub-optimal
algorithm which offers performance that is very close to the
optimal solution. Then, we propose another low-complexity
beamformer based on the SINR balancing approach for the
norm-bounded uncertainty model. Next, we propose distributed
relay beamformer designs for the case where the second-order
statistics of the CSI of the interfering links are available. Again
we start with the total power minimization method and derive a
two-step algorithm which consists of a two-dimensional search
and a second-order cone programming (SOCP) problem. Then,
we show that the corresponding total power minimization prob-
lem can be solved using a low-complexity steepest-descent
method. Finally, we apply the SINR balancing technique
to obtain another low-complexity algorithm which is suit-
able for practical applications. The efficiency of the proposed
schemes is well demonstrated by our extensive simulation
results.

The main interest of this work is to determine the users’
transmit powers as well as relays’ beamforming weights for the
case where some or all of the users and/or relays are affected
by interference. We herein do not focus on developing dis-
tributed calculation frameworks of the weights1. Nevertheless,
as stated in [12] and [19], our proposed schemes can be viewed
as distributed beamforming in the sense that relay nodes are
distributed over the area of interest, they do not have access to
each other’s signals, and they process only their own signals.
In the current paper, to implement self-interference cancella-
tion, we assume that perfect knowledge of the network links is
available, which is in line with most published works in this
area [8]–[12], [18], [19]. Specifically, here, we only study the
case where interfering links are subject to errors. Considering
uncertainty in network links is certainly an interesting topic
and requires due attention. However, such an assumption is
beyond the scope of this paper and we defer that to our
future work.

The rest of this paper is organized as follows. In Section II,
we introduce the AF-based bidirectional relaying system model
in the presence of interference. In Section III which is devoted
to the norm-bounded uncertainty scenario, we first derive our
total transmit power minimization approach to obtain the opti-
mal relay beamforming coefficients as well as the users’ trans-
mit powers. Then, we study the SINR balancing technique.
In Section IV, we present both total power minimization and
SINR balancing methods for the scenario where the second
order statistics of the CSI of the interfering links are available.
Simulation results are presented in Section V, and conclu-
sions are drawn in Section VI. Notation: Throughout this paper,
bold upper case symbols denote matrices and bold lower case
symbols denote vectors. Subscripts (·)∗, (·)T , and (·)H stand
for complex conjugate, transpose, and Hermitian, respectively.

1Recently, [8], [9] and [18] have developed few distributed implementation
methods for their specific distributed beamforming designs.
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Fig. 1. System model.

Also, we use E{·} to denote the statistical expectation, var{·}
to denote the variance of the random variable, and CN(μ, σ 2)

represents complex Gaussian distribution with meanμ and vari-
ance σ 2. |z| and �z represent the amplitude and the phase of
the complex number z = |z|e�z , respectively. Furthermore, 0N

denotes an N × 1 vector of all elements being zero and diag(x)
represents a diagonal matrix with the elements of the vector x
as its diagonal entries. Also, ‖x‖ stands for the Euclidean norm
of the vector x. IN is an N × N identity matrix. We use xi and
[A]i, j to denote the i-th element of the vector x and the (i, j)-
th element of the matrix A, respectively. Tr{A} represents the
trace of the matrix A. For two matrices, A and B, of the same
dimension, m × n, the Hadamard product, A � B, is a matrix,
of the same dimension as the operands, with elements given by
[A � B]i, j = [A]i, j [B]i, j . For two Hermitian matrices A and B,
A � B means that A − B is positive semi-definite. λmax(A) is
used to represent the largest eigenvalue of matrix A. We define

δ(k) =
{

1, k = 2
2, k = 1

.

II. SYSTEM MODEL AND PROBLEM STATEMENT

We consider a two-way relaying network in which two users
intend to exchange information with the help of relays, where
each terminal has a single antenna. We use U1, U2, and Rl

to denote the first user, the second user, and the l-th relay
for l = 1, . . . , L , respectively. As depicted in Fig. 1, U1, U2,
and relays are respectively affected by nA, nB, and nC inter-
ferers, where ζ1,d (d = 1, . . . , nA), ζ2,m (m = 1, . . . , nB), and
ζR,i (i = 1, . . . , nC) stand for interferers affecting U1, U2, and
relays, respectively. In this paper, we consider the case where
{ζ1,d}nA

d=1, {ζ2,m}nB
m=1, and {ζR,i }nC

i=1 are independent sets. We
assume that channel reciprocity holds for all links. Let hl,k

represent the fading coefficient of the channel between Uk

(k = 1, 2) and Rl (l = 1, . . . , L). Also, g1,d , g2,m , and gRl ,i

are the interfering link coefficients from ζ1,d (d = 1, . . . , n A)

to U1, from ζ2,m (m = 1, . . . , nB) to U2, and from ζR,i (i =
1, . . . , nC ) to Rl (l = 1, . . . , L), respectively.

For one round of information exchange between U1 and U2
via relays, two consecutive equal-duration time-slots are used.
Similar to most published works in this area [8]–[12], and [18],
we assume that perfect synchronization has been established
among all nodes prior to data transmission. In the first time-slot,

both users transmit their signals simultaneously to the relays.
Then the signals received by the relays in the first time-slot is

rR = √P1h1s1 +√P2h2s2 +
nC∑
i=1

√
PξR,i gR,iξR,i + ϑ R, (1)

where rR is an L × 1 vector whose l-th entry is the sig-
nal received by Rl , hk � [h1,k, h2,k, . . . , hL ,k]T denotes the
L × 1 vector of the channel coefficients between Uk and relay
nodes, gR,i � [gR1,i , gR2,i , . . . , gRL ,i ]

T is the L × 1 vector
of the channel coefficients from ζR,i to relays, and ϑ R =[
ϑR1 , ϑR2 , . . . , ϑRL

]T denotes the L × 1 vector of additive
white Gaussian noises at the relays and its components are inde-
pendently and identically distributed (i.i.d.) as CN(0, σ 2

η ). In
(1), s1 and s2 are the signals generated from U1 and U2, respec-
tively, where they are normalized as E{|s1|2} = E{|s2|2} = 1.
Hence, s1 and s2 are the signals intended to be received by U2
and U1, respectively. Also, ξR,i stands for the interference sig-
nal generated by ζR,i (i = 1, . . . , nC ), where E{|ξR,i |2} = 1.
Furthermore, P1 and P2 represent the transmit powers of U1
and U2, respectively. Also, PξR,i is the power of the interfer-
ence signal ζR,i (i = 1, . . . , nC ). Throughout the paper, similar
to most published works in this area (see [16], [20] and refer-
ences therein), all the involved interfering vectors are modeled
as independent complex Gaussian random variables with zero
mean and unit variance.

In the second time-slot, relays employ the AF protocol to
forward the received signals to both transceivers. To be more
precise, the received signal at the l-th relay is multiplied by
a complex weight w∗

l , and then transmitted to both users.
Defining w=[w1, w2, . . . , wL ]T , the signals transmitted by all
relays can be expressed as

z = WH rR, (2)

where z is an L × 1 vector and W�diag(w). Accordingly, the
total relay transmit power PR �E

{|z|2} is obtained as

PR =wH

(
P1D1 + P2D2 +

nC∑
i=1

PξR,i DξR,i + σ 2
η IL

)
w, (3)

where Dk � diag(hk)
H diag(hk), k = 1, 2, and DξR,i �

diag(gR,i )
H diag(gR,i ), i = 1, . . . , nC .
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The signal yk received at Uk , k = 1, 2, can be expressed as

yk = √PkhT
k WH hksk +√Pδ(k)hT

k WH hδ(k)sδ(k)

+ gT
k ξ k +

nC∑
i=1

√
PξR,i h

T
k WH gR,iξR,i

+ hT
k WHϑR + vk, k = 1, 2, (4)

where g1 � [g1,1, g1,2, . . . , g1,n A ]T denotes the n A × 1 vec-
tor of the interfering link coefficients from

{
ζ1,d
}n A

d=1 to U1,

g2 � [g2,1, g2,2, . . . , g2,nB ]T represents the nB × 1 vector of
the interfering link coefficients from

{
ζ2,m

}nB
m=1 to U2, and vk

denotes the noise at Uk which is assumed to be CN(0, σ 2
vk
).

Furthermore,

ξ1 � [
√

Pξ1,1ξ1,1, . . . ,
√

Pξ1,n A
ξ1,n A ]T , (5)

where ξ1,d and Pξ1,d represent the interference signal generated
by ζ1,d and its corresponding interference power, respectively.
Similarly,

ξ2 � [
√

Pξ2,1ξ2,1, . . . ,
√

Pξ2,nB
ξ2,nB ]T , (6)

where ξ2,m and Pξ2,m are the interference signal generated by
ζ2,m and its corresponding interference power, respectively.
It is assumed that E{|Pξ1,d |2} = E{|Pξ2,m |2} = 1 for all d =
1, . . . , n A and m = 1, . . . , nB .

Throughout the paper, we assume that the actual interfer-
ing links gR,i , g1, and g2 are unknown to users. Instead, only
their estimates (Section III) or their second-order statistics
(Section IV) are available. Also, to implement self-interference
cancelation, we assume that both users have perfect knowledge
of the network links h1 and h2, which is in line with related
literature [8]–[12]. To achieve this assumption, a possible pilot
symbol signaling scheme can be as follows:

• Step 1: In the first step, both users are silent, while each
relay sends a pilot symbol to both users. This makes U1
know h1 and U2 know h2. Note that pilot transmissions
should be performed in an orthogonal manner.

• Step 2: In the second step, both users transmit their pilots
simultaneously to all relays. Then, each relay ampli-
fies and forwards the received signal to both users. The
transmissions from the relays should be performed in an
orthogonal manner. Since U1(U2) knows h1(h2) and pilot
symbols, it can obtain h2(h1).

Note that the calculation strategy of our scheme can be
summarized as follows:

• Both users calculate the optimal values of the weight vec-
tor w and the optimum users’ transmit powers P1 and
P2.

• One of the users sends the obtained beamforming coeffi-
cients to the relays over a control channel.

By knowing hk , W, Pk , and sk , Uk , k = 1, 2, is able to
eliminate its own signal

√
PkhT

k WH hksk (self-interference)
successfully from (4). Accordingly, the self-interference free
signal ỹk , k = 1, 2, can be expressed as

ỹk = ỹS,k + ỹI,k + ỹN ,k, k = 1, 2, (7)

where ỹS,k , ỹI,k , and ỹN ,k are respectively the intended signal
component, interference component, and noise component of
ỹk , which are given by

ỹS,k=
√

Pδ(k)wH Hkhδ(k)sδ(k), k = 1, 2 (8)

ỹI,k=
nC∑
i=1

√
PξR,i w

H HkgR,iξR,i + gT
k ξ k, k = 1, 2 (9)

ỹN ,k= wH HkϑR + vk, k = 1, 2, (10)

where Hk � diag(hk), k = 1, 2. In (8)–(10), considering that
W = diag(w) is a diagonal matrix, we have hT

k WH =
wH diag(hk), k = 1, 2. Defining f � Hkhδ(k), k = 1, 2, and
fki � HkgR,i , k = 1, 2 and i = 1, . . . , nC , the received SINR
at Uk , k = 1, 2, is obtained as

	k= Pδ(k)wH ffH w

wH

( nC∑
i=1

PξR,i fk,i f
H
k,i +σ 2

ηHkHH
k

)
w+gH

k Pξk gk +σ 2
vk

,

(11)

where

Pξ1 � diag
(

[Pξ1,1 , Pξ1,2 , . . . , Pξ1,n A
]
)

(12)

Pξ2 � diag
(

[Pξ2,1 , Pξ2,2 , . . . , Pξ2,nB
]
)
. (13)

Throughout the paper, our goal is to obtain w, P1, and P2 using
following design approaches:

• The first approach minimizes the total transmit power
of the whole network, PT = P1 + P2 + PR , while the
received SINRs at U1 and U2 being kept above pre-
defined certain thresholds γ1 and γ2, respectively.
Mathematically, we solve the following problem:

min
P1, P2, w

PT

s. t. 	1 ≥ γ1

	2 ≥ γ2. (14)

• The second method maximizes the lowest SINR of the
two users subject to a constraint on the total transmit
power. Mathematically, we solve the following problem:

max
P1,P2,w

min(	1, 	2) (15)

s. t. PT ≤ Pmax,

where Pmax denotes the maximum allowable total trans-
mit power of the whole relay network.

III. ROBUST BEAMFORMING

In this section, capitalizing on the norm-bounded uncer-
tainty model, we find design parameters P1, P2, and w using
total power minimization and SINR balancing approaches. It
is worth mentioning that both design approaches are particu-
larly challenging because firstly there are infinite number of
inequality constraints in corresponding optimization problems,
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and secondly the constraints are not in a tractable form. To
overcome these issues, we mathematically prove that both opti-
mization problems can be equivalently turned into minimax
problems. However, the obtained minimax problems are still
not tractable and difficult to solve. Moreover, they have an addi-
tional maximization and two minimizations that make them
challenging. Therefore, we provide some mathematical prop-
erties that substantially alleviate the difficulties and reduce the
minimax problems to tractable ones, as we will show below.
In the following, we first present the explicit modeling of
uncertainty in the interfering links.

A. Channel Uncertainty Model

The relation between actual interfering links gR,i , g1, and g2
and their estimates ĝR,i , ĝ1, and ĝ2 is modeled as

gR,i � ĝR,i + eR,i , i = 1, . . . , nC (16)

g1 � ĝ1 + e1 (17)

g2 � ĝ2 + e2, (18)

in which e1, e2, and
{
eR,i

}nC
i=1 denote the uncertainty of the

interfering links, which are assumed to be norm-bounded by
some deterministic constants:∥∥eR,i

∥∥ ≤ εR,i , i = 1, . . . , nC (19)

‖e1‖ ≤ ε1 (20)

‖e2‖ ≤ ε2. (21)

It is worth mentioning that the distributions of eR,i , e1, and
e2 do not play a role, because our algorithms use only the
εR,i , ε1, and ε2 values and not the distributions of the error
vectors.

Making use of (3) and (16), the total transmit power of the
whole network is obtained as

PT
(
P1, P2,w,

{
eR,i

}nC
i=1

)= P1+P2+wH

(
P1D1+P2D2+σ 2

η IL

+
nC∑
i=1

PξR,i diag(ĝR,i +eR,i )diag(ĝR,i + eR,i )
H

)
w. (22)

Also, based on (11) and (16)–(18), the SINR at Uk , k = 1, 2,
can be expressed as

	k
(
Pδ(k),w,

{
eR,i

}nC
i=1 , ek

)
= Pδ(k)wH ffH w

wH Rk
({

eR,i
}nC

i=1

)
w + (ĝk +ek)

H Pξk (ĝk +ek)+σ 2
vk

,

(23)

where Rk
({

eR,i
}nC

i=1

)
�
(∑nC

i=1 PξR,i Hk(ĝR,i + eR,i )(ĝR,i +
eR,i )

H HH
k + σ 2

ηHkHH
k

)
.

B. Total Power Minimization

In this subsection, we first derive the optimal algorithm
that consists of a two-dimensional search over (P1, P2) and a

convex programming over w. As optimal solution is computa-
tionally expensive, we also develop a sub-optimal method that
can be efficiently solved using a steepest-descent technique.
However, the sub-optimal method may lead to a local mini-
mum. Therefore, the optimal solution is used as a benchmark to
evaluate the performance of the sub-optimal one. Our extensive
simulations confirms that the sub-optimal algorithm performs
very close to the optimum.

Optimal Algorithm: We start by rewriting (14) as the
following robust problem

min
P1,P2,w,t

t (24a)

s. t. t ≥ PT
(
P1, P2,w,

{
φL ,εR,i

}nC

i=1

)
, (24b)

	1
(
P2,w,

{
φL ,εR,i

}nC

i=1 , φn A,ε1

)≥γ1, (24c)

	2
(
P1,w,

{
φL ,εR,i

}nC

i=1 , φnB ,ε2

)≥γ2, (24d)

for all φL ,εR,i ∈L(εR,i ), i = 1, . . . , nC , for all

φn A,ε1 ∈n A(ε1), and for all φnB ,ε2 ∈nB (ε2),

where z(ν) stands for the set of all z × 1 vectors whose
norms are upper bounded by ν, and φz,ν denotes an element
of z(ν). In (24b)-(24d), there are infinitely many inequali-
ties which make the worst-case design particularly challenging.
Additionally, the constraints are not in a tractable form, which
motivates their transformation.

One may think that the three vectors φL ,εR,i in (24b)–(24d)
must be identical for a given in (24b)–(24d) must be identical
for a given i . If this were the case, the optimization problem
would be difficult to solve. In fact, due to the worst-case condi-
tion “for all” in the constraints, the three vectors can be different
in solving the optimization problem. In the following lemma,
we show this mathematically.

Lemma 1: The optimization problem (24a)–(24d) is mathe-
matically equivalent to

min
P1,P2,w,t

t (25a)

s. t. t ≥ PT
(
P1, P2,w,

{
φL ,εR,i

}nC

i=1

)
, (25b)

	1

(
P2,w,

{
φ′

L ,εR,i

}nC

i=1
, φn A,ε1

)
≥γ1, (25c)

	2

(
P1,w,

{
φ′′

L ,εR,i

}nC

i=1
, φnB ,ε2

)
≥γ2, (25d)

for all φL ,εR,i∈ L(εR,i ), for all φ′
L ,εR,i

∈ L(εR,i ),

for all φ′′
L ,εR,i

∈L(εR,i ), i = 1, . . . , nC , for all

φn A,ε1 ∈n A (ε1), and for all φnB ,ε2 ∈nB (ε2),

where φL ,εR,i , φ
′
L ,εR,i

, and φ′′
L ,εR,i

can be different elements of
L(εR,i ) for a given i .

Proof: See Appendix A. �
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The optimization problem (25a)–(25d) can be further equiv-
alently formulated as the following minimax problem

min
P1,P2,w

max
φL ,εR,i∈L (εR,i ),i=1,...,nC

PT
(
P1, P2,w,

{
φL ,εR,i

}nC

i=1

)
s. t. min

φ′
L ,εR,i

∈L (εR,i ),

i = 1, . . . , nC ,
φn A ,ε1 ∈n A (ε1)

	1

(
P2,w,

{
φ′

L ,εR,i

}nC

i=1
, φn A,ε1

)
≥γ1

min
φ′′

L ,εR,i
∈L (εR,i ),

i = 1, . . . , nC ,
φnB ,ε2 ∈nB (ε2)

	2

(
P1,w,

{
φ′′

L ,εR,i

}nC

i=1
, φnB ,ε2

)
≥γ2.

(26)

Finding the global minimum of (26) is very challenging,
because we have an additional maximization over φL ,εR,i in
the objective function; additional minimization over φ′

L ,εR,i
and

φn A,ε1 in the first constraint; and additional minimization over
φ′′

L ,εR,i
and φnB ,ε2 in the second constraint. In the following, we

analytically solve these additional maximization and minimiza-
tions. To do so, we provide a useful property in the following
lemma.

Lemma 2: Let � denote an invertible matrix, a represent a
vector, and b be a vector whose norm is upper bounded by
constant ε, i.e. ‖b‖ ≤ ε. Then∥∥∥(a + b)H�H

∥∥∥ ≤
(

1 + ε

‖a‖
)∥∥∥aH�H

∥∥∥ (27)

and the equality holds if and only if

b = ε

‖a‖a. (28)

Proof: See Appendix B. �
Applying Lemma 2, we solve the additional maximization in

objective function of (26) as follows:

max
φL ,εR,i ∈L (εR,i ), i=1,...,nC

PT
(
P1, P2,w,

{
φL ,εR,i

}nC

i=1

)
= P1 + P2 + wH (P1D1 + P2D2 + Qr )w, (29)

where

Qr �
nC∑
i=1

PξR,i (1 + εR,i

‖ĝR,i‖ )
2diag(ĝR,i )diag(ĝR,i )

H + σ 2
η IL .

(30)

Also, recalling (23), it is possible to show that the minimization
of the first constraint in (26) is equivalent to the summation of
two maximization as follows:

max
φn A ,ε1∈n A (ε1)

(
ĝ1 + φn A,ε1

)H Pξ1

(
ĝ1 + φn A,ε1

)
+ max
φ′

L ,εR,i
∈L (εR,i ),i=1,...,nC

(
wH R1

(
φ′

L ,εR,i

)
w + σ 2

v1

)
. (31)

Let us define Pξk � diag
(
pξk

)H diag
(
pξk

)
, k = 1, 2. Applying

Lemma 2, we have the solution to the first maximization in (31)

max
φn A ,ε1∈n A (ε1)

(
ĝ1 + φn A,ε1

)H Pξ1

(
ĝ1 + φn A,ε1

)
=
(

1 + ε1

‖ĝ1‖
)2 ∥∥∥ĝH

1 diag
(
pξ1

)H
∥∥∥2
. (32)

In order to solve the second maximization of (31), we need the
following lemma.

Lemma 3: Let c and a denote complex vectors. If b is a vec-
tor whose norm is upper bounded by constant ε, i.e. ‖b‖ ≤ ε,
then ∥∥∥cH (a + b)

∥∥∥ ≤
∣∣∣cH a

∣∣∣+ ε ‖c‖ (33)

and the equality holds if and only if

b = ε

‖c‖ce j 
 cH a. (34)

Proof: See Appendix C. �
Using Lemma 3, we obtain the solution to the second

maximization of (31) as follows:

max
φ′

L ,εR,i
∈L (εR,i ), i=1,...,nC

∥∥∥wH H1

(
ĝR,i + φ′

L ,εR,i

)∥∥∥2

=
(∣∣∣wH H1ĝR,i

∣∣∣+ εR,i

∥∥∥wH H1

∥∥∥)2
. (35)

In light of (31), (32), and (35), the first constraint in (26) can be
simplified to

P2wH ffH w

σ 2
ηwHH1HH

1 w+
nC∑
i=1

PξR,i

(∣∣wH H1ĝR,i
∣∣+εR,i

∥∥wH H1
∥∥)2+α1

≥ γ1,

(36)

where αk � (1 + εk‖ĝk‖ )
2‖ĝH

k diag
(
pξk

)H ‖2 + σ 2
vk

, k = 1, 2.
Similarly, the second constraint in (26) can be simplified to

P1wH ffH w

σ 2
ηwHH2HH

2 w+
nC∑
i=1

PξR,i

(∣∣wH H2ĝR,i
∣∣+εR,i

∥∥wH H2
∥∥)2+α2

≥ γ2.

(37)

By exploiting the above properties, the optimization problem
(26) can be represented as

min
P1, P2, w

P1 + P2 + wH (P1D1 + P2D2 + Qr )w

s. t. (36) and (37). (38)

The design parameters of the optimization problem (38)
include w as well as P1 and P2. This makes finding the global
minimum of (38) very challenging. In order to find the global
solution to (38), similar as [12], we will develop a method
which consists of a two-dimensional search over a sufficiently
fine grid that covers all possible values of P1 and P2 and a
convex programming over w. In fact, we convert (38) into two
nested problems i) over P1 and P2, and ii) over w. To this end,
without loss of optimality, we rewrite (38) as follows
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min
P1, P2

P1 + P2 + min
w

wH (P1D1 + P2D2 + Qr )w

s. t. (36) and (37). (39)

Specifically, for any fixed and positive pair of (P1, P2), the
inner minimization over w can rewritten as

min
w

wH (P1D1 + P2D2 + Qr )w

s. t. (36) and (37). (40)

Although the objective function in (40) has a quadratic form,
it is not immediately clear if the constraints of (40) are convex.
To show the convexity, we will derive the following equiva-
lent forms: βk,i ≥|wH Hk ĝR,i |+εR,i‖wH Hk‖ and wH ffH w≥
γk

Pδ(k)
(σ 2
ηwH HkHH

k w+
nC∑
i=1

PξR,iβ
2
k,i + αk), where k = 1, 2, and

i = 1, . . . , nC . We can rewrite the first inequality as

βk,i ≥ τk,i + εR,i ψk, k = 1, 2, i = 1, . . . , nC (41)

τk,i ≥
∣∣∣wH Hk ĝR,i

∣∣∣ , k = 1, 2, i = 1, . . . , nC (42)

ψk ≥
∥∥∥wH Hk

∥∥∥ , k = 1, 2. (43)

For k = 1, 2, i = 1, . . . , nC , we can represent (42) as a posi-

tive semidefinite matrix �k,i �
[

τk,i wH Hk ĝR,i

ĝH
R,i H

H
k w τk,i

]
� 0,

which is a convex set [21]. Also, (43) has an SOCP form.
Therefore, we conclude that (41)–(43) is a convex set.

It is possible to prove that the optimization problem in (40)
is equivalent to the following convex problem

min
w,B,T,ψ

wH (P1D1 + P2D2 + Qr )w

s. t. �e(wH f) ≥
√√√√ γk

Pδ(k)
(σ 2
ηwH HkHH

k w+
nC∑
i=1

PξR,iβ
2
k,i+αk)

m
(

wH f
)

= 0

βk,i ≥ τk,i + εR,i ψk, k = 1, 2, i = 1, . . . , nC[
τk,i wH Hk ĝR,i

ĝH
R,i H

H
k w τk,i

]
� 0, k = 1, 2, i = 1, . . . , nC

ψk ≥
∥∥∥wH Hk

∥∥∥ , k = 1, 2, (44)

where B = {βk,i : k = 1, 2; i = 1, . . . , nC }, T = {τk,i :
k = 1, 2; i = 1, . . . , nC }, and ψ = [ψ1, ψ2].

Let the optimal solutions of P1 and P2 lie in the uncer-
tain intervals [P L

1 , PU
1 ] and [P L

2 , PU
2 ], respectively. To find the

beamforming vector w, we first discretize the uncertain area
[P L

1 , PU
1 ] × [P L

2 , PU
2 ] into a sufficiently fine grid of size Ng .

Then, for each vertex of this grid, we solve (44) and obtain the
corresponding w. The optimal solution to (38) corresponds to
the pair of (P1, P2) with the smallest total transmit power.

The computational complexity of the optimal algorithm is
very high, because it has to solve (44) for Ng times. In what
follows, we will propose a low-complexity algorithm which
is suitable for practical purposes. However, the sub-optimal
method may lead to a local minimum. Therefore, we use the

optimal algorithm as a performance benchmark to evaluate its
efficiency. In Section V, we will see the sub-optimal algorithm
performs very close to the optimum.

Sub-optimal Algorithm: Here, we first recast the robust
beamforming problem to an unconstrained optimization prob-
lem. Then, we use a steepest-descent technique to solve the
obtained problem and find design parameters w, P1, and P2.

Applying the same approach used in [8], it is possible to
show that the inequality constraints in (38) are satisfied with
equalities when the solution is optimal. Otherwise, the optimal
values of user transmit powers are scaled down to satisfy these
inequality constraints with equalities. This contradicts the opti-
mality because it decreases the objective function in (38). Based
on this observation, Pk (k = 1, 2) can be expressed as

Pk =
γδ(k)

(nC∑
i=1

PξR,i

(∣∣wH Hδ(k)ĝR,i
∣∣+ εR,i

∥∥wH Hδ(k)
∥∥)2)

wH ffH w

+
γδ(k)

(
σ 2
ηwH Hδ(k)HH

δ(k)w + αδ(k)

)
wH ffH w

, k = 1, 2. (45)

We conclude that for any SINR threshold pair (γ1, γ2), the
SINR constraints can always be satisfied by increasing P1 and
P2 values. Using (45), we can turn (38) into the following
unconstrained optimization problem:

min
w

γ2g2(w)(1+wHD1w)+γ1g1(w)(1+wHD2w)
wH ffH w

+wH Qr w,

(46)

where gk(w) � σ 2
ηwH HkHH

k w +∑nC
i=1 PξR,i (‖wH Hk ĝR,i‖ +

εR,i‖wH Hk‖)2 + αk , k = 1, 2. Problem (46) can be efficiently
solved using a steepest-descent algorithm. Let w̃ be the solu-
tion of (46). Then, P1 and P2 are obtained by substituting w̃
into (45).

C. SINR Balancing

Here, using the provided properties in the previous sub-
sections, we first reformulate (15) as a worst-case opti-
mization problem. Then, we convert the obtained worst-case
problem into an unconstrained one. Finally, we will use a
steepest-descent technique to find the design parameters w, P1,
and P2.

Employing an auxiliary variable t > 0 and using (29)–(32),
and (35), (15) can be reformulated as the following worst-case
problem

max
P1,P2,w,t

t

s. t. P1(wH D1w+1)+P2(wH D2w+1)+wH Qr w ≤ Pmax

Pδ(k) fk(w) ≥ t, k = 1, 2, (47)

where fk(w) � (wH ffH w)/
(
σ 2
ηwH HkHH

k w + αk +
nC∑
i=1

PξR,i(∣∣wH Hk ĝR,i
∣∣+ εR,i

∥∥wH Hk
∥∥)2), k = 1, 2.
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At the optimum point, all of the constraints in (47) will
be satisfied by equality [8]. Therefore, we can convert the
optimization problem (47) to

max
P1,P2,w,t

t

s. t. P1(wH D1w+1)+P2(wH D2w+1)+wH Qr w = Pmax

Pδ(k) fk(w) = t, k = 1, 2. (48)

Substituting P2 = P1 f2(w)/ f1(w) into the second constraint
(k = 2) of (48), we have

P1 = Pmax − wH Qr w(
wH D1w + 1

)+ (wH D2w + 1
)

f2(w)/ f1(w)
. (49)

Then, the optimization problem (48) can be written as

max
w

(Pmax − wH Qr w) f2(w)(
wH D1w + 1

)+ (wH D2w + 1
)

f2(w)/ f1(w)
, (50)

or, equivalently, as

min
w

g2(w)(1+wHD1w)+g1(w)(1+wHD2w)
(Pmax − wH Qr w)wH ffH w

, (51)

which can be efficiently solved using a steepest-descent algo-
rithm. Let w̃ be the solution of (51). Then, P1 is obtained by
substituting w̃ into (49), while P2 = P1 f2(w)/ f1(w).

IV. KNOWN SECOND-ORDER STATISTICS SCENARIO

In this section, assuming that the second-order statistics of
the interfering links are available, we find P1, P2, and w
using total power minimization and SINR balancing design
approaches. These problems turn out to be challenging due to
the issues of the structured interference terms in the objective
function, and the constraints of the resulting optimization prob-
lems. To overcome the difficulties, we convert the correspond-
ing optimization problems into the nested or unconstrained
problems, which are more tractable, as we will show below.

A. Total Power Minimization

In this subsection, we first derive the optimal algorithm that
consists of a two-dimensional search over (P1, P2) and an
SOCP problem over w. Then, we develop a low-complexity
sub-optimal algorithm which is suitable for practical purposes.
It is worth pointing out that the optimal algorithm can be
used as a performance benchmark to evaluate the efficiency of
sub-optimal method.

Optimal Algorithm: Here, we first reformulate (14) for the
scenario where second-order statistics of interfering links are
available. Such an assumption allows us to consider uncertainty
through introducing the covariance matrices of the interfering
links gR,i (i = 1, . . . , nC ), g1, and g2. Then, we obtain the fea-
sibility set of total power minimization problem and develop
our two-step strategy to find the global solution.

Let QξR,i � E
{

gR,i gH
R,i

}
(i = 1, . . . , nC ), Qξ1 �

E
{
g1gH

1

}
, and Qξ2 � E

{
g2gH

2

}
represent the covariance

matrices of the interfering links gR,i (i = 1, . . . , nC ), g1, and
g2, respectively. Also, suppose that

RL �
nC∑
i=1

PξR,i QξR,i �IL + σ 2
η IL (52)

Rk �
nC∑
i=1

PξR,i QξR,i �hkhH
k +σ 2

ηHkHH
k , k = 1, 2. (53)

As a result, the corresponding total power minimization
problem can be reformulated as

min
P1, P2, w

P1 + P2 + wH (P1D1 + P2D2 + RL)w

s. t.
P2wH ffH w

wH R1w + Tr{Qξ1 � Pξ1} + σ 2
v1

≥ γ1

P1wH ffH w
wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2

≥ γ2. (54)

In what follows, we first obtain the feasibility set of (54).
The constraints of the optimization problem (54) can

be rewritten as wH (Pδ(k)ffH − γkRk)w ≥ γk(Tr{Qξk � Pξk }
+ σ 2

vk
), k = 1, 2. The optimization problem (54) is infeasible

if for a given value of Pδ(k), k = 1 or 2, the matrix Pδ(k)ffH −
γkRk is negative definite for k = 1 or 2 [12]. Therefore, the
optimization problem (54) is feasible if and only if for any
given pair of P1 and P2, the matrices Pδ(k)ffH − γkRk are non-
negative definite for both k = 1 and 2. Considering the fact that
Rk , k = 1, 2, is a positive definite matrix, we have

Pδ(k)ffH −γkRk =R
1
2
k

(
Pδ(k)R

−1
2

k ffH R
−1
2

k − γkIL

)
R

1
2
k , (55)

where k = 1, 2. One can easily show that Pδ(k)R
−1
2

k ffH R
−1
2

k −
γkIL , k = 1, 2, is a non-negative definite matrix. Therefore, the
optimization problem in (54) is feasible if and only if for any
given pair of P1 and P2, we have

λmax

(
Pδ(k)R

−1
2

k ffH R
−1
2

k − γkIL

)
≥ 0, k = 1, 2. (56)

Since R
−1
2

k ffH R
−1
2

k is a rank-one matrix, the largest eigen-value

of the matrix Pδ(k)R
−1
2

k ffH R
−1
2

k − γkIL is Pδ(k)fH R−1
k f − γk .

Thus, we can rewrite (56) as

Pδ(k) ≥ γk

fH R−1
k f

, k = 1, 2. (57)

Note the two constraints in (57) are necessary and sufficient
conditions for (54) to be feasible.

As we did in Section III-B, we convert the joint power allo-
cation and relay beamforming problem in (54) into two nested
problems: i) over P1 and P2, and ii) over w. To this end, with-
out loss of optimality, we first add two conditions of (57) as the
additional constraints to the optimization problem (54). Then,
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we have the following optimization problem

min
P1, P2

P1 + P2 + min
w

wH (P1D1 + P2D2 + RL)w

s. t.
wH ffH w

wH R1w + Tr{Qξ1 � Pξ1} + σ 2
v1

≥ γ1

P2

wH ffH w
wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2

≥ γ2

P1

P1 ≥ γ2

fH R−1
2 f

P2 ≥ γ1

fH R−1
1 f

. (58)

Specifically, for any fixed pair of P1 and P2 satisfying last
two constraints in (58), the inner minimization over w can
equivalently rewritten as

min
w

wH (P1D1 + P2D2 + RL)w

s. t.
∣∣∣wH f

∣∣∣ ≥ √ γ1

P2
(wH RH

1 w + Tr{Qξ1 � Pξ1} + σ 2
v1
)∣∣∣wH f

∣∣∣ ≥ √ γ2

P1
(wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2
). (59)

Without loss of optimality, we can rotate the phase of w
such that wH f is real and positive number [12]. Doing so, we
equivalently arrive at the following optimization problem

min
w

wH (P1D1 + P2D2 + RL)w

s. t. �e
(

wH f
)
≥
√
γ1

P2
(wH R1w+Tr{Qξ1 � Pξ1}+σ 2

v1
)

�e
(

wH f
)
≥
√
γ2

P1
(wH R2w+Tr{Qξ2 � Pξ2}+σ 2

v2
)

m
(

wH f
)

= 0. (60)

It is clear that for each feasible pair of (P1, P2), the optimiza-
tion problem (60) is an SOCP problem [21], and thus, it can be
efficiently solved using interior point methods [22]. Therefore,
the minimization problem (54) can be solved using a combi-
nation of a two-dimensional search and an SOCP problem. We
leave out the details to avoid redundancy.

Sub-Optimal Algorithm: Adopting a similar approach to
the one employed in Section III-B, it is possible to show that
our sub-optimal method first solves the following unconstrained
optimization problem,

min
w

γ2
(
wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2

) (
1 + wH D1w

)
wH ffH w

+ γ1
(
wH R1w + Tr{Qξ1 � Pξ1} + σ 2

v1

) (
1 + wH D2w

)
wH ffH w

+ wH RLw, (61)

to calculate w. Then it obtains the transmit power of the users
by substituting the solution of (61) into

P1 = γ2 × wH R2w + Tr{Qξ2 � Pξ2} + σ 2
v2

wH ffH w
(62)

P2 = γ1 × wH R1w + Tr{Qξ1 � Pξ1} + σ 2
v1

wH ffH w
. (63)

We leave out the details to avoid redundancy.

B. SINR Balancing

Here, using the provided definitions in the previous sub-
section, we first reformulate (15) for the scenario where
second-order statistics of the interfering links are available.
Then, we convert the obtained SINR balancing problem into
an unconstrained one which can be efficiently solved using a
steepest-descent technique.

Mathematically, we aim to solve the following optimization
problem

max
P1, P2, w, t

t

s. t. P1(wH D1w+1)+P2(wH D2w+1)+wH RL w ≤ Pmax

P2wH ffH w
wH R1w + Tr{Qξ1 � Pξ1} + σ 2

v1

≥ t

P1wH ffH w
wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2

≥ t. (64)

Adopting a similar approach to the one employed in
Section III-C, (64) can be equivalently turn into the following
unconstrained optimization problem

min
w

(
wH D1w + 1

) (
wH R2w + Tr{Qξ2 � Pξ2} + σ 2

v2

)
(Pmax − wH RLw)wH ffH w

+ (wH D2w + 1)
(
wH R1w + Tr{Qξ1 � Pξ1} + σ 2

v1

)
(Pmax − wH RLw)wH ffH w

, (65)

which is efficiently solved using a low-complexity steepest-
descent method. Then, P1 and P2 are calculated by substituting
the solution of (65) into corresponding equations. We leave out
the details to avoid redundancy.

V. SIMULATION RESULTS

In this section, the presented theoretical analysis is validated
by a set of Monte-Carlo simulations. Throughout all exam-
ples, we have considered a network consisting of L = 10 relay
nodes, which are located at equal distances from both users.
It is suppose that the distance between adjacent relays is more
than half of the wavelength of the operating frequency. Using
this assumptions, the channels between user 1 and relays (h1)
have the same second moment statistics as the channel between
user 2 and relays (h2). Moreover, these channel coefficients are
generated as zero-mean independent and identically distributed
(i.i.d.) complex Gaussian random variables. Unless stated, the
variances σ 2

h1
and σ 2

h2
are set to one. All the results to be

presented were averaged over 104 simulation runs.
Note that all signal power values and interference power

values are obtained by normalizing (dividing) them by the
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Fig. 2. The average powers obtained by optimal and sub-optimal algorithms.

noise power. Also, we assume that the noise power is one
(Watts) at all receive nodes, and thus, the powers and the
normalized powers become the same. That is, those powers
are actually normalized powers (by noise power), meaning
that those values are unitless. We further assume that the users
have the same minimum required SINR, i.e. γ � γ1 = γ2. For
convenience, we denote the power of interferers affecting U1,

U2, and the relays by the sequences pζ 1
�
[

Pξ1,1 , . . . , Pξ1,n A

]
,

pζ 2 �
[

Pξ2,1 , . . . , Pξ2,nB

]
, and pζ R

�
[

PξR,1 , . . . , PξR,nC

]
,

respectively.

A. Results for Norm-Bounded Uncertainty Model

The experiments in this case assume that the estimation
errors of the interfering links, e1, e2, and eR,i (i = 1, . . . , nC ),
are norm-bounded by some known constants, ε1, ε2, and εR,i .
For convenience, it is assumed that ε1 = ε2 = εR,i = ε which
is a reasonable assumption, because all the nodes may have the
same level of capability to estimate the interference channel
coefficients within a bidirectional relaying system. Hereafter,
and unless stated otherwise, ε is set to 0.1. In addition, ĝ1, ĝ2,
and ĝR,i (i = 1, . . . , nC ) are assumed to be independent of each
other. In each simulation run, ĝ1, ĝ2, and ĝR,i (i = 1, . . . , nC )

are generated as complex zero-mean Gaussian random vectors
with unit variances.

In our first example, we compare the performance of the sub-
optimal algorithm with that of the optimal one. Fig. 2 presents
the average values of the minimum total transmit power PT , the
corresponding relay transmit power PR , and the corresponding
user powers P1 and P2 against the SINR threshold γ in dB.
In the simulation, the interference power sequences are set as
pζ 1

= [1, 1], pζ 2
= [1], and pζ R

= [1, 1, 1, 1, 1]. As the figure
reveals, the sub-optimal algorithm offers performance that is
very close to that provided by the optimal method in all ranges
of γ values.

Then, we compare the implementation complexity of the
optimal solution with that one of the sub-optimum solu-
tion. We used the CVX package to solve the convex prob-
lem. Furthermore, we used fminunc from the MATLAB
Optimization Toolbox to implement the steepest-descent

TABLE I
COMPARISON OF RUNNING TIMES OF THE OPTIMAL AND SUBOPTIMAL

ALGORITHMS

algorithm. Table I compares the running time of the grid search
and the steepest-descent methods for different Ng and stopping
criteria (tolerance) values. It can be seen that the steepest-
descent method is much faster. The speed difference becomes
much more significant as Ng grows. We have also observed
that the steepest-descent algorithm offers almost the same per-
formance for different tolerance values. As the computational
complexity of the grid search is too high, in the next examples,
we use only the steepest-descent algorithm.

In our second example, we study the effect of the interference
on the two-way relaying network. To this end, we consider four
different scenarios: Scenario 1: n A = 1; nB = 1; nC = 2 (pζ 1

=
[1.5], pζ 2

= [1.25], and pζ R
= [1, 2.5]); Scenario 2: n A = 3;

nB = 2; nC = 1 (pζ 1 = [1, 1.6, 2.5], pζ 2 = [1.25, 2], and pζ R
=

[1.5]); Scenario 3: n A = 1; nB = 4; nC = 2 (pζ 1
= [1.25], pζ 2

=
[1.5, 1.6, 1.8, 2], and pζ R

= [1, 2.5]); and Scenario 4: n A = 4;
nB = 2; nC = 5 (pζ 1

= [1, 1.5, 1.6, 2], pζ 2
= [1.75, 2.5], and

pζ R
= [1.25, 1.6, 1.8, 2, 3]). Note that both number and power

of the interferers’ affecting U1, U2, and relays are changed
from scenario 1 to scenario 4. Specifically, the comparison
for the minimum total transmit power PT against γ is shown
in Fig. 3(a). It can be seen from Fig. 3(a) that PT becomes
worse with increasing the interference power. Fig. 3(b) illus-
trates the P1+P2

PR
ratio versus SINR. One can see that increasing

the minimum required SINR at users, i.e. γ , leads to higher PR

consumption.
In the third example, we consider influence of the number

of relays affected by interference on the performance of two-
way relaying network. Specifically, we consider the case where
users are not affected by interference and only the varying num-
ber of relays are affected by interference. In Fig. 4, we present
the average values of the minimum total transmit power PT

versus number of nodes affected by interference for different
SINR values. Here, we assume one interferer with power 10.
We keep all other parameters fixed and only change the number
of relays affected by interference from 0 (ideal interference-free
environment) to 10 (all relays are affected by interference). As
can be seen from this figure, the number of relays affected by
interference significantly affects the power consumption of the
network. In other words, PT becomes worse with increasing
number of relays which are affected by interference.
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Fig. 3. The effect of the interference on the two-way relaying network under
different scenarios.

In the fourth example, we investigate the impact of the
interference power distribution on the system performance. In
Figs. 5(a) and 5(b), we compare the system performance for the
case where relays experiencing stronger interference than users
with the case where relays experiencing weaker interference
than users. To this end, we consider four different scenarios:
Scenario 1: n A = 1; nB = 4; nC = 2 (pζ 1

= [1.75], pζ R
= [0, 4],

and pζ 2
= [1, 3, 2.5, 2]); Scenario 2: n A = 1; nB = 2; nC = 4

(pζ 1
= [1.75], pζ R

= [1, 3, 2.5, 2], and pζ 2
= [0, 4]); Scenario

3: n A = 1; nB = 3; nC = 2 (pζ 1
= [1.75], pζ R

= [0, 4], and
pζ 2

= [1, 3, 2.5]); and Scenario 4: n A = 1; nB = 2; nC = 3
(pζ 1

= [1.75], pζ R
= [1, 3, 2.5], and pζ 2

= [0, 4]). It is seen
that the consumed power by users in scenarios 2 and 4 is higher
than the corresponding power in scenarios 1 and 3. However,
relays consumed more power in scenarios 1 and 3 rather than
scenarios 2 and 4. This implies that the worst scenario occurs
when the received interference power at relays is greater than
received interference power at users. This is because that the
received interference at each user only affects that user, while
the received interference at relays also affects both users, due

Fig. 4. The average minimum total transmit power PT against number of relays
affected by interference for different SINR values.

Fig. 5. The average powers against γ1 = γ2 = γ for a bidirectional network
under different scenarios.

to employed AF strategy at relays. Therefore, increasing the
power of the interferers which affect relays leads to more per-
formance loss than increasing the power of the interferers which
affect the users.
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Fig. 6. The average consumed powers by users, P1 and P2, against γ1 = γ2 =
γ for different cases.

Fig. 7. The average minimum total transmit power PT against γ1 = γ2 = γ

for different interference power distributions.

In Fig. 6, we compare the transmit power consumed by users,
P1 and P2, for the case where both users experiencing same
interference (case 1: pζ 1

= pζ 2
= [2], and nC = 0) with the

case where users experiencing different interferences (case 2:
pζ 1

= [2] ,pζ 2
= [4], and nC = 0). It is obvious that both users

consume same transmit powers when they are experiencing
the same interference. However, in the unequal-power interfer-
ence case, the user experiencing stronger interference consumes
lower transmit power than the user experiencing weaker inter-
ference, which is rather counter-intuitive. This is consistent
with received SINR formulation (11).

Fig. 7 compares the average values of the minimum
total transmit power PT versus SINR in dB for fol-
lowing scenarios (i) equal-power interferers, i.e. pζ R

=
[1.5, 1.5, 1.5, 1.5, 1.5]; (ii) unequal-power interferers, i.e.
pζ R

= [2.2, 1.7, 1.3, 1.2, 1.1]; (iii) only one effective interferer
pζ R

= [7.5]. Here, we set pζ 1
= [1.25] and pζ 2

= [1.25]. From
Fig. 7, we observe that the worst scenario occurs when the
interferers are of equal received power, while the best case hap-
pens when there is only one interferer. From this example, we
conclude that the interference power distribution significantly

Fig. 8. Performance comparison of the proposed algorithm with that of pro-
posed in [8].

Fig. 9. The average powers obtained using the SINR balancing method versus
Pmax.

affects the power consumption of the network. This means
that different interference power distributions result in different
system performances.

To prove the effectiveness of our proposed algorithm, we
compare its performance with that of the proposed scheme in
[8]; see Fig. 8. Here, we set n A = 0, nB = 0, pζ R

= [10, 10],
and ε = 0.2. As can be seen from Fig. 8, the performance of
our method is exactly the same as that of [8] for the ideal
interference-free case. However, in the presence of interference,
our scheme significantly outperforms the proposed method in
[8]. Interestingly, it turns out that the system model of [8] is a
special case of ours in the sense that there is no interference and
no channel uncertainty in [8]. Specifically, if we set the powers
of the interferers to zero, our proposed algorithm reduces to [8,
eq. (18)].

Our last example is devoted to investigate the performance
of the steepest-descent algorithm used to solve (51) which was
derived in SINR balansing approach. In the simulations, we
consider one effective interferer. Fig. 9 presents the average
values of the minimum total transmit power PT , the cor-
responding relay transmit power PR , and the corresponding
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Fig. 10. The average minimum total transmit power PT versus γ1 = γ2 = γ

for different values of αgR and for αg1 = αg2 = −5 dB.

user powers P1 and P2 against the maximum transmit
power Pmax.

B. Results for the Second Order Statistics Case

The experiments in this case assume that the second-order
statistics of the CSI of the interfering links are available. In this
setting, we model g1,d , g2,m , and gRl ,i as in [16]:

g1,d = ḡ1,d + g̃1,d (66)

g2,m = ḡ2,m + g̃2,m (67)

gRl ,i = ḡRl ,i + g̃Rl ,i , (68)

where ḡ1,d , ḡ2,m , and ḡRl ,i are the mean values of g1,d , g2,m ,
and gRl ,i , respectively. In addition, g̃1,d , g̃2,m , and g̃Rl ,i are
zero-mean random variables, e.g., zero-mean Gaussian random
variables. It is assumed that g1,d , g2,m , and gRl ,i are indepen-
dent of each other for any d, m, l, and i values. We also assume
that g̃1,d (g̃2,m) and g̃1,m (g̃2,d ) are statistically independent for
d 
= m, and g̃Rl ,i and g̃Rm ,i are independent for l 
= m. For any
g1,d , g2,m , and gRl ,i , we respectively choose

ḡRl ,i = e jθl,i /
√

1 + αgR , var{g̃Rl ,i } = αgR/(1 + αgR ) (69)

ḡ1,d = e jθd /
√

1 + αg1 , var{g̃1,d} = αg1/(1 + αg1) (70)

ḡ2,m = e jθm/
√

1 + αg2 , var{g̃2,m} = αg2/(1 + αg2), (71)

where θd , θm , and θl,i are uniform random variables randomly
chosen from the interval [0, 2π ]. Furthermore, the parameters
αg1 , αg2 , and αgR are used to control the level of the uncertainty
in the CSI of the interferers. Increasing these parameters leads
to decreasing the mean values while the variances are increased.
This means that the level of the uncertainty in the CSI of the
interferers is increased. Based on this channel modeling, the
channel covariance matrices are given by

Qξ1 = g1gH
1 + αg1

1 + αg1

In A (72)

Qξ2 = g2gH
2 + αg2

1 + αg2

InB (73)

QξR,i = gR,i g
H
R,i + αgR

1 + αgR

IL . (74)

In this example, we investigate the impact of level of uncer-
tainty in the CSI of interfering links on the two-way relaying
network. Fig. 10 shows the average values of the minimum
total transmit power, PT against the SINR threshold γ in dB for
αg1 = αg2 = −5 dB and for different values of αgR . Here, we
set σ 2

h1
= σ 2

h2
= 0.32, pζ 1

= [1], pζ 2
= [2], and pζ R

= [2.5].
As can be seen from Fig. 10, when the uncertainty in the inter-
fering links is increased, it takes more power to ensure that the
SINR is above a certain threshold γ .

VI. CONCLUSIONS

In this paper, we considered an AF-based two-way relaying
network in which both users and all relays are affected by inter-
ference. We obtained the beamforming vector as well as the
users’ transmit powers under two different assumptions on the
availability of the CSI of the interfering links, namely norm-
bounded uncertainty model and the second-order statistics sce-
nario. To do so, we developed two different approaches, namely
the total power minimization method and the SINR balanc-
ing technique. As the computational complexity of the optimal
solutions are high, we also derived low-complexity sub-optimal
algorithms. Developing distributed implementation methods
that enable each relay to compute its own beamforming weight
individually or locally is one of our future research focuses.
Considering uncertainty in network links which leads to imper-
fect self-interference cancelation is also an interesting topic for
future research.

APPENDIX A
PROOF OF LEMMA 1

To show the equivalence, we first assume that χ={
P̃1, P̃2, w̃, t̃

}
belongs to the feasibility set of (24a)–(24d).

Then for all φL ,εR,i ∈ L(εR,i ), i = 1, . . . , nC , all φn A,ε1 ∈
n A(ε1), and all φnB ,ε2 ∈ nB (ε2), we have⎧⎨⎩

t ≥ PT
(
P̃1, P̃2, w̃,

{
φL ,εR,i

}nC

i=1

)
	1
(
P̃2, w̃,

{
φL ,εR,i

}nC

i=1 , φn A,ε1

) ≥ γ1

	2
(
P̃1, w̃,

{
φL ,εR,i

}nC

i=1 , φnB ,ε2

) ≥ γ2.

(A.1)

That is, for all i = 1, . . . , nC , the first inequality of (A.1) must
hold for all elements ofL(εR,i ); the second one must hold for
all elements of L(εR,i ) and all elements of n A(ε1); and the
last inequality of (A.1) must hold for all elements of L(εR,i )

and all elements ofnB (ε2). Therefore, we can rewrite (A.1) as⎧⎪⎪⎨⎪⎪⎩
t ≥ PT

(
P̃1, P̃2, w̃,

{
φL ,εR,i

}nC

i=1

)
	1

(
P̃2, w̃,

{
φ′

L ,εR,i

}nC

i=1
, φn A,ε1

)
≥ γ1

	2

(
P̃1, w̃,

{
φ′′

L ,εR,i

}nC

i=1
, φnB ,ε2

)
≥ γ2,

(A.2)

where φL ,εR,i , φ
′
L ,εR,i

, and φ′′
L ,εR,i

can be different. That is,
(A.2) simply means that χ also belongs to the feasibility set
of (25a)–(25d).

Conversely, if χ is feasible in (25a)–(25d), then for all
φL ,εR,i ∈ L(εR,i ), for all φ′

L ,εR,i
∈ L(εR,i ), for all φ′′

L ,εR,i
∈

L(εR,i ), for all φn A,ε1 ∈ n A(ε1), and for all φnB ,ε2 ∈
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nB (ε2), χ satisfies the inequalities of (A.2). Assuming
φL ,εR,i = φ′

L ,εR,i
= φ′′

L ,εR,i
, χ also satisfies the inequalities of

(A.1), and hence, χ is also feasible in (24a)–(24d).
Let tA denote the optimal solution to (24a)–(24d), then it is

obvious that tA lies in the feasibility set of (25a)–(25d). By con-
tradiction, assume that tB is the optimal solution to (25a)–(25d),
but it is not the optimal solution to (24a)–(24d). This means that

tB ≤ tA. (A.3)

On the other hand, it is clear that tB belongs to the feasible set of
(24a)–(24d). Considering the fact that tA is the optimal solution
to (24a)–(24d), we have

tA ≤ tB . (A.4)

Comparing (A.3) and (A.4), we conclude that tA = tB and tB

is also the optimal solution to (24a)–(24d). This completes the
proof.

APPENDIX B
PROOF OF LEMMA 2

Based on the triangle inequality, we have∥∥∥(a + b)H�H
∥∥∥ ≤

∥∥∥aH�H
∥∥∥+

∥∥∥bH�H
∥∥∥ , (B.1)

where the equality holds if and only if bH�H = ρaH�H for
some real ρ > 0. Recalling that � is an invertible matrix, we
have b = ρa. Using the assumption that ‖b‖ ≤ ε, the maximum
of
∥∥bH�H

∥∥ is achieved when ρ = ε
‖a‖ . Therefore,

b = ε

‖a‖a. (B.2)

Substituting (B.2) into (B.1) leads us to∥∥∥(a + b)H�H
∥∥∥ ≤

(
1 + ε

‖a‖
)∥∥∥aH�H

∥∥∥ . (B.3)

APPENDIX C
PROOF OF LEMMA 3

Using the triangle inequality, we have∣∣∣cH (a + b)
∣∣∣ ≤ ∣∣∣cH a

∣∣∣+ ∣∣∣cH b
∣∣∣ . (C.1)

Applying the Cauchy-Schwarz inequality, we obtain∣∣∣cH b
∣∣∣ ≤ ‖c‖ ‖b‖ . (C.2)

Combining (C.1) and (C.2) along with the assumption of ‖b‖ ≤
ε, we have ∣∣∣cH (a + b)

∣∣∣ ≤ ∣∣∣cH a
∣∣∣+ ε ‖c‖ . (C.3)

In (C.1), the equality holds if and only if cH b = ρcH a, where
ρ denotes a positive real value. Moreover, in (C.2), the equal-
ity holds if and only if b = �c, where � is a complex value.
Therefore, �cH c = ρcH a, which, in turn, leads to �� = �cH a.
Recalling the assumption that the maximum of ‖b‖ is ε, we
obtain |�| = ε

‖c‖ . Therefore, the equality holds if and only if

b = ε

‖c‖e j 
 cH ac. (C.4)

This completes the proof.
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