STA 414/2104 Mar 9, 2010

Notes

» Sample test questions posted
» Review and/or questions on Thursday this week

» Test will have 3 questions: one from Sample test, one
specific to 414/2104

» Extra Office Hour Monday, March 15, 3-4

» Watch web site for late breaking announcement re
MidTerm
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Neural Networks

» “feed forward single layer neural network”

>
M p
Yi = gk{Bok + Y Brmo(aom + Y cumXe)} = fi(Xe)
m=1 /=1
> o(X) = 775 tanh(x) = ==, maps to (—1,+1) .
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vV vy VvVYy

. heural networks

M P
Yi = 9k{Bok + Y Brmo(com + Y _ cumXe)} = f(Xe)
m=1 =1
9 = (OéOm7 %ITH BO}/{ﬁ /Bk)
R(0) = Zi:1NZk:}1({yik — fi(x))}?, or
R(0) = — > i1 > k=1 Yix 109 fi(X;)
dm(@)=Mp+1)+ KM+1) —
regularization/shrinkage, also called weight decay
minimize

R(0) + AJ(0) +/\(Zﬁkm+zame>

» standardize inputs to mean 0, variance 1 for regularization

backfitting algorithm for minimizing R(¢) described in
§11.4; extension to R(#) + AJ(#) in §11.5.2
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... heural networks

» nnet in MASS library: recommend
A € (1074,1072) for squared error loss;
A € (.01,.1) for log-likelihood

» compare Figure 11.4 top/bottom
» results very sensitive to starting values: R(¢) has many
local maxima

» recommendation (Ripley): take average predictions over
several nnet fits

» weight decay seems to be more important than number of
hidden units

» See §11.7, 8, 9 for interesting examples where neural nets
work well
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Aside: “Bayes error rate”

pr(G =k | x) = Xk
2 it fe(X)me

In Figure 11.4 (and many others) x = (x1, X2)

data is simulated from known f, with known probability 7

pr(G = k | xo) can be calculated for any xo in R?

Xp assigned to, e.g., class 2 if

v

v

v

v

Pri(G=2|x) > Pr(G=1|x)
> Pr(G=3]xp),etc. (2.23) and Figure 2.5

v

this gives the Bayes boundary (best possible)
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Example from Venables and Ripley, Ch. 11
Handout

> library (MASS); library (nnet)
> data (Cushings)
> dim(Cushings)

[1] 27 3

> Cushings # result omitted

> cush = log(as.matrix(Cushings[,-3])) [1:21,] ## use log scale for inputs, use known classe
> tp = Cushings$Type(1l:21,drop=T] ## record type when it is known

> par (mfrow=c(2,2))

> pltnn("Size = 2")

set.seed(1l); plt.bndry(size = 2, col = 2)
set.seed(3); plt.bndry(size = 2, col = 3)
plt.bndry(size = 2, col = 4)

pltnn("Size = 2, lambda = 0.001")
set.seed(l); plt.bndry(size = 2, decay = 0.001, col = 2)
set.seed(2); plt.bndry(size = 2, decay = 0.001, col = 4)

o

pltnn("Size = 2, lambda = 0.01")
set.seed(1l); plt.bndry(size = 2, decay = 0.01, col = 2)
set.seed(2); plt.bndry(size = 2, decay = 0.01, col = 4)

o

pltnn("Size = 5, 20 lambda 0.01")
set.seed(2); plt.bndry(size = 5, decay = 0.01, col = 1)
set.seed(2); plt.bndry(size = 20, decay = 0.01, col = 2)
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Average predictions over several fits

pltnn("Many local maxima")
Z <- matrix (0, nrow(cushT), ncol (tpi)
for(iter in 1:20) {
set.seed(iter)
cush.nn <- nnet (cush, tpi, skip = T, softmax = T, size = 3,
decay = 0.01, maxit = 1000, trace = F)
7 <= 7 + predict (cush.nn, cushT)
# In R replace @ by $ in next line.
cat ("final value", format (round(cush.nn$value,3)), "\n")
bl (predict (cush.nn, cushT), col = 2, lwd = 0.5)
}
pltnn ("Averaged")
bl(z, lwd = 3)

Many local maxima Averaged
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Support Vector Machines §12.2, 12.3
Zhu, M. Amer. Statist.
not on test
two class classification

change notation so that y = +1
use linear combinations of p inputs to predict y

y:{—1 ﬂo+XTB<O

vV v vY

+1 % B+ xTB>0
» f(x) = B + x" 3 = 0 defines a hyperplane in RP
» this is a separating hyperplane if there exists ¢ > 0 s.t.

VilBo+x'B8)>ci=1,...,N

» by rescaling we can take ¢ = 1 w.l.o.g.
» margin = 2 x min{y;d;,i =1,...,N}; d; signed distance
from x; to hyperplane

10/20



Margin (Better)

Two separating hyperplanes, one with a larger margin than

Figure 1
the other.
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... support vector machines

margin = 2
18]

» maximizing margin means small 3

optimization problem becomes

v

1 2
min — /3
/80762H ”

st. Yi(Bo+x'B)>1, i=1,...N  (4.48)

v

Note: text has min||5|| (12.4)
later changes to min /3|2 (12.8)

12/20
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Separable Not Separable

v

Allowing overlap

N
o1 >
min — + E i S.t. >0
ﬁo,ﬁQHBH ’Yi:‘lé.l §I

v

subjectto  yi(x/ 5+ fo) > 1~ ¢
&; called slack variables

Book uses C; Zhu uses ~ for tuning parameter (user
specified)

v

v

13/20



STA 414/2104 Mar 9, 2010

» some points allowed to cross into the margin

» some points allowed to cross to the wrong side of the
margin Figure 12.1

» the number of & > 1 is the number of misclassified points

» ¢ is the total proportional amount by which predictions
are on the wrong side

T8+ 5 =0

FIGURE 12.1. Support vector classifiers. The left panel shows the separable

case. The decision boundary is the solid line, while broken lines bound the shaded

mazrimal margin of width 2M = 2/||3||. The right panel shows the nonseparable

(overlap) case. The points labeled €] are on the wrang side of their margin by

an amount E; = ME;; points on the correct side have E; = 0. The margin is

mazimized subject to a total budget 3~ & < constant. Hence Zé; is the total
> distance of poinis on the wrong side of their margin.
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Constrained optimization

N
o1 5

min — + E i st £>0
,30,52“6” ’712151 gl

v

subjectto  yi(x/ B+ Bo) > 1 ¢
equivalent to

v

N
min 2{1 — yi(x! B+ Bo)}+ + N|BI2

i=1
loss function with penalty
solution is

v

v

N
B="aiyix;
e
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... optimization

B="Yaiyix

i=1

» &; are solutions to

| 2
N 1 N N
T
max Z af — E Z Z a,-ajy,-ij,- X/
i=1 i=1 j=1
| 2

N
s.t. Za,-y,- =0 and ;>0

i=1
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... optimization

the solution for 8 has the form

N
B=""aiyx
i=1

v

v

i.e. linear combinations of x; (y; = £1)

only some of the &; are nonzero: those where the lower bound is
exact (12.14)

v

» these observations are called the support vectors
» &; are solutions to
| 2
N 1 N N
L i ViVixXT X
maxZ ai— 5 Z Z Qi Yiyixi X
i=1 i=1 j=1
>

N
s.t. Za,-y,- =0 and «; >0
i=1
Fiatire 12 2 17/20
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Beyond linear (512.3)

f(x)=Bo+x"B=PBo+ > aiyix/x=0
iesv
» depends only on inner products x,.Tx

» use basis function expansions to create more flexible
boundaries

> f(x) = h(x)T8 + Bo
> new Lp =3 a;— 5 3 ajapyiyirh(x;) Th(xp)
» solution depends only on inner products
» lternatively depends on h(-) only through its
» Kernel function K(x, x") =< h(x), h(x") >
» polynomial: (14 < x, x’ >)¢

» radial basis: exp(—||x — x|[2/c)
» neural network tanh(k1 < X, X’ > +k2)
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(a) Original Data (b) kPCA Projection
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Figure 2. Kernel PCA, toy example. (a) Original data. (b) Projection onto the first two kernel principal components.
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