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Abstract: This study deals with the problem of detecting distributed targets in the presence of homogeneous and partially
homogeneous Gaussian disturbance with unknown covariance matrix. The proposed detectors improve the adaptive
beamformer orthogonal rejection test (ABORT) idea to address detection of distributed targets, which makes it possible to
decide whether some observations contain a useful target or a signal belonging to the orthogonal complement of the useful
subspace. At the design stage, the authors resort to either the plain generalised likelihood ratio test (GLRT) or ad hoc design
procedures. Remarkably, the considered criteria lead to receivers ensuring the constant false alarm rate (CFAR) property with
respect to the unknown quantities. Moreover, authors’ derivations show that the ad hoc detector for a partially homogeneous
environment coincides with the generalised adaptive subspace detector. The performance assessment conducted by Monte
Carlo simulation has confirmed the effectiveness of the newly proposed detection algorithms.
1 Introduction

Adaptive radar detection of point-like and distributed targets
embedded in Gaussian or non-Gaussian disturbance is an
issue that has gained increasing attention among radar
engineers during the last few decades. Reed et al. [1] use the
sample covariance matrix based on secondary (signal-free)
data vectors to derive a weight vector for adaptive detection.
As no predetermined threshold can be assigned to achieve
a given probability of false alarm (Pfa), since the detector
is supposed to operate in an interference environment of
unknown form and intensity. This is modified by Kelly [2]
to obtain a generalised likelihood ratio test (GLRT)-based
detector that has the desirable constant false alarm rate
(CFAR) property. Moreover, Robey et al. [3] derive another
CFAR test referred to as the adaptive matched filter (AMF)
resorting to the so-called two-step GLRT-based design
procedure. Relying on the above criteria, some improved
approaches have been considered, for example, the non-
Gaussian version of Robey’s adaptive strategy in [4–6] and
the distributed target versions of both Kelly’s adaptive
strategy and Robey’s one in [7]. In addition, CFAR detectors
for distributed targets without assignment of a distinct set of
secondary data have been recently proposed in [8–10].

Most of the quoted decision schemes, when applied in
real situation, exhibit the following two drawbacks.

† They may experience a performance degradation, when
the actual steering vector is not perfectly aligned with the
nominal one, owing to the fact that they suppose the exact
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knowledge of the signal array response vector. Several
causes can yield signal mismatches, for example, calibration
and pointing errors, wavefront distortions and imperfect
antenna shape.
† They may be quite sensitive to a sidelobe signal, namely a
possible waveform impinging from a particular direction may
determine a detection whereas the radar beam is pointing
elsewhere. For example, a strong target may trigger a
detection when it is located in the antenna sidelobes and be
perceived as a weaker target in the main beam.

Thus, it might be important to trade the detection
performance of mainlobe targets for rejection capabilities of
sidelobe signals. In order to face with this dilemma, the
adaptive beamformer orthogonal rejection test (ABORT)
was introduced in [11]. The idea of ABORT is to modify
the null hypothesis, which usually states that the vector
under test contains noise only, assuming the presence of a
fictitious signal which is orthogonal to the nominal steering
vector in the ‘quasi-whitened’ space, that is, after whitening
the data with the sample covariance matrix of the secondary
data. Doing so, if a signal with actual steering vector
different from the nominal one is present, the detector
will be less inclined to declare a detection, as the null
hypothesis will be more plausible. The extension of this
idea to the case of signals belonging to known subspaces
of the observables has been dealt with in [12], which
maintains an acceptable detection loss for slightly
mismatched mainlobe targets. In [13], the ABORT rationale
together with the two-step GLRT-based design procedure
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has been used to derive detection strategies for multiple point-
like targets, which are capable of working without a distinct
set of secondary data. More recently, a whitened-ABORT
(W-ABORT) detector [14, 15] is proposed to address
adaptive detection of distributed targets embedded in
homogeneous disturbance assuming that the useful and
fictitious signals are orthogonal in the truly whitened space,
that is, after whitening the data with the true noise
covariance matrix. The resulting decision scheme exhibits
an enhanced rejection capability of sidelobe signals, at the
price of a certain loss in terms of detection of matched
signals. Detection of distributed targets in noise plus
interference assumed to belong to a known or unknown
subspace of the observables has been considered in [16,
17]. Finally, detection of distributed targets modelled in
terms of Gaussian signals, confined to a known subspace of
the observables, has been dealt with in [18].

In the present work, we address detection of distributed
targets and devise adaptive receivers capable of rejecting
signals orthogonal to the useful search direction in the
‘quasi-whitened’ space. In addition to the classical
homogeneous scenario, we will consider the partially
homogeneous environment [19], that is, when the noise
covariance matrices of primary and secondary data have the
same structure, but possibly different power levels. This
paper distinguishes from previous works in several respects.
Its main novelty stems from the fact that it contains the
derivation of the plain GLRT assuming the ABORT idea
for homogeneous and partially homogeneous environment.
We also devise an ad hoc detector resorting to the two-step
GLRT-based design procedure for partially homogeneous
environment and show that it coincides with the generalised
adaptive subspace detector (GASD) [7]. Finally, the paper
contains a performance assessment, carried out with
simulated data, showing that the new tests exhibit good
rejection capabilities of sidelobe signals. This result is very
desirable since it allows for a very selective discrimination
of signals entering in the radar antenna sidelobes [11].
Moreover, it suggests the use of proposed receivers in a
two-stage configuration [20], that is, detection structures
formed by two detectors: a first stage with poor selectivity
properties to identify signals that deserve further attention
and a second stage much more selective to discriminate
whether or not detected signals are to be considered useful
target echoes. In the light of previous considerations, the
proposed solutions might be good candidates for the second
stage of detection.

The remainder of this work is organised as follows. Section
2 deals with the problem formulation whereas Section 3 is
devoted to detector designs. Section 4 contains illustrative
examples. In Section 5, some concluding remarks and hints
for future research are given. Finally, the Appendix contains
the proof of the CFAR property.

2 Problem formulation

Assume that data are collected from a linear array of N
identical sensors. We are interested in the problem of
detecting the presence of a target across H range
cells zl [ C

N×1, l ¼ 1, . . . , H. As customary, we suppose
that a secondary data set zl [ C

N×1, l ¼ H + 1, . . . , H + K
is available, which does not contain any useful target
echoes and shares the same structure of the covariance
matrix of the primary data. When the beam is not pointed
in the direction of the target, the signal is undesired and
constitutes a discrete interference to the radar. Hence, in
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such situations we may follow the lead of [11] and include
the presence of an undesired signal in the null hypothesis.

The detection problem at hand can be formulated in terms
of the following binary hypothesis test

H0:
zl = vl + nl, l = 1, . . . , H
zl = nl, l = H + 1, . . . , H + K

{
H1:

zl = alv + nl, l = 1, . . . , H
zl = nl, l = H + 1, . . . , H + K

{
⎧⎪⎪⎨⎪⎪⎩ (1)

where

† nl’s [ C
N×1, l ¼ 1, . . . , H + K are independent complex

normal vectors with zero mean and covariance matrix given
by

E[nln
†
l ] = M , l = 1, . . . , H + K

for the homogeneous environment and

E[nln
†
l ] = M , l = 1, . . . , H

E[nln
†
l ] = rM , l = H + 1, . . . , H + K

for the partially homogeneous environment (r . 0), with E[.]
the statistical expectation and † the conjugate transpose;
† v [ C

N×1 is the (known) nominal steering vector, which is
defined as

v = 1���
N

√ [1 ej(2pd/l) sin u · · · ej(N−1)(2pd/l) sin u]T

where l is the radar operating wavelength, d is the
interelement spacing, u is the direction of the target and T

denotes transpose.
† al’s [ C, l ¼ 1, . . . , H are complex (unknown) scalars,
which account for both target reflectivity and channel effects.
† vl’s [ C

N×1, l ¼ 1, . . . , H are undesired signals, which
are assumed to belong to the range space of the full-
column-rank matrix U [ N×(N 2 1). Thus, we have vl ¼ Uxl.
[xl [ C

(N−1)×1, l ¼ 1, . . . , H are the coordinates of the
undesired signal.] In practical situations, the structure of U
is usually unknown, but the undesired signal subspace may
be defined to be orthogonal to the desired signal subspace
after the quasi-whitening transformation [11, 12], that is

kS−1/2Ul⊥ = kS−1/2vl (2)

where k.l denotes the space spanned by the columns of the
matrix argument, k.l⊥ is its orthogonal complement and
S [ C

N×N is K times the sample covariance matrix of the
secondary data, that is, S = S

K
t=1zlz

†
l .

3 Detector designs

In order to solve the hypothesis testing problem (1), we resort
to both the one-step and the two-step GLRT-based
design procedures. To begin with, let us denote by
Z = [ZH ZK ] [ C

N×L the overall data matrix, with
ZH = [z1, . . . , zH ] [ C

N×H the primary data matrix,
ZK = [zH+1, . . . , zH+K ] [ C

N×K the secondary data matrix
and L ¼ H + K. Moreover, let X = [x1, . . . , xH ] [ C

(N−1)×H

and a= [a1, . . . , aH ] [ C
1×H .
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3.1 One-step GLRT-based detector

In this subsection, we derive the one-step GLRT for partially
homogeneous environment (and, as a byproduct for
homogeneous environment), which is tantamount to the
following decision rule [21]

maxr maxa maxM f1(Z; M , a, r)

maxr maxX maxM f0(Z; M , X , r)
_
H1

H0

h (3)

where h is the threshold value to be set according to the
desired Pfa, and fi(.;.) is the probability density function
(pdf) of Z under the Hi hypothesis, i ¼ 0, 1. Previous
assumptions imply that [22]

f0(Z; M , X , r)

= 1

pN det(M)

[ ]L 1

r

( )NK

× exp −tr
1

r
M−1S + M−1(ZH − UX )(ZH − UX )†

( )[ ]
(4)

and

f1(Z; M , a, r)

= 1

pN det(M)

[ ]L 1

r

( )NK

× exp −tr
1

r
M−1S + M−1(ZH − va)(ZH − va)†

( )[ ]
(5)

where det(.) and tr(.) denote the determinant and the trace of a
square matrix, respectively.

In order to compute the compressed likelihood under H0,
observe that the maximum of f0(Z; M, X, r) with respect to
M is attained by substituting the true covariance matrix
with the sample covariance (Observe that the derivation
of the one-step GLRT requires that L . N whereas the
derivation of the two-step GLRT-based detectors requires
that K ≥ N, in order to have a non-singular sample
covariance matrix.) [17]

M̂ = 1

L

1

r
S + (ZH − UX )(ZH − UX )†

[ ]
(6)

Substituting (6) into (4) yields

f0(Z; M̂ , X , r)

= L

ep

( )NL 1

r

( )NK

× det
1

r
S + (ZH − UX )(ZH − UX )†

( )[ ]−L

Observe that the maximum of f0(Z; M̂ , X , r) with respect to
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X can be obtained as follows

max
X

f0(Z; M̂ , X , r)

/ min
X

det
1

r
S+ (ZH −UX )(ZH −UX )†

[ ]
/ rH−N det(S)min

X
det

1

r
IH + (ZH −UX )†S−1(ZH −UX )

[ ]
where / means ‘proportional to’, IN denotes the N-
dimensional identity matrix and the last equality comes from

det
1

r
IN + AB

( )
= rH−N det

1

r
IH + BA

( )
with A [ C

p×q and B [ C
q×p rectangular matrices.

Moreover, observe that

min
X

det
1

r
IH + (ZH − UX )†S−1(ZH − UX )

[ ]
= det

1

r
IH + Z†

H S−1/2(IN − PUS
)S−1/2ZH

[ ]
where PUS

= US(U
†
SUS)−1U†

S is the projection matrix onto
the subspace spanned by US = S−1/2U and
IN − PUS

denotes the projection matrix onto the orthogonal
complement of the space spanned by US. It follows that the
compressed likelihood under H0 can be written as

f0(Z; M̂ , X̂ , r)

= L

ep

( )NL 1

r

( )H(L−N ) 1

det(S)

( )L

× det
1

r
IH + Z†

H S−1/2(IN − PUS
)S−1/2ZH

[ ]−L

(7)

Similarly, the compressed likelihood under H1 is given by

f1(Z; M̂ , â, r)

= L

ep

( )NL 1

r

( )H(L−N ) 1

det(S)

( )L

× det
1

r
IH + Z†

H S−1/2(IN − PvS
)S−1/2ZH

[ ]−L

(8)

where PvS
= vS(v†SvS)−1v†S is the projection matrix onto the

subspace spanned by vS ¼ S21/2v, and IN − PvS
stands for

the projection matrix onto the orthogonal complement of
vS. Thus, the one-step GLRT can be rewritten as

minr r
H(L−N )/Ldet[(1/r)IH+Z†

H S−1/2(IN −PUS
)S−1/2ZH ]

minr r
H(L−N )/Ldet[(1/r)IH+Z†

H S−1/2(IN −PvS
)S−1/2ZH ]

_
H1

H0

h

(9)

If we now recall condition (2), we have

PvS
+ PUS

= IN (10)
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which, substituted into (9), after some algebra, yields

minr r
H(L−N )/Ldet[(1/r)IH +Z†

H S−1/2PvS
S−1/2ZH ]

minr r
H(L−N )/Ldet[(1/r)IH +Z†

H S−1/2(IN −PvS
)S−1/2ZH ]

_
H1

H0

h

(11)

In particular, for homogeneous environment (r ¼ 1), the one-
step GLRT is given by

det[IH +Z†
H S−1/2PvS

S−1/2ZH ]

det[IH +Z†
H S−1/2(IN −PvS

)S−1/2ZH ]
_
H1

H0

h (12)

Substituting PvS
in (12) with the original quantities, we come

up with the following detector

v†S−1v+v†S−1ZH Z†
H S−1v

[v†S−1v−v†S−1ZH (IH +Z†
H S−1ZH )−1Z†

H S−1v]

× 1

det[IH +Z†
H S−1ZH ]

_
H1

H0

h (13)

or, equivalently, as

1+tGAMF

det[IH +Z†
H S−1ZH ](1−tGLRT)

_
H1

H0

h

where

tGAMF=
v†S−1ZH Z†

H S−1v

v†S−1v

is the GAMF decision statistic [7], and

tGLRT=
v†S−1ZH (IH +Z†

H S−1ZH )−1Z†
H S−1v

v†S−1v
(14)

is the well-known GLRT decision statistic [7]. In particular,
for H ¼ 1, we have

1+ (|v†S−1z1|2/v†S−1v)

1+z†1S−1z1−(|v†S−1z1|2/v†S−1v)
_
H1

H0

h

which is the ABORT for point-like targets [11].
On the other hand, in order to come up with the GLRT-

based detector for the partially homogeneous environment,
we need to minimise both the numerator and the
denominator of (11) with respect to r. To this end, we
introduce the matrices

B0 = Z†
H S−1/2PvS

S−1/2ZH

B1 = Z†
H S−1/2(IN − PvS

)S−1/2ZH

and denote by r0 and r1 the ranks of B0 and B1, respectively.
More precisely, r0 ¼ min(N, H ), r1 ¼ min(N 2 1, H ).
Following the lead of [7, Proposition 2], it is not difficult to
show that under the constraint min(r0, r1) . NH/L, that is,
K/H , N–1, the GLRT for partially homogeneous
486
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environment can be recast as

r̂
H (L−N )/L
0 det[(1/̂r0)IH + B0]

r̂
H (L−N )/L
1 det[(1/̂r0)IH + B1]

_
H1

H0

h (15)

where r̂i, i ¼ 0, 1, is the unique positive solution of equation

∑ri

k=1

mk,ir

mk,ir+ 1
= HN

L
, i = 0, 1 (16)

with mk,0, k ¼ 1, . . . , r0, and mk,1, k ¼ 1, . . . , r1, the non-zero
eigenvalues of B0 and B1, respectively. Note that (16) can be
solved by resorting to the Matlab function ‘roots’ which
evaluates the eigenvalues of a companion matrix of order
(ri + 1) × (ri + 1) at most, i ¼ 0, 1.

3.2 Two-step GLRT-based detector

In this subsection, we derive the two-step GLRT-based
detector for partially homogeneous environment. As a
matter of fact, it is a byproduct of results derived in [13]
and is reviewed here for the sake of clarity.

Denote by l the average value of the diagonal entries of
M and by S the structure of M, namely let M ¼ lS.
The rationale of the design procedure is as follows: first
derive the GLRT based on primary data, assuming that
the S is known. Then, a fully adaptive detector is obtained
by replacing the unknown matrix S with the sample
covariance matrix based on secondary data only.

Step one: The GLRT, under the assumption that S is known,
can be written as

maxl maxa f1(ZH ; a, l)

maxl maxX f0(ZH ; X , l)
_
H1

H0

h (17)

where f (.;.) is the pdf of ZH under the Hi hypothesis, i ¼ 0,1.
That is

f0(ZH ; X , l)

= 1

(pl)N det(S)

[ ]H

× exp(−tr[(lS)−1(ZH − UX )(ZH − UX )†]) (18)

and

f1(ZH ; a, l)

= 1

(pl)N det(S)

[ ]H

× exp(−tr[(lS)−1(ZH − va)(ZH − va)†]) (19)

The maximum likelihood estimate of l under H0 is given by

l̂ = 1

NH
tr[S

−1

(ZH − UX )(ZH − UX )†]
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
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which results in a partially compressed likelihood function

f0(ZH ; X , l̂ )

= NH

ep

[ ]NH 1

det(S)

[ ]H

× 1

tr(S−1(ZH − UX )(ZH − UX )†)

[ ]NH

(20)

Moreover, the maximum likelihood estimate of X can be
obtained as follows [14]

X̂ = arg max
X

f0(ZH ; X , l̂ )

= arg min
X

tr[S−1(ZH − UX )(ZH − UX )†]

= (U†S−1U)−1U†S−1ZH (21)

Plugging (21) into (20) yields

f0(ZH ; Ẑ, l̂ )

= NH

ep

[ ]NH 1

det(S)

[ ]H

× 1

tr(Z†
HS

−1/2(IN − PUS
)S−1/2ZH )

[ ]NH

where PUS
= US(U†

S
US)−1U†

S
is the projection matrix onto

the whitened subspace spanned by US ¼ S21/2U, and
IN − PUS

stands for the projection matrix onto the
orthogonal complement of US.

Similarly, the pdf of the primary data matrix under H1 is
given by

f1(ZH ; â, l̂ )

= NH

ep

[ ]NH 1

det(S)

[ ]H

× 1

tr(Z†
HS

−1/2(IN − PvS
)S−1/2ZH )

[ ]NH

where PvS
= vS(v†

S
vS)−1v†

S
is the projection matrix onto

the whitened subspace kvSl ¼ kS21/2vl, and IN − PvS

stands for the projection matrix onto the orthogonal
complement of vS. Thus, the GLRT is equivalent to

tr[Z†
HS

−1/2(IN − PUS
)S−1/2ZH ]

tr[Z†
HS

−1/2(IN − PvS
)S−1/2ZH ]

_
H1

H0

h (22)

Step two: Replace S in (22) by S and then the GLRT can be
written as

tr[Z†
H S−1/2(IN − PUS

)S−1/2ZH ]

tr[Z†
H S−1/2(IN − PvS

)S−1/2ZH ]
_
H1

H0

h (23)

Observe that previous derivation does not make use of (10). If
we explicitly take it into account, detector (23) can be
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
doi: 10.1049/iet-rsn.2011.0234
recast as

tr[Z†
H S−1/2PvS

S−1/2ZH ]

tr[Z†
H S−1/2(IN − PvS

)S−1/2ZH ]

= v†S−1ZH Z†
H S−1v

tr(ZH S−1ZH )(v†S−1v) − v†S−1ZH Z†
H S−1v

= tGASD

1 − tGASD

_
H1

H0

h (24)

which is statistically equivalent to

tGASD _
H1

H0

h

where h is the suitable modification of the threshold in (24),
and

tGASD = v†S−1ZH Z†
H S−1v

tr(Z†
H S−1ZH )(v†S−1v)

is the decision statistic of GASD [7]. Representation (24)
proves the coincidence of the two-step GLRT-based
detector and the GASD. This result thus provides a
theoretical explanation of the observed fact that the GASD
has excellent sidelobe rejection capabilities.

For the sake of completeness, the two-step GLRT for
homogeneous environment is given by [14]

2tGAMF − tr[Z†
H S−1ZH ] _

H1

H0

h (25)

A few remarks are now in order. First, the newly proposed
detectors (13) and (15) guarantee the CFAR property with
respect to the unknown parameters of the noise under the
noise-only hypothesis (the H0 hypothesis is redefined as
follows H0: zl = nl, l = 1, . . . , H + K (see the
Appendix for the proof) and can be easily generalised to
the case of useful target echoes modelled as unknown
vectors belonging to a known subspace. Second, the
undesired signal vectors vl are only introduced for
formulating the null hypothesis in the hypothesis test (1).
Actually, as we can seen from the expressions (13) and
(15), the resulting proposed detectors do not depend on the
vectors vl. Thus, in the simulations, we only need to
generate v. Finally, detectors (13) and (25) are slightly
more complex than the GLRT and the GAMF,
respectively, since they require the computation of the
extra term. Anyway, detector (13) involves O(LN 2) +
O(H 3) + O(H 2N ) floating-point operations (flops),
whereas detector (25) requires O(LN 2) flops. Moreover,
the implementation of the one-step GLRT for a partially
homogeneous environment requires solving (16), under
both hypotheses, and hence, an additional processing cost
with respect to detector (13).

4 Performance assessment

This section contains some illustrative examples wherein
we compare the proposed algorithms to their natural
competitors. To this end, notice that, from a general point
of view, coherent returns may lie along direction of a vector
p [ C

N×1 (referred to as actual steering vector), not
487
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necessarily aligned with the nominal steering vector v. In
order to analyse the behaviour of the considered decision
rules (designed under the assumption of a perfect match
between v and p) in this scenario, we redefine problem (1)
as follows

H ′
0:

zl = nl, l = 1, . . . , H

zl = nl, l = H + 1, . . . , H + K

{
H ′

1:
zl = alp + nl, l = 1, . . . , H

zl = nl, l = H + 1, . . . , H + K

{
⎧⎪⎪⎪⎨⎪⎪⎪⎩ (26)

As a consequence, the probability of detection (Pd) is defined
as the probability to decide H ′

1 when it is actually in force,
whereas the Pfa is the probability to decide H ′

1 when H ′
0 is

in force. Moreover, the mismatch between nominal and
actual conditions is measured through the angle u between
the nominal and the actual steering vector in the whitened
observation space, that is

cos2 u = |v†M−1p|2

(p†M−1p)(v†M−1v)
(27)

The analysis is carried out by resorting to standard Monte
Carlo counting techniques. More precisely, in order to
evaluate the thresholds necessary to ensure a preassigned
value of Pfa and the Pd’s, we resort to 100/Pfa and 104

independent trials, respectively. As to the noise, it is
modelled as an exponentially correlated complex normal
random vector with one-lag correlation coefficient j,
namely the (i, j)th element of the covariance matrix M is
given by j|i2j|, with j ¼ 0.9. Finally, the signal-to-noise
power ratio (SNR) definition is given by

SNR = p†M−1p
∑H

l=1

|al|2

where |.| denotes the modulus of a complex number.

4.1 Homogeneous environment

The detection performances of detectors (13) and (25) for
matched signals are analysed in Figs. 1–4. In addition, we
compare our detectors to the GLRT, the GAMF, the GASD
and the W-ABORT. The statistic of the W-ABORT is
given by

tW-ABORT = 1

det(IH + Z†
H S−1ZH )(tGLRT − 1)2

where tGLRT is given by (14).
Fig. 1 assumes N ¼ 4, K ¼ 8, H ¼ 4, Pfa ¼ 1024 and

cos2 u ¼ 1. As it can be seen, the best performance is
attained by the GLRT, whereas detector (25) and the
GAMF experience a loss of about 1 dB at Pd ¼ 0.9; such a
loss increases to about 2 dB, 2.6 dB and 3.8 dB for detector
(13), the W-ABORT and the GASD, respectively. However,
the above-mentioned loss can be reduced by increasing K
because of the fact that the estimate of M becomes more
reliable, as shown in Fig. 2, where we plot the Pd of the
considered detectors for the same system parameters as in
Fig. 1, but for K ¼ 16. In this case, the relative horizontal
displacement of the curves is practically the same as in
Fig. 1 for all values of Pd’s of practical interest (Pd . 0.5).
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In Fig. 3, we have the same system parameters as in Fig. 2,
but for H ¼ 8. It is seen that the best performance is still
attained by the GLRT, and detector (25) and the GAMF
experience a loss of about 0.7 dB at Pd ¼ 0.9. Moreover,
the W-ABORT is closer to the detector (13) and experience
a loss of about 2.5 dB at Pd ¼ 0.9, and such a loss
decreases to about 1.1 dB for the GASD. Finally,
comparison of Figs. 2 and 3 highlights that all detectors
experience a certain loss as H increases, owing to the fact
that a larger number of contaminated data cause a less
reliable estimate of M. Finally, in Fig. 4 we plot Pd against
Pfa assuming cos2 u ¼ 1 and several values of SNR, N, K
and H. The inspection of the figure confirms the hierarchy
observed in the previous figures. In particular, the GLRT
overcomes the other detectors followed by the GAMF and
detector (25).

Figs. 5–7 highlight the behaviour of the aforementioned
detectors in the case of mismatched signals. In particular, in
Fig. 5 we show how the probability to detect a signal

Fig. 1 Pd against SNR for detector (13), detector (25), the GLRT,
GAMF, GASD and W-ABORT in homogeneous environment, N ¼ 4,
K ¼ 8, H ¼ 4, Pfa ¼ 1024 and cos2 u ¼ 1

Fig. 2 Pd against SNR for detector (13), detector (25), the GLRT,
GAMF, GASD and W-ABORT in homogeneous environment, N ¼ 4,
K ¼ 16, H ¼ 4, Pfa ¼ 1024 and cos2 u ¼ 1
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Fig. 4 Pd against Pfa for the considered detectors assuming the
homogeneous environment

a N ¼ 4, K ¼ 8, H ¼ 4 and cos2 u ¼ 1
b N ¼ 4, K ¼ 16, H ¼ 4 and cos2 u ¼ 1

Fig. 3 Pd against SNR for detector (13), detector (25), the GLRT,
GAMF, GASD and W-ABORT in homogeneous environment, N ¼ 4,
K ¼ 16, H ¼ 8, Pfa ¼ 1024 and cos2 u ¼ 1
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
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whose signature (v) does not correspond to the useful signal
(p) falls down as the degree of the mismatch increases
(namely, when cos2 u tends to zero) for a given value of the
SNR. The figure assumes SNR ¼ 25 dB. On the other
hand, in Figs. 6 and 7, we plot the Pd against Pfa assuming
N ¼ 4, K ¼ 16, H ¼ 4, SNR ¼ 10 dB and cos2 u as
parameter. Observe that the curves referring to the most
selective detectors move from the top to the bottom of the
figures as the degree of the mismatch increases. This is
owing to the fact that selective receivers provide low
detection performance of mismatched signals.

4.2 Partially homogeneous environment

In this subsection, we analyse the performance of detector
(15) also in comparison with the GASD and the GLRT. In
this case, we do the not consider the GAMF and the
W-ABORT since they are no longer CFAR. The GLRT for
partially homogeneous environment can be recast as [7]

r̂
NK/L
0 det((1/̂r0)S + R0)

r̂
NK/L
1 det((1/̂r1)S + R1)

_
H1

H0

h

where r̂i, i ¼ 0, 1, is the unique positive solution of equation

∑ti

k=1

mk,ir

mk,ir+ 1
= HN

L
, i = 0, 1

with t0 ¼ min(H, N ), mk,0’s, k ¼ 1, . . . , t0, are the non-zero
eigenvalues of the matrix S21/2R0S21/2, and
t1 ¼ min(H, N 2 1), mk,1’s, k ¼ 1, . . . , t1 are the non-zero
eigenvalues of the matrix S21/2R1S21/2 with
S = ZKZ†

K , R0 = ZH Z†
H , and

R1 = ZH − v†S−1ZH

v†S−1v
v

( )
ZH − v†S−1ZH

v†S−1v
v

( )†

Fig. 5 Pd against cos2 u for detector (13) (no marker and dashed
line) and detector (25) (diamond marker and solid line), the GLRT
(no marker and solid line), the GAMF (x-marker and solid line),
the GASD (no marker and dotted line) and the W-ABORT (circle
marker and solid line) in homogeneous environment, N ¼ 4,
K ¼ 16, H ¼ 4, Pfa ¼ 1024
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Fig. 8 refers to N ¼ 4, K ¼ 16 and H ¼ 4, whereas Fig. 9
assumes N ¼ 4, K ¼ 32 and H ¼ 8. Both figures assume
cos2 u ¼ 1 and more important, show that detector (15) has
practically the same matched detection performances of the
GASD and the GLRT. From a quantitative point of view,
Fig. 8 shows that detector (15) and the GASD lose less
than 0.2 dB with respect to the GLRT, and Fig. 9 shows
that the GASD loses less than 0.3 dB with respect to the
GLRT and detector (15). The above results are confirmed in
Fig. 10, where we plot the curves of Pd as a function of
the Pfa for several values of the SNR. In Figs. 11 and 12,
we analyse the performance of the proposed detectors
for partially homogeneous environments in the case of
mismatched signals. More precisely, in Fig. 11 we plot Pd

against cos2 u for detector (15), the GLRT and the GASD
with the same system parameters as in Fig. 8 and
SNR ¼ 25 dB. Inspection of the figure shows that the
receivers exhibit practically the same performance in terms
of sidelobe signals rejection. However, the GLRT and the
GASD are slightly more selective than detector (15). Other
simulation results, omitted here for the sake of brevity, have
confirmed that the above results are still valid for N ¼ 4,

Fig. 6 Pd against Pfa for the considered detectors in homogeneous
scenario assuming

a N ¼ 4, K ¼ 16, H ¼ 4, SNR ¼ 10 dB and cos2 u ¼ 0.9
b N ¼ 4, K ¼ 16, H ¼ 4, SNR ¼ 10 dB and cos2 u ¼ 0.7
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Fig. 8 Pd against SNR for detector (15), the GLRT and GASD in
partially homogeneous environment, N ¼ 4, K ¼ 16, H ¼ 4,
Pfa ¼ 1024 and cos2 u ¼ 1

Fig. 7 Pd against Pfa for the considered detectors in homogeneous
scenario assuming

a N ¼ 4, K ¼ 16, H ¼ 4, SNR ¼ 10 dB and cos2 u ¼ 0.5
b N ¼ 4, K ¼ 16, H ¼ 4, SNR ¼ 10 dB and cos2 u ¼ 0.3
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
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Fig. 9 Pd against SNR for detector (15), the GLRT and GASD in
partially homogeneous environment, N ¼ 4, K ¼ 32, H ¼ 8,
Pfa ¼ 1024 and cos2 u ¼ 1

Fig. 10 Pd against Pfa for the considered detectors in partially
homogeneous scenario assuming

a N ¼ 4, K ¼ 16, H ¼ 4, and cos2 u ¼ 1
b N ¼ 4, K ¼ 16, H ¼ 8, and cos2 u ¼ 1
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
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K ¼ 32 and H ¼ 8. Finally, the same comments of Fig. 11
hold true also for Fig. 12.

5 Conclusions

In this paper, we have considered the problem of adaptive radar
detection of distributed targets in the presence of Gaussian noise
with unknown covariance matrix. More precisely, we extend
the ABORT idea to the case of distributed targets resorting to
the GLRT design criterion and to ad hoc procedures. At the
design stage, we assume that secondary data possess either
the same covariance matrix (homogeneous environment) or
the same structure of the covariance matrix (partially
homogeneous environment) of the cells under test.
Remarkably, it is shown that the proposed detectors possess
the CFAR property with respect to unknown parameters of
the noise. Moreover, we have proved that the two-step
GLRT-based detector and the GASD are equivalent in

Fig. 12 Pd against Pfa for detector (15), the GLRT and GASD in
a partially homogeneous environment, N ¼ 4, K ¼ 16, H ¼ 4,
SNR ¼ 16 dB and cos2 u as parameter

Fig. 11 Pd against cos2 u for detector (15), the GLRT and GASD
in partially homogeneous environment, N ¼ 4, K ¼ 16, H ¼ 4,
Pfa ¼ 1024 and SNR ¼ 25 dB
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partially homogeneous environment, which is an interesting
property that does not arise if the environment is completely
homogeneous. The performance assessment has shown that
the one-step GLRT ensures better rejection capabilities of
mismatched signals than the ad hoc detector in homogeneous
environment, although at the price of a certain loss in terms of
detection of matched signals. As for a partially homogeneous
environment, the two-step design procedure returns the GASD
and should be preferred with respect to the one-step GLRT.

Further work will involve the analysis of the proposed
receivers in a clutter-dominated non-Gaussian scenario. It is
also needed to investigate other adaptive detection strategies
for distributed targets embedded in Gaussian disturbance
with an unknown covariance matrix.
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8 Appendix: CFARness of detector (13) and
detector (15)

In this appendix, we first demonstrate that detector (15) is
CFAR with respect to r and M. To this end, preliminary
note that, zl � CN N (0, rM), l ¼ 1, . . . , K, and hence,

zl =
��
r

√
wl with wl � CN N (0, M), l ¼ 1, . . . , K. Moreover,

S =
∑K

l=1 zlz
†
l = r

∑K
l=1 wlw

†
l = r�S. Then we introduce the

matrices

�B0 = Z†
H
�S
−1/2

Pv�S
�S
−1/2

ZH

�B1 = Z†
H
�S
−1/2

(IN − Pv�S
)�S

−1/2
ZH

and denote by t0 and t1 the ranks of �B0 and �B1, respectively. It
follows that detector (15) can be recast as

(rĝ0)H(L−N )/Ldet (1/rĝ)IH + (1/r) �B0

[ ]
(rĝ1)H(L−N )/Ldet (1/rĝ)IH + (1/r) �B1

[ ]
= ĝ

H (L−N )/L
0 det[(1/ĝ0)IH + �B0]

ĝ
H (L−N )/L
1 det[(1/ĝ0)IH + �B1]

(28)

where ĝi, i ¼ 0, 1, is the unique positive solution of equation

∑ti

k=1

mk,ig

mk,ig+ 1
= HN

L
, i = 0, 1

with mk,0, k ¼ 1, . . . , t0, and mk,1, k ¼ 1, . . . , t1, the non-zero
eigenvalues of �B0 and �B1, respectively. Thus, detector (15) is
actually invariant with respect to r under both hypotheses.

In the following, we show that detector (15) guarantees the
CFAR property with respect to covariance matrix M. To
begin with, let us apply the whitening transformation M21/2

to the vectors zl, l ¼ 1, . . . , H + K, and recast the decision
statistic (28) as (see equation at the bottom of the page)

where YH ¼ M21/2ZH, YK ¼ M21/2ZK, �Sw = M−1/2 �SM
−1/2

and vw ¼ M21/2v. Next, let us define a unitary matrix
U [ C

N×N that rotates vw into the first elementary vector

ĝ
H(L−N )/L
0 det[(1/ĝ0)IH + Y †

H
�S
−1
w vw(v†w�S

−1
w vw)−1v†w�S

−1
w Y H ]

ĝ
H(L−N )/L
1 det[(1/ĝ1)IH + Y †

H
�S
−1
w Y H − Y †

H
�S
−1
w vw(v†w�S

−1
w vw)−1v†w�S

−1
w Y H ]
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e1, that is

Uvw = UM−1/2v =
���������
v†M−1v

√
e1

where e1 is the N-dimensional column vector whose first entry
is equal to one and the remaining are zero. Thus, we can recast
the test statistics (28) as follows (see equation at the bottom of
the page)

where CS = W SW †
S , WH ¼ UYH, and WK ¼ UYK. W H =

[w1, . . . , wH ] [ CN×N and W S = [wH+1, . . . , wH+K] [

C
N×K are matrices whose columns are independent and

identically distributed complex normal random vectors with
IET Radar Sonar Navig., 2012, Vol. 6, Iss. 6, pp. 483–493
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zero mean and identity covariance matrix, that is

wk � CN N (0, IN ), k = 1, . . . , H + K

It is thus apparent that under H0 the decision statistic (28) can
be expressed as a function of random variables whose
distribution does not depend on M. The claimed CFAR
property of detector (15) is proved.

Similarly, the decision statistic of detector (13) can be
recast as (see equation at the bottom of the page)

whose distribution is apparently independent of M under H0.
ĝ
H(L−N )/L
0 det[(1/ĝ0)IH + W †

H C−1
S e1(e†1C−1

S e1)−1e†1C−1
S W H ]

ĝ
H(L−N )/L
1 det[(1/ĝ0)IH + W †

H C−1
S W H − W †

H C−1
S e1(e†1C−1

S e1)−1e†1C−1
S W H ]

e†1C−1
S e1 + e†1C−1

S W H W †
H C−1

S e1

det(IH + W H C−1
S W H )−1e†1C−1

S e1 − e†1C−1
S W H (IH + W H C−1

S W H )−1W †
H C−1

S e1
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