
ACT466H1S - TEST 3 - APRIL 12, 2007

Write name and student number on each page.  Write your solution for each question in
the space provided.

1.   has a compound distribution.W

The frequency distribution  has probability functionR

8 À ! " # $     
TÐR œ 8Ñ À Þ% Þ$ Þ# Þ"    
The severity (single claim) distribution  has probability function]

C À " # $    
TÐ] œ CÑ À Þ& Þ$ Þ#   

5  (a)  is to be simulated in two steps. In the first step,  is simulated using the usual inverseW R

transform method using a uniform (0,1) random number   . In the second step, whatever? œ Þ(&

the simulated number of claims is from step 1, that many claim amounts ( ) are simulated using]

as many of the following uniform (0,1) random numbers as necessary:   .Þ$& ß Þ)# ß Þ%"

Find the simulated value of .W

5  (b)  is to be simulated using the inverse transform method applied directly to .W W

Using a uniform (0,1) number of .65, find the simulated value of .W



2..  The geometric distribution with parameter  ( ) has probability function: !  :  "

TÐ\ œ 5Ñ œ :Ð"  :Ñ ß 5 œ !ß "ß #ß ÞÞÞ5

An alternative parametrization of this distribution has   , and) œ ":
:

T Ð\ œ 5Ñ œ ß 5 œ !ß "ß #ß ÞÞÞ)
)

5

5"Ð" Ñ

Show that each of the following methods is a valid method of simulating this geometric random
variable  by showing that the probability function of the simulated random variable  is the\ ]

same as that of .\

3  (a) Method 1: This method requires successive independent uniform (0,1) numbers  ? ß ? ß ÞÞÞ" #

For  , set    if   .? ] œ ! ?  :" "

If   , and  if ,   then set    .?   : ?  : ] œ "" #

In general, if    for    and if   , then set  ?   : 3 œ "ß #ß ÞÞÞß 5 ?  : ] œ 53 5"

(where  is an integer ).5   "

2  (b) Method 2:  Given uniform (0,1) random number , find   .? 68Ð"?Ñ
68Ð":Ñ

If   is an integer 0 such that    , then set  .5   5 Ÿ  5  " ] œ 568Ð"?Ñ
68Ð":Ñ

2  (c) Method 3: This is a two step method. In the first step, a uniform (0,1) random number  is?

used to find   .  In the second step, a second uniform (0,1) random number - )œ  68Ð"  ?Ñ @

(independent of ) is used with the usual inverse transform method to simulate a Poisson random?

variable with mean .  is set equal to the value of the simulated Poisson random variable. The- ]

second simulation is conditional on the value of the first simulation.



3. The random variable  has pdf    for   .\ !  B  ""
# BÈ

2  (a) Given uniform (0,1) random number , apply the inverse transform method to simulate .? \

Express the simulated value of  in terms of .\ ?

2  (b) If  is uniformly distributed on (0,1), show that    also has a uniform distribution? @ œ "  ?

on (0,1).
(c) For a given uniform (0,1) random number , apply the inverse transform method to simulate?

B ? B "  ?" # from  and to simulate  from .
2     (i)  Find the covariance between  and . Are  and  independent?B B B B" # " #

2     (ii)  Find the variance of   . How does it compare to the variance of the sum of twoB  B" #

   independent values of ?\



4.  The following random sample of size 5 is taken from the distribution of :\
 1  ,  3  ,  4  ,  7  ,  10

Bootstrap approximation of the mean square error of estimators is to be based on the following 7
resamplings of size 5 from the empirical distribution:
 Resample 1 : 1 , 1 , 4 , 7 , 7
 Resample 2 : 3 , 4 , 4 , 7 , 10
 Resample 3 : 1 , 4 , 4 , 10 , 10
 Resample 4 : 3 , 3 , 3 , 4 , 10
 Resample 5 : 4 , 4 , 7 , 7 , 10
 Resample 6 : 1 , 7 , 7 , 10 , 10
 Resample 7 : 4 , 7 , 7 , 7 , 10

The median of  is estimated by the average of the smallest and largest sample values,\

and the 3rd moment of  is estimated by the estimator  .\ \"
&
3œ"

&

3
$�

5+5 Find the bootstrap approximation to each of those estimators using the 7 resamplings.



5  5.   has pdf     and cdf    .\ 0ÐBÑ œ B/ JÐBÑ œ "  ÐB  "Ñ/B B

You are given that the 90th percentile of  is 3.8897 .\

Find the 90th percentile conditional tail expectation, .GXIÞ*



6.   has a geometric distribution with    , and probability function\ : œ "
#

T Ð\ œ 5Ñ œ Ð"  :Ñ : ß 5 œ !ß "ß #ß ÞÞÞ \5  .  The mean of  is 1.
5  (a)  Using the definition of percentile for a discrete random variable in the Risk Measures study

note, find the 90th percentile of .\

5  (b) Find the 90th percentile conditional tail expectation for , .\ GXIÞ*



ACT466H1S - TEST 2 - APRIL 12, 2007 - SOLUTIONS

1.(a)  The cdf of  isR

8 À ! " # $     
TÐR Ÿ 8Ñ À Þ% Þ( Þ* "    
The uniform value of .75 results in a simulated value of  of 2, since   .R Þ( Ÿ Þ(&  Þ*

We must simulate 2 values of . The cdf of  is] ]

C À " # $    
TÐ] Ÿ CÑ À Þ& Þ) "   
The first uniform number .35 results in a simulated value of  ,] œ ""

and the second uniform number .82 results in  ] œ $Þ#

The simulated value of  is .W "  $ œ %

(b) The probability function of  is found by considering the various combinations of  andW R

] .

TÐW œ !Ñ œ TÐR œ !Ñ œ Þ% p J Ð!Ñ œ Þ%ÞW

T ÐW œ "Ñ œ TÐR œ "Ñ † T Ð] œ "Ñ œ ÐÞ$ÑÐÞ&Ñ œ Þ"& p J Ð"Ñ œ Þ&&W  .

TÐW œ #Ñ œ TÐR œ "Ñ † T Ð] œ #Ñ  TÐR œ #Ñ † ÒT Ð] œ "ÑÓ#

œ ÐÞ$ÑÐÞ$Ñ  ÐÞ#ÑÐÞ&Ñ œ Þ"% p J Ð#Ñ œ Þ'*#
W   .

For the uniform (0,1) number .65, we have   .J Ð"Ñ œ Þ&& Ÿ Þ'&  Þ'* œ J Ð#ÑW W

The simulated value of  is 2.W



2.(a) For any ,  and    because  is uniformly distributed/? TÐ?  :Ñ œ : TÐ?  :Ñ œ "  : ?

The probability of    successive  -values  followed by a -value less than  is5 ?  : ? :

Ð"  :Ñ : \ œ 55  , which is the probability that .

(b)  TÐ] œ 5Ñ œ TÐ5 Ÿ  5  "Ñ68Ð"?Ñ
68Ð":Ñ

œ T Ò5 68Ð"  :Ñ   68Ð"  ?Ñ  Ð5  "Ñ 68Ð"  :ÑÓ

œ T ÒÐ"  :Ñ   "  ?  Ð"  :Ñ Ó5 5"

Since  is uniformly distributed on (0,1), so is   .? "  ?

T ÒÐ"  :Ñ   "  ?  Ð"  :Ñ Ó5 5"

œ Ð"  :Ñ  Ð"  :Ñ œ Ð"  :Ñ † :5 5" 5  .

Alternatively,
T ÒÐ"  :Ñ   "  ?  Ð"  :Ñ Ó5 5"

œ T Ò"  Ð"  :Ñ Ÿ ?  "  Ð"  :Ñ Ó5 5"

œ "  Ð"  :Ñ  Ò"  Ð"  :Ñ Ó œ Ð"  :Ñ  Ð"  :Ñ œ Ð"  :Ñ † :5" 5 5 5" 5  .

(c)  The first simulation results in a value of  from the exponential distribution with mean ,- )

is the pdf of  is  .- 1 -Ð Ñ œ /"  Î
)

- )

The second simulation has probability function  .TÐ] œ 5l Ñ œ- /
5x

 5--

The unconditional probability  isTÐ] œ 5Ñ

T Ð] œ 5Ñ œ TÐ] œ 5l Ñ † Ð Ñ . œ † / .' '
! !
∞ ∞ / "

5x
 Î- 1 - - -

 5--
)

- )

œ / . œ † œ" " 5x
5x 5x!

∞ 5  Ð Ñ
Ð Ñ Ð" Ñ) )

- )
)

' - -
)
)

)
)

"

" 5"

5

5"  .



3.(a)   ,   .J Ð>Ñ œ .B œ > !  >  "\ !
> "
# B

' ÈÈ
According to the inverse transform method, we solve for  fromB

? œ J ÐBÑ œ B B œ ?\
#È  , so that   .

(b)  We can apply the usual Jacobian method to find the pdf of :@
  and   for  @ œ "  ? ß 0 Ð?Ñ œ " !  ?  "Y

      for   .p 0 Ð@Ñ œ 0 Ð"  @Ñ † l Ð"  @Ñl œ " !  "  @Z Y
.
.@

Alternatively,   .J Ð>Ñ œ T ÒZ  >Ó œ T Ò"  Y  >Ó œ T ÒY  "  >Ó œ >Z

so   .0 Ð>Ñ œ "Z

(c)(i)   .B œ ? ß B œ Ð"  ?Ñ" #
# #

G9@ÐB ß B Ñ œ G9@Ð? ß Ð"  ?Ñ Ñ œ IÒ? Ð"  ?Ñ Ó  IÒ? ÓIÒÐ"  ?Ñ Ó Þ" #
# # # # # #

IÒ? Ó œ ? .? œ œ IÒÐ"  ?Ñ Ó œ IÒ\Ó# # #
!
" "

$
'  .

IÒ? Ð"  ?Ñ Ó œ IÒ?  #?  ? Ó œ  #Ð Ñ  œ# # # $ % " " " "
$ % & $!  .

G9@ÐB ß B Ñ œ  Ð ÑÐ Ñ œ  B B" # " #
" " " (
$! $ $ *!  .   and   are not independent

(ii)   .Z +<ÒB  B Ó œ Z +<ÐB Ñ  Z +<ÐB Ñ  #G9@ÐB ß B Ñ" # " # " #

Z +<ÐB Ñ œ IÒ\ Ó  ÐIÒ\ÓÑ Þ"
# #

IÒ\ Ó œ B † .B œ IÒ\Ó œ# #
!
" " " "

# B & $
' È  ,  and   .

Z +<Ò\Ó œ  Ð Ñ œ" " %
& $ %&

#  .
Z +<ÒB  B Ó œ   #Ð  Ñ œ" #

% % ( "
%& %& *! %&  .

The variance of the sum of two independent 's is   ,\  œ% % )
%& %& %&

larger than the variance of    found from .B  B ?" #



4.  Median:
The median of the empirical distribution is   .) œ %

Resample     ) )s sÐ  %Ñ" "
#

1 , 1 , 4 , 7 , 7  4   Ð%  %Ñ œ !#

3 , 4 , 4 , 7 , 10    "$ "$ #&
# # %

#Ð  %Ñ œ

1 , 4 , 4 ,  ,     "! "! Ð  %Ñ œ"" "" *
# # %

#

3 , 3 , 3 , 4 , 10    "$ "$ #&
# # %

#Ð  %Ñ œ

4 , 4 , 7 , 7 , 10   ( Ð(  %Ñ œ *#

1 , 7 , 7 , 10 , 10   "" "" *
# # %

#Ð  %Ñ œ

4 , 7 , 7 , 7 , 10  ( Ð(  %Ñ œ *#

The bootstrap estimate of  MSE(  is  .)sÑ œ &Þ!
!  * *

(

#& * *
% % %

3rd Central Moment:
The 3rd moment of the empirical distribution is   287 ."

&
$ $ $ $ $Ò"  $  %  (  "! Ó œ

Resample     ) )s sÐ  %Ñ" "
#

1 , 1 , 4 , 7 , 7     "&!Þ% Ð"&!Þ%  #)(Ñ œ ")ß '&*Þ&'#

3 , 4 , 4 , 7 , 10    #**Þ' Ð#**Þ'  #)(Ñ œ "&)Þ('#

1 , 4 , 4 ,  ,     "! "! %#&Þ) Ð%#&Þ)  #)(Ñ œ "*ß #'&Þ%%#

3 , 3 , 3 , 4 , 10    ##* Ð##*  #)(Ñ œ $$'%#

4 , 4 , 7 , 7 , 10   $'#Þ) Ð$'#Þ)  #)(Ñ œ &(%&Þ'%#

1 , 7 , 7 , 10 , 10   &$(Þ% Ð&#(Þ%  #)(Ñ œ '#ß (!!Þ"'#

4 , 7 , 7 , 7 , 10  %")Þ' Ð%")Þ'  #)(Ñ œ "(ß $")Þ&'#

The bootstrap estimate of  MSE(  is   .)sÑ ")ß "($Þ"'

5. Since  is continuous,   ,\ GXI œ UÞ* Þ*
IÒ\ÓIÒ\•U Ó

"Þ*
Þ*

where    is the 90th percentile of .U œ $Þ))*( \Þ*

IÒ\Ó  IÒ\ • U Ó œ IÒ\Ó  IÒ\ • $Þ))*(Ó œ Ò"  JÐBÑÓ .BÞ* $Þ))*(
∞'

œ ÐB  "Ñ/ .B œ  ÐB  #Ñ/ œ Ð$Þ))*(  #Ñ/ œ Þ"#!%&' ¹$Þ))*(
∞ B B $Þ))*(

Bœ$Þ))*(

Bœ∞

 .

Then,   .GXI œ  $Þ))*( œ &Þ!*Þ*
Þ"#!%&

Þ"



6. (a)   .U œ 738ÖU À T Ð\ Ÿ U Ñ   Þ*×Þ* Þ*

J Ð5Ñ œ :  Ð"  :Ñ: â Ð"  :Ñ : œ "  Ð"  :Ñ\
5 5".

To find the 90th percentile, we want      ,0Ð5Ñ œ "    Þ*"
#5"

so that    . We see that   ." " "
# # #5" $" #"Ÿ Þ" œ Þ!'#&  Þ"  Þ"#& œ

The 90th percentile of  is , since  \ U œ $ TÐ\ Ÿ $Ñ œ Þ&  Þ#&  Þ"#&  Þ!'#& œ Þ*$(&   Þ*Þ*

and   .TÐ\ Ÿ #Ñ œ Þ)(&  Þ*

(b)  GXI œ ÞÞ*
Ð Þ*ÑU Ð" ÑIÒ\l\U Ó

"Þ*
" "w w

Þ* Þ*

From part (a), we have   .U œ $Þ*

" "w
Þ* Þ*$(&œ 7+BÖ À U œ U œ $× U œ $"  .  From part (a), we see that   since

TÐ\ Ÿ $Ñ œ Þ*$(& U œ %  Þ*$(& , and    for any   ." "

Therefore,   ."w œ Þ*$(&

GXI œÞ*
ÐÞ*$(&Þ*ÑÐ$ÑÐ"Þ*$(&ÑIÒ\l\$Ó

Þ"  .
IÒ\l\  $Ó œ %TÐ\œ%Ñ&TÐ\œ&Ñâ

TÐ\$Ñ  .

But
%T Ð\ œ %Ñ  &TÐ\ œ &Ñ â œ IÒ\Ó  TÐ\ œ "Ñ  #TÐ\ œ #Ñ  $TÐ\ œ $Ñ

œ "  Þ#&  #ÐÞ"#&Ñ  $ÐÞ!'#&Ñ œ Þ$"#& , so that
IÒ\l\  $Ó œ œ & ÞÞ$"#&

Þ!'#&

Then,   .GXI œ œ %Þ#&Þ*
ÐÞ*$(&Þ*ÑÐ$ÑÐ"Þ*$(&ÑÐ&Ñ

Þ"


