
The next weeks

March 2 §10.5 Count data and log-linear models
March 9 §10.6 Overdispersion and quasi-likelihood, GEEs
March 16 §10.7 Semiparametric models
March 23 Generalized additive models and lasso
March 30 Finishing pieces, + review

Homework 3: due April 2, 5 pm

Final Test: April 17, 1 - 3 pm
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Fitting Poisson models
I suppose we have 3 factors, each with several levels
I observe a response at each combination of factors
I linear model might be

yijk = µ+αi+βj+γk+εijk , k = 1, . . . ,K ; j = 1, . . . , J; i = 1, . . . I

I or

yijk = µ+ αi + βj + γk + (αβ)ij + (αγ)ik + (βγ)jk + εijk

I if the yijk are positive counts, rather than continuous, then
Poisson model could have

yijk ∼ Po(µijk ), log(µijk ) = µ+ αi + βj + γk

I or

log(µijk ) = µ+ αi + βj + γk + (αβ)ij + (αγ)ik + (βγ)jk
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Example 10.22: Jacamar data

I c = 1, . . . ,8; s = 1, . . . ,6; f = 1,2,3
I ycsf ∼ Po(µcsf ); logµcsf = µ+ αc+

I ycsf | ycs+ ∼ Trinomial(ycs+;
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... Example 10.22
I ycsf ∼ Po(µcsf )

logµcsf = µ+ αc + βs + γf + (αβ)cs + (αγ)cf + (βγ)sf

I ycsf | ycs+ ∼ Trinomial(ycs+;
µcsf

µcs+
)

I ycs+ ∼ Po(µcs+)

µcs+ =

I want to assess effect of colour and species on fate; e.g. if
(αγ)cf ≡ 0,

I all models need to include αc + βs + (αβ)cs – why?
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... Example 10.22

> jac.long[1:6,]
jac.y jac.col jac.sp jac.fate

1 0 Unpainted Ab N
2 0 Unpainted Ab S
3 14 Unpainted Ab E
4 6 Unpainted Pa N
5 1 Unpainted Pa S
6 0 Unpainted Pa E
...
> jac.glm0 = glm(jac.y ˜ jac.col*jac.sp + jac.fate, data = jac.long, family = poisson)
> summary(jac.glm0)
...

Null deviance: 385.55 on 143 degrees of freedom
Residual deviance: 173.86 on 94 degrees of freedom
AIC: 476.99

Number of Fisher Scoring iterations: 15
> jac.glm1 = update(jac.glm0, .˜. + jac.fate:(jac.col+jac.sp))
Warning message:
glm.fit: fitted rates numerically 0 occurred
> summary(jac.glm0)
...

Null deviance: 385.554 on 143 degrees of freedom
Residual deviance: 90.659 on 70 degrees of freedom
AIC: 441.79

Number of Fisher Scoring iterations: 17
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Example 10.23

> data(lung.cancer)
> lung.cancer[1:3,]

years.smok cigarettes Time y
1 15-19 0 10366 1
2 15-19 1-9 3121 0
3 15-19 10-14 3577 0
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... Example 10.23

> summary(glm(y ˜ cigarettes + years.smok + offset(log(Time)),
family = poisson, data = lung.cancer))
...

Coefficients:
Estimate Std. Error z value Pr(>|z|)

(Intercept) -12.5784 1.1475 -10.961 < 2e-16 ***
cigarettes1-9 1.2200 0.7073 1.725 0.084547 .
cigarettes10-14 2.0991 0.6363 3.299 0.000971 ***
cigarettes15-19 2.3089 0.6327 3.649 0.000263 ***
cigarettes20-24 2.9009 0.5956 4.870 1.11e-06 ***
cigarettes25-34 3.1162 0.5947 5.240 1.61e-07 ***
cigarettes35+ 3.6059 0.6048 5.962 2.49e-09 ***
...

(Dispersion parameter for poisson family taken to be 1)

Null deviance: 445.099 on 62 degrees of freedom
Residual deviance: 51.471 on 48 degrees of freedom
AIC: 201.31

Number of Fisher Scoring iterations: 6
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... log-linear models
I see also Example 10.21 for a Poisson example (y is

number of goals scored in soccer match)

I with the Poisson-multinomial connection, we can also fit
contingency tables with more than one response factor

I example HW 2 Q4: treat wheeze and breathlessness as
responses, age as covariate

I reference Faraway: Extending the Linear Model with R;
Agresti: Analysis of Categorical Data

I skip ”marginal models” (p.505) and ordinal data (§10.5.2)
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Over-dispersion §10.6
I over-dispersion means Var(Y ) is larger than expected

under the Poisson or Binomial model
I which specify Var(Y ) = µ, or v(µ) = µ(1− µ)/m
I where does over-dispersion come from? possibly

multiplicative “noise”, see p. 511 for Poisson, (10.34) for
Binomial

I likelihood analysis computes marginal density, averaged
over noise – e.g. Poisson→ Negative Binomial (Ex. 10.26)

I alternative analysis based on “quasi-likelihood” uses
analogy with least squares

I recall that if E(Y ) = Xβ, Var(Y ) = σ2I, then β̂ is best linear
unbiased estimator of β, even if Y is not normally
distributed (Gauss-Markov theorem)

I there could be better nonlinear estimators of β
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... overdispersion
I if E(Y ) = Xβ and Var(Y ) = V , then β̂ =

unbiased for β

I Var(β̂) = (8.19)

I if we knew V , replace β̂ by weighted least squares
estimator; otherwise, use β̂ and adjust confidence intervals
by some estimate of V , see p.377
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... overdispersion
I estimation of β in a generalized linear model depends only

on the specification of the mean function

I and the variance function

I suggests using the same estimating equation for β, but
allow inflation of the variance function by an unknown
dispersion parameter

I e.g. E(yj) = µj , Var(yj) = φµj –

I e.g. E(yj) = µj , Var(yj) = φπj(1− πj)/m –

I estimating equation for β is unchanged
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... overdispersion
I

n∑
j=1

xj
yj − µj

g′(µj)V (µj)
= 0

I this is an unbiased estimating function g(y ;β); satisfies
E{g(Y ;β)} = 0

I under some regularity conditions the solution of
g(y ;β) = 0 is consistent, asymptotically normal

I a. Var(β̃) = φ(X T WX )−1

I from general theory on unbiased estimating functions

E
{
−∂g(Y ;β)

∂β

}−1
Var{g(Y ;β)}E

{
−∂g(Y ;β)

∂β

}−1
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... inference

I φ̂ =
1

n − p

n∑
j=1

n∑
j=1

(yj − µ̂j)
2

V (µ̂j)

I V̂ar(β̃j) = φ̂ V̂ar(β̂j)

I comparison of models: A ⊂ B DA − DB
.∼ χ2

pB−pA

I changes to
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Example 10.28
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... example 10.28
> data(cloth)
> cloth[1:5,]

x y
1 1.22 1
2 1.70 4
3 2.71 5
4 3.71 14
5 3.72 7
> with(cloth,plot(x,y)) # gives Fig 10.11
> cloth.glm0 = glm(y ˜ x - 1, family = poisson(link = identity), data = cloth)
> summary(cloth.glm0)
Coefficients:
Estimate Std. Error z value Pr(>|z|)

x 1.51024 0.08962 16.85 <2e-16 ***
---

(Dispersion parameter for poisson family taken to be 1)

Null deviance: Inf on 32 degrees of freedom
Residual deviance: 64.537 on 31 degrees of freedom
> cloth.glm1 = glm(y ˜ x - 1, family = quasipoisson(link = identity), data = cloth)
> summary(cloth.glm1)
Coefficients:

Estimate Std. Error t value Pr(>|t|)
x 1.5102 0.1328 11.38 1.35e-12 ***
---

(Dispersion parameter for quasipoisson family taken to be 2.194371)

negative binomial p. 515
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Quasi-Poisson model fit
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Example 10.29

I incidence of toxoplasmosis as a function of rainfall
I residual deviances approximately twice the degrees of

freedom
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... example 10.29
> data(toxo)
> toxo[1:4,]

rain m r
1 1620 18 5
2 1650 30 15
3 1650 1 0
4 1735 4 2
> toxo.glm0 = glm(cbind(r,m-r) ˜ rain + I(rainˆ2) + I(rainˆ3), data = toxo,
family = binomial)
> anova(toxo.glm0)
...

Df Deviance Resid. Df Resid. Dev
NULL 33 74.212
rain 1 0.1244 32 74.087
I(rainˆ2) 1 0.0000 31 74.087
I(rainˆ3) 1 11.4529 30 62.635
> toxo.glm1 = glm(cbind(r,m-r) ˜ rain + I(rainˆ2) + I(rainˆ3), data = toxo,
family = quasibinomial)
> summary(toxo.glm1)
...
Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) -2.902e+02 1.215e+02 -2.388 0.0234 *
rain 4.500e-01 1.876e-01 2.398 0.0229 *
I(rainˆ2) -2.311e-04 9.616e-05 -2.404 0.0226 *
I(rainˆ3) 3.932e-08 1.635e-08 2.405 0.0225 *

> 74.212 - 62.635
[1] 11.577
> pchisq(.Last.value, 3, lower.tail = F)
[1] 0.008982002
> (74.212 - 62.635)/3/1.94
[1] 1.989175
> pf(.Last.value, 3, 30, lower.tail = F)
[1] 0.1368155
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Estimating functions and quasi-likelihood
I suppose we assume only that

E(Yj) = µj(β), Var(Yj) = φjV (µj), as in glm
I and we use the glm estimates of β, defined by the score

equation
n∑

j=1

yj − µj

φjV (µj)

xjr

g′(µj)
= 0

I n.b. Davison calls LHS g(Y ;β), different g

I using only (*), we have

E{g(Y ;β)} = 0; E{−∂g(Y ;β)

∂β
} = Var{g(Y ;β)}

I thus g has two properties in common with the the score
function from a log-likelihood
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... estimating functions and quasi-likelihood
I

g(Y ;β) =
n∑

j=1

yj − µj

φjV (µj)

xjr

g′(µj)
= 0

I leads to β̃ .∼ N(β,X T WX ), where W = diag(wi)

I wi = 1/{g′(µj)
2φjV (µj)}

I as usual, assume φj = φaj

I example: weighted LS – V (µ) = 1, weightj = 1/aj

I example: constant coefficient of variation: V (µ) = µ2

I example: overdispersed binomial or Poisson
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... estimating functions and quasi-likelihood
I even if V (µ) is incorrectly specified, β̃ is still consistent

I

a.Var(β̃) = (X T WX )−1Var{g(Y ;β)}(X T WX )−1

I often is well approximated by (X T WX )−1 in any case
I when extended to dependent data, called generalized

estimating equation method
I assume E(Y ) = µ(β); Var(Y ) = V (µ)

I

X T V−1(µ)(Y − µ) = 0

I in the dependent data case, there is no quasi-likelihood
function for which (*) is the score function
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