
Today
I HW 2: due March 4, 11.59 pm.

I Generalized Linear Models Chs. 6 and 7 SM 10.2,3

I after mid-term break: random effects, mixed linear and
non-linear models, nonparametric regression methods

I In the News: measles

STA 2201: Applied Statistics II February 11, 2015 1/24

http://www.utstat.toronto.edu/reid/2201S15.html


Generalized linear models: theory
I

f (yi ;µi , φi) = exp{yiθi − b(θi)

φi
+ c(yi ;φi)}

I E(yi | xi) = b′(θi) = µi defines µi as a function of θi

I g(µi) = xT
i β = ηi links the n observations together via

covariates

I g(·) is the link function; ηi is the linear predictor

I Var(yi | xi) = φib′′(θi) = φiV (µi)

I V (·) is the variance function
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Examples
I Normal
I Binomial
I Poisson
I Gamma/Exponential
I Inverse Gaussian
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Examples
I Normal: f (yi ;µi , σ

2) =
1√

(2π)σ
exp{− 1

2σ2 (yi − µ2
i )}

= exp{
yiµi − (1/2)µ2

i
σ2 − (1/2) logσ2 − y2

i /2σ
2 − (1/2) log

√
(2π)}

φi = σ2, θi = µi , b(µi) = µ2
i /2σ

2 note b′′(µi ) = 1

I Binomial: f (ri ;pi) =

(
mi

ri

)
pri

i (1− pi)
mi−ri ; yi = ri/mi

= exp[miyi log{pi/(1− pi)}+ mi log(1− pi) + log
( mi

mi yi

)
]

φi = 1/mi , θi = log{pi/(1− pi)}, b(pi) = − log(1− pi)
Note pi = µi = E(yi )

I ELM (p.115) uses ai (φ) in place of φi , later (p.117) ai (φ) = φ/wi ; later
(p.118) wi used for weights in IRWLS algorithm;
SM uses φi , later (p. 483) φi = φai
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Inference using Blackboard Notes, Feb 11

I `(β; y) =
∑
{yiθi−b(θi )

φi
+ c(yi , φi)}

I b′(θi) = µi ; g(µi) = g(b′(θi)) = ηi = xT
i β

I
∂`(β; y)
∂βj

=
∑ ∂`i

∂θi

∂θi

∂βj
=
∑ yi − b′(θi)

φi

∂θi

∂βj

I g′(b(θi))b′′(θi)
∂θi

∂βj
= xij = g′(µi)V (µi) See Slide 2

I
∂`(β; y)
∂βj

=
∑ yi − µi

φig′(µi)V (µi)
xij =

∑ yi − µi

aig′(µi)V (µi)
xij

when φi = aiφ

I matrix notation:
∂`(β)

∂β
= X Tu(β), X =

∂η

∂βT
, u = (u1, . . . ,un)
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Scale parameter φi

I in most cases, either φi is known, or φi = φai ,
where ai is known

I Normal distribution, φ = σ2

I Binomial distribution φi = m−1
i

I Gamma distribution, φ = 1/ν

I
∂`(β; y)
∂βj

=
∑ yi − µi

φig′(µi)V (µi)
xij =

∑ yi − µi

aig′(µi)V (µi)
xij

when φi = aiφ

I if θi = g(µi) canonical link, then g′(µi) = 1/V (µi), and∑ yixij

ai
=
∑ yi µ̂ixij

ai
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Solving maximum likelihood equation
I Newton-Raphson: `′(β̂) = 0 ≈ `′(β) + (β̂ − β)`′′(β)

defines iterative scheme

I β̂(t+1) = β̂(t) − {`′′(β̂(t))}−1`′(β̂(t))

I Fisher scoring: −`′′(β)← E{−`′′(β)} = i(β)
many books use I(β)

I β̂(t+1) = β̂(t) + {i(β̂(t))}−1`′(β̂(t))

I applied to matrix version:

X Tu(β̂) = 0 .
= X Tu(β) + (β̂ − β)X T∂u(β)

∂βT
slide 5

I change to Fisher scoring: β̂ = β + i(β)−1X Tu(β)
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... maximum likelihood equation
I β̂ = β + i(β)−1X Tu(β)

∂2`(β; y)
∂βj∂βk

=
∑ −b′′(θi)

φi

(
∂θi

∂βj

)(
∂θi

∂βk

)
+
∑ yi − b′(θi)

φi

∂2θi

∂βj∂βk
I

E
(
−∂

2`(β; y)

∂βj∂βk

)
=
∑ V (µi )

φi

xij

g′(µi )V (µi )

xik

g′(µi )V (µi )
=
∑ xijxik

φi{g′(µi )}2V (µi )
I

β̂ = β + (X TWX )−1X Tu(β) = (X TWX )−1{X TWXβ + X Tu(β)}
= (X TWX )−1{X TW (Xβ + W−1u(β)}
= (X TWX )−1X TWz

I does not involve φi

I iteratively re-weighted least squares W , z both depend on β

I derived response z = Xβ + W−1u linearized version of y
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Nonlinear least squares SM §10.2

I yi ∼ N(µi , σ
2), independently, i = 1, . . . ,n

I generalized linear model with θi = µi

I link function g(µi) = xT
i β = ηi is non-canonical link

I can be more natural to think of
yi = ηi(β) + εi , i = 1, . . . ,n, εi ∼ N(0, σ2)

I as with glms β̂ can be computed by iteratively re-weighted
LS

I β̂ = (X TWX )−1X TWz X = X (β̂) =
∂η(β)

∂βT

∣∣∣∣
β̂

I as before W = W (β̂) = diag(wi); wi = E(−∂2`i/∂η
2
i )

I as before z = z(β̂) = (Xβ + W−1u); ui(β̂) = ∂`i(η)/∂ηi
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Calcium data: Example 10.1
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... calcium data
I model

E(yi) = β0{1−exp(−xi/β1)}, yi = E(yi)+εi , εi ∼ N(0, σ2)

I fitting:

min
β0,β1

n∑
j=1

(yi − ηi)
2

I use nls or nlm; requires starting values
I > library(SMPracticals); data(calcium)

> fit = nls(cal ˜ b0*(1-exp(-time/b1)), data = calcium, start = list(b0=5,b1=5))
> summary(fit)
Formula: cal ˜ b0 * (1 - exp(-time/b1))

Parameters:
Estimate Std. Error t value Pr(>|t|)

b0 4.3094 0.3029 14.226 1.73e-13 ***
b1 4.7967 0.9047 5.302 1.71e-05 ***
---
Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.5464 on 25 degrees of freedom

Number of iterations to convergence: 3
Achieved convergence tolerance: 9.55e-07
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... calcium data
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... calcium data
I there are 3 observations at each time point
I can fit a model with a different parameter for each time:

E(yi) = ηi + εi
I the nonlinear model is nested within this; constrains ηi as

above
I anova(lm(cal ˜ factor(time), data = calcium))
I Analysis of Variance Table

Response: cal
Df Sum Sq Mean Sq F value Pr(>F)

factor(time) 8 48.437 6.0546 22.720 6.688e-08 ***
Residuals 18 4.797 0.2665

I > deviance(fit) # 7.464514 (mistake in Davison)
> sum(residuals(fit)ˆ2) # 7.464514
> (7.464514 - 4.797)/(25 - 18) # 0.3811
> .3811/.2665
[1] 1.429919 ## Davison has 1.53
> pf(1.430,7,18, lower=F)
[1] 0.2538313
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... calcium data
I checking constant variance assumption
I estimates of σ2 at each time, each with 2 degrees of

freedom
I > s2 = tapply(calcium$cal, factor(calcium$time), var)

> s2
> s2

0.45 1.3 2.4 4 6.1 8.05
0.17367258 0.34616902 0.09523507 0.09422579 0.06686923 0.19656739

11.15 13.15 15
1.08876166 0.19415027 0.14279290
> plot(sort(s2),qchisq((1:9)/10,2))

0.2 0.4 0.6 0.8 1.0

1
2

3
4

sort(s2)

qc
hi

sq
((

1:
9)

/1
0,

 2
)
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Diagnostics ELM §6.4

I residuals rPi = (yi − µ̂i)/
√

V (µ̂i) E(yi ) = µi ,Var(yi ) = φV (µi )

I rDi = sign(yi − µ̂i)
√

di Σr 2
Pi = X 2; Σr 2

Di = Deviance

I response residuals: yi − ŷi not usually of interest
I working residuals: residuals in last iteration of weighted LS
myglm$residuals

I instead use
residuals(myglm, type = c("deviance",
"Pearson"))

I plot residuals in the usual way: look for non-constant
variance, outliers

I plot residuals vs linear predictor; use qqnorm or
halfnorm for outliers
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... diagnostics
I linear model y = Xβ + ε: ŷ = X β̂ = X (X TX )−1X T y
I hat matrix H = X (X TX )−1X T

I generalized linear model: β̂ = (X TWX )−1X TWz
I hat matrix H = W 1/2X (X TWX )−1X TW 1/2

I leverage of point i = Hii = hi

I influence(myglm)$hat

I measures influence of yi on fitted model
I in the linear model, depend only on X ; in glm, depend as

well on β̂
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... diagnostics
I case influence: effect of yi on estimate of β
I influence(myglm)$coef n × p matrix

I Cook’s distances:

Di =
2
p
{`(β̂)− `(β̂−i)}

I effect of case i on the ‘average’ estimation of β
I

Di ≈
hi

p(1− hi)
r2
Pi

hi = Hii ; H = W 1/2X (X TWX )−1X TW 1/2

I cooks.distance(myglm)
see ELM §6.4 for partial residuals, equivalent expresson for Di
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Choosing models
I generalized linear models have two structural components:
I the probability distribution for the response or just mean and

variance
I the regression component: how does the response depend

on x

I it is often very helpful to separate these two features
I probability distribution depends on: convenience, standard

in the field, consistency with known generating
mechanisms, plausible simple starting point, ...

I two or more plausible distributions may lead to same, or
different, conclusions

I see e.g. ELM example wafer p.137, where log-normal or
gamma model give same conclusions

I and motoring p.138, where they do not

I example: inverse Gaussian density arises in
boundary-crossing problems

I has V (µi) = µ3
i

I see §7.2 where this is too rapid an increase to fit the data
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... models
I fitting generalized linear models uses only g(E(yi)) = xT

i β
and var(yi) = φV (µi)

I recall score equation:
n∑

i=1

xiui(β) =
n∑

i=1

xi
yi − µi

g′(µi)φiV (µi)
= 0

I

E(ui) = 0, E(−∂ui

∂µi
) = var(ui)

I these two properties mimic those of a log-likelihood
E(`′(θ)) = 0; var(`′(θ)) = −E(`′′(θ))

I suggests that we can use

Q(β) =
∑

Qi(β) =
∑∫ µi

yi

yi − t
φiV (t)

dt

I as a “log-likelihood”, based only on mean and variance
I see §7.4 where this is used for proportion data
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Example: poisson regression SM 10.28
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... Poisson regression

> data(cloth)
> cloth[1:5,]

x y
1 1.22 1
2 1.70 4
3 2.71 5
4 3.71 14
5 3.72 7
> with(cloth,plot(x,y)) # gives Fig 10.11
> cloth.glm0 = glm(y ˜ x - 1, family = poisson(link = identity), data = cloth)
> summary(cloth.glm0)
Coefficients:
Estimate Std. Error z value Pr(>|z|)

x 1.51024 0.08962 16.85 <2e-16 ***
---

(Dispersion parameter for poisson family taken to be 1)

Null deviance: Inf on 32 degrees of freedom
Residual deviance: 64.537 on 31 degrees of freedom
> cloth.glm1 = glm(y ˜ x - 1, family = quasipoisson(link = identity), data = cloth)
> summary(cloth.glm1)
Coefficients:

Estimate Std. Error t value Pr(>|t|)
x 1.5102 0.1328 11.38 1.35e-12 ***
---

(Dispersion parameter for quasipoisson family taken to be 2.194371)
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Quasi-Poisson model fit
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Measles

Link
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http://adc.bmj.com/content/93/10/832.full.pdf+html



