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Sta/s/cs	  in	  demand	  

  “Sta/s/cal	  science	  is	  undergoing	  unprecedented	  
growth	  in	  both	  opportunity	  and	  ac/vity”	  

 High	  energy	  physics	  
  Art	  history	  	  
  Reality	  mining	  
  Bioinforma/cs	  
  Complex	  surveys	  

  Climate	  and	  environment	  
  SSC	  2010	  …	  	  
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  If	  a	  sta/s/c	  was	  the	  answer,	  what	  was	  the	  ques/on?	  
 What	  are	  we	  coun/ng?	  

  Common	  piMalls	  
 means,	  medians	  and	  outliers	  

 How	  sure	  are	  we?	  
 sta/s/cal	  significance	  and	  confidence	  

  Percentages	  and	  risk	  
 rela/ve	  and	  absolute	  change	  

Theory of statistics 
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 What	  should	  we	  be	  teaching?	  
  If	  a	  sta/s/c	  was	  the	  answer,	  what	  was	  the	  ques/on?	  

 Design	  of	  experiments	  and	  surveys	  
  Common	  piMalls	  

 Summary	  sta/s/cs:	  sufficiency	  etc.	  
 How	  sure	  are	  we?	  

 Inference	  
  Percentages	  and	  risk	  

 Interpreta/on	  

Theory of statistics 
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 Modelling	  is	  difficult	  and	  important	  

 We	  can	  get	  a	  lot	  from	  the	  likelihood	  func/on	  
 Not	  only	  point	  es/mators	  
 Not	  only	  (not	  at	  all!!)	  most	  powerful	  tests	  

  Inferen/al	  quan//es	  (pivots)	  
  Inferen/al	  distribu/ons	  (asympto/cs)	  
  A	  natural	  star/ng	  point,	  even	  for	  very	  complex	  models	  	  

θ̂
f(y; θ1)

f(y; θ0)

Theory of statistics 
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Single-Symbol Maximum Likelihood Decodable
Linear STBCs

Md. Zafar Ali Khan, Member, IEEE, and B. Sundar Rajan, Senior Member, IEEE

Abstract—Space–time block codes (STBCs) from orthogonal de-
signs (ODs) and coordinate interleaved orthogonal designs (CIOD)
have been attracting wider attention due to their amenability for
fast (single-symbol) maximum-likelihood (ML) decoding, and
full-rate with full-rank over quasi-static fading channels. How-
ever, these codes are instances of single-symbol decodable codes
and it is natural to ask, if there exist codes other than STBCs
form ODs and CIODs that allow single-symbol decoding? In
this paper, the above question is answered in the affirmative by
characterizing all linear STBCs, that allow single-symbol ML
decoding (not necessarily full-diversity) over quasi-static fading
channels-calling them single-symbol decodable designs (SDD).
The class SDD includes ODs and CIODs as proper subclasses.
Further, among the SDD, a class of those that offer full-diversity,
called Full-rank SDD (FSDD) are characterized and classified. We
then concentrate on square designs and derive the maximal rate
for square FSDDs using a constructional proof. It follows that 1)
except for , square complex ODs are not maximal rate and
2) a rate one square FSDD exist only for two and four transmit
antennas. For nonsquare designs, generalized coordinate-inter-
leaved orthogonal designs (a superset of CIODs) are presented and
analyzed. Finally, for rapid-fading channels an equivalent matrix
channel representation is developed, which allows the results of
quasi-static fading channels to be applied to rapid-fading channels.
Using this representation we show that for rapid-fading channels
the rate of single-symbol decodable STBCs are independent of the
number of transmit antennas and inversely proportional to the
block-length of the code. Significantly, the CIOD for two transmit
antennas is the only STBC that is single-symbol decodable over
both quasi-static and rapid-fading channels.

Index Terms—Diversity, fast ML decoding, multiple-input–mul-
tiple-output (MIMO), orthogonal designs, space–time block codes
(STBCs).

I. INTRODUCTION

S INCE the publication of capacity gains of multiple-input
multiple-output (MIMO) systems [1], [2] coding for MIMO

systems has been an active area of research and such codes
have been christened space–time codes (STCs). The primary
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difference between coded modulation [used for single-input
single-output (SISO), single-iutput multiple-output (SIMO)]
and space–time codes is that in coded modulation the coding
is in time only while in space–time codes the coding is in
both space and time and hence the name. STC can be thought
of as a signal design problem at the transmitter to realize the
capacity benefits of MIMO systems [1], [2], though, several
developments toward STC were presented in [3]–[7] which
combine transmit and receive diversity, much prior to the results
on capacity. Formally, a thorough treatment of STCs was first
presented in [8] in the form of trellis codes [space–time trellis
codes (STTC)] along with appropriate design and performance
criteria.

The decoding complexity of STTC is exponential in band-
width efficiency and required diversity order. Starting from
Alamouti [12], several authors have studied space–time block
codes (STBCs) obtained from orthogonal designs (ODs) and
their variations that offer fast decoding (single-symbol de-
coding or double-symbol decoding) over quasi-static fading
channels [9]–[27]. But the STBCs from ODs are a class of
codes that are amenable to single-symbol decoding. Due to the
importance of single-symbol decodable codes, need was felt
for rigorous characterization of single-symbol decodable linear
STBCs.

Following the spirit of [11], by a linear STBC,1 we mean those
covered by the following definition.

Definition 1 (Linear STBC): A linear design, , is a
matrix whose entries are complex linear combinations of
complex indeterminates ,
and their complex conjugates. The STBC obtained by letting
each indeterminate to take all possible values from a complex
constellation is called a linear STBC over . Notice that

is basically a “design” and by the STBC we mean
the STBC obtained using the design with the indeterminates
taking values from the signal constellation . The rate of the
code/design2 is given by symbols/channel use. Every
linear design can be expressed as

(1)

where is a set of complex matrices called weight
matrices of . When the signal set is understood from the
context or with the understanding that an appropriate signal set

1Also referred to as a linear dispersion code [36]
2Note that if the signal set is of size the throughput rate in bits per second

per Hertz is related to the rate of the design as .

0018-9448/$20.00 © 2006 IEEE
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1.  Higher	  order	  asympto/cs	  
	  likelihood	  as	  pivotal	  

2.  Bayesian	  and	  non-‐Bayesian	  inference	  
3.  Par/al,	  quasi,	  composite	  likelihood	  

4.  Where	  are	  we	  headed?	  
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P-‐value	  func/ons	  from	  likelihood	  
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Can	  be	  nearly	  exact	  
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  Likelihood	  root	  
 Maximum	  likelihood	  es/mate	  
  Score	  func/on	  	  
  All	  approximately	  distributed	  as	  

  	  	  	  	  Much	  be]er	  :	  

  	  	  	  	  	  	  	  	  	  	  	  can	  be	  	  

r(θ) = ±
√
[2{�(θ̂)− �(θ)}]

q(θ) = (θ̂ − θ)j1/2(θ̂)

s(θ) = ��(θ)j−1/2(θ̂)

N(0, 1)

Q(θ) q(θ) or s(θ) or ...

r∗(θ) = r(θ) +
1

r(θ)
log

Q(θ)

r(θ)
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  Likelihood	  root	  
 Maximum	  likelihood	  es/mate	  
  Score	  func/on	  	  
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	  	  	  	  	  Using	  higher	  order	  approxima/ons	  
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  Excellent	  approxima/ons	  for	  ‘easy’	  cases	  
  Exponen/al	  families,	  non-‐normal	  linear	  regression	  

 More	  work	  to	  construct	  for	  ‘moderate’	  cases	  
  Autoregressive	  models,	  fixed	  and	  random	  effects,	  

	  	  	  	  	  discrete	  responses	  

  Fairly	  delicate	  for	  ‘difficult’	  cases	  
  Complex	  structural	  models	  with	  several	  sources	  of	  varia/on	  

  Best	  results	  for	  scalar	  parameter	  of	  interest	  
  But	  we	  may	  need	  inference	  for	  vector	  parameters	  	  
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4Amari, 1982, Biometrika; Efron, 1975, Annals 
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 Differen/al	  geometry	  of	  sta/s/cal	  models	  

  Theory	  of	  exponen/al	  families	  
  Edgeworth	  and	  saddlepoint	  approxima/ons	  
  Key	  idea:	  
  A	  smooth	  parametric	  model	  can	  be	  approximated	  	  
	  	  	  	  by	  a	  tangent	  exponen/al	  family	  model	  
  Requires	  differen/a/ng	  log-‐likelihood	  func/on	  	  
	  	  	  	  on	  the	  sample	  space	  
  Permits	  extensions	  to	  more	  complex	  models	  
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	  Generaliza/ons	  
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  To	  discrete	  data	  
 Where	  differen/a/ng	  the	  log-‐likelihood	  on	  the	  sample	  
space	  is	  more	  difficult	  

  Solu/on:	  use	  expected	  value	  of	  score	  sta/s/c	  instead	  
  Rela/ve	  error	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  instead	  of	  
  S/ll	  be]er	  than	  the	  normal	  approxima/on	  	  	  

O(n−1) O(n−3/2)
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  To	  vector	  parameters	  of	  interest	  

  But	  our	  solu/ons	  require	  a	  single	  parameter	  	  
  Solu/on:	  use	  length	  of	  the	  vector,	  condi/oned	  on	  the	  
direc/on	  
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  Extending	  the	  role	  of	  the	  exponen/al	  family	  

  By	  generalizing	  differen/a/on	  on	  the	  sample	  space	  
  Idea:	  differen/ate	  the	  expected	  log-‐likelihood	  

  Instead	  of	  the	  log-‐likelihood	  

  Leads	  to	  a	  new	  version	  of	  approxima/ng	  exponen/al	  
family	  

  Can	  be	  used	  with	  pseudo-‐likelihoods	  
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 Higher	  order	  approxima/on	  requires	  

 Differen/a/ng	  the	  log-‐likelihood	  func/on	  	  
	  	  	  	  on	  the	  sample	  space	  
  Bayesian	  inference	  will	  be	  different	  
  Asympto/c	  expansion	  highlights	  the	  discrepancy	  
  Bayesian	  posteriors	  are	  in	  general	  not	  calibrated	  
  Cannot	  always	  be	  corrected	  by	  choice	  of	  the	  prior	  
 We	  can	  study	  this	  by	  comparing	  Bayesian	  and	  
nonBayesian	  approxima/ons	  
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  Logis/c	  regression	  with	  a	  single	  covariate	  
 On	  the	  logis/c	  scale	  
 Use	  flat	  priors	  for	  	  
  Parameter	  of	  interest	  is	  

  Empirical	  coverage	  of	  Bayesian	  posterior	  intervals:	  
  0.90,	  0.88,	  0.89,	  0.90	  

  Empirical	  coverage	  of	  intervals	  using	  
  0.95,	  0.95,	  0.95,	  0.95	  

Pr(yi = 1) = α+ βxi

(α,β)

ψ = −α/β

Φ(r∗)
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Bayesian	  p-‐value	  –	  	  
	  	  	  Frequen/st	  p-‐value	  	  

� (k − 1)

ψ
√
n

Yi ∼ N(µi,
1

n
)

ψ = (
k�

i=1

µ2
i )

1/2



More	  complex	  models	  

Partial, quasi, composite likelihood  SSC  2010 

  Likelihood	  inference	  has	  desirable	  proper/es	  
  Sufficiency,	  asympto/c	  efficiency	  
 Good	  approxima/ons	  to	  needed	  distribu/ons	  
 Derived	  naturally	  from	  parametric	  models	  

  Can	  be	  difficult	  to	  construct,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  especially	  in	  complex	  models	  
 Many	  natural	  extensions:	  par/al	  likelihood	  for	  censored	  
data,	  quasi-‐likelihood	  for	  generalized	  es/ma/ng	  
equa/ons,	  composite	  likelihood	  for	  dependent	  data	  
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  Example:	  longitudinal	  study	  of	  migraine	  sufferers	  

  Latent	  variable	  	  
 Observed	  variable	  	  

  E.g.	  no	  headache,	  mild,	  moderate,	  intense	  …	  
  	  	  	  	  	  	  	  	  	  Covariates:	  age,	  educa/on,	  painkillers,	  weather,	  …	  
  	  	  	  	  	  	  	  	  	  	  	  	  	  	  random	  effects	  between	  and	  within	  subjects	  

  Serial	  correla/on	  	  

Y ∗
ij = xT

ijβ + Ui + �ij

yij ∈ {1, . . . , h} ↔ αyij−1 < Y ∗
ij < αyij

xij

Ui, �ij

�ij = ρ�i,j−1 + (1− ρ2)1/2ηij



	  	  	  	  	  Likelihood	  for	  longitudinal	  discrete	  data	  
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  Likelihood	  func/on	  

 Hard	  to	  compute	  
 Makes	  strong	  assump/ons	  
  Proposal:	  	  use	  bivariate	  marginal	  densi/es	  	  

	  	  	  	  	  	  	  	  	  	  	  instead	  of	  full	  mul/variate	  normal	  densi/es	  
 Giving	  a	  mis-‐specified	  model	  

L(θ; y) =
n�

i=1

�
· · ·

�
φmi(zi1, . . . , zimi ;R)dzi1 . . . dzimi



Composite	  likelihood	  
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  Composite	  likelihood	  func/on	  

 More	  generally	  

  Sets	  	  	  	  	  	  	  	  	  	  	  index	  marginal	  or	  condi/onal	  (or	  …)	  	  

	  	  	  	  	  	  distribu/ons	  
  Inference	  based	  on	  theory	  of	  es/ma/ng	  equa/ons	  

CL(θ; y) =
n�

i=1

�

j<k

� �
φ2(zi1, zi2;R2)dzi1dzi2

CL(θ) =
n�

i=1

K�

k=1

f(yi ∈ Ak)

Ak
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  Pairwise	  likelihood	  es/mator	  of	  	  	  	  	  	  fully	  efficient	  
  If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  loss	  of	  efficiency	  depends	  on	  dimension	  
  Small	  for	  dimension	  less	  than,	  say,	  10	  

  Falls	  apart	  if	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  fixed	  sample	  size	  
  Relevant	  for	  /me	  series,	  gene/cs	  applica/ons	  	  

Σ = σ2





1 θ . . . θ
θ 1 . . . 1

...
θ θ . . . 1





θ

σ2 = 1 p

Yi ∼ Np(0,Σ)
i = 1, . . . , n

p → ∞



Composite	  likelihood	  es/mator	  
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Godambe	  informa/on	  

CL(θ) =
�

i

�
k f(yi ∈ Ak; θ)

θ̂CL
p→ ∞

√
n(θ̂CL − θ)

d→ N{0, G−1(θ)}

G(θ) = J(θ)H−1(θ)J(θ)

J(θ) = E{−∂2
CL(θ)/∂θ2}, H(θ) = E{∂CL(θ)/∂θ}2
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  Longitudinal	  data,	  binary	  and	  con/nuous:	  	  random	  
effects	  models	  

  Survival	  analysis:	  	  frailty	  models,	  copulas	  	  

 Mul/-‐type	  responses:	  discrete	  and	  con/nuous;	  	  	  	  	  
markers	  and	  event	  /mes	  

  Finance:	  /me-‐varying	  covariance	  models	  	  

 Gene/cs/bioinforma/cs:	  	  CCL	  for	  vonMises	  distribu/on:	  
protein	  folding;	  gene	  mapping;	  linkage	  disequilibrium	  

  Spa/al	  data:	  geosta/s/cs,	  spa/al	  point	  processes	  	  



…	  and	  more	  
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  Image	  analysis	  	  

  Rasch	  model	  
  Bradley-‐Terry	  model	  	  	  
  State	  space	  models	  

  Popula/on	  dynamics	  
  	  …	  	  



What	  can	  we	  learn?	  
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What	  do	  we	  need	  to	  know?	  
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 Why	  are	  composite	  likelihood	  es/mators	  efficient?	  

 How	  much	  informa/on	  should	  we	  use?	  
  Are	  the	  parameters	  guaranteed	  to	  be	  iden/fiable?	  
  Are	  we	  sure	  the	  components	  are	  consistent	  with	  a	  
‘true’	  model?	  

  Can	  we	  make	  progress	  if	  not?	  
 How	  do	  joint	  densi/es	  get	  constructed?	  
 What	  proper/es	  do	  these	  construc/ons	  have?	  
  Is	  composite	  likelihood	  robust?	  



Why	  is	  this	  important?	  
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  Composite	  likelihood	  ideas	  generated	  from	  applica/ons	  

  Likelihood	  methods	  seem	  too	  complicated	  
  A	  range	  of	  applica/on	  areas	  all	  use	  the	  same/similar	  
ideas	  

  Abstrac/on	  provided	  by	  theory	  allows	  us	  to	  step	  back	  
from	  the	  par/cular	  applica/on	  

 Get	  some	  understanding	  about	  when	  the	  methods	  
might	  not	  work	  

  As	  well	  as	  when	  they	  are	  expected	  to	  work	  well	  



The	  role	  of	  theory	  
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  Abstracts	  the	  main	  ideas	  

  Simplifies	  the	  details	  
  Isolates	  par/cular	  features	  
  In	  the	  best	  scenario,	  gives	  new	  insight	  into	  what	  
underlies	  our	  intui/on	  

  Example:	  curvature	  and	  Bayesian	  inference	  
  Example:	  composite	  likelihood	  	  

  Example:	  false	  discovery	  rates	  



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  False	  discovery	  rates	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  18	  
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  Problem	  of	  mul/ple	  comparisons	  
  Simultaneous	  sta/s/cal	  inference	  –	  R.G.	  Miller,	  1966	  

  Bonferroni	  correc/on	  too	  strong	  
  Benjamini	  and	  Hochberg,	  1995	  

  Introduce	  False	  Discovery	  Rate	  
  An	  improvement	  (huge!)	  on	  “Type	  I	  and	  Type	  II	  error”	  

  Then	  comes	  data,	  in	  this	  case	  from	  astrophysics	  
 Genovese	  &	  Wasserman	  collabora/ng	  with	  Miller	  and	  
Nichol	  
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Acoustic Oscillations in the
Early Universe and Today

Christopher J. Miller,1 Robert C. Nichol,1 David J. Batuski2

During its first !100,000 years, the universe was a fully ionized plasma with
a tight coupling by Thompson scattering between the photons and matter. The
trade-off between gravitational collapse and photon pressure causes acoustic
oscillations in this primordial fluid. These oscillations will leave predictable
imprints in the spectra of the cosmic microwave background and the present-
day matter-density distribution. Recently, the BOOMERANG and MAXIMA
teams announced the detection of these acoustic oscillations in the cosmic
microwave background (observed at redshift! 1000). Here, we compare these
CMB detections with the corresponding acoustic oscillations in the matter-
density power spectrum (observed at redshift ! 0.1). These consistent results,
from two different cosmological epochs, provide further support for our stan-
dard Hot Big Bang model of the universe.

The standard model of cosmology is the In-
flationary Hot Big Bang scenario. A key as-
pect of this model is the ease with which it
explains some critical observational facts
about the universe. For example, the exis-
tence of the cosmic microwave background
(CMB) radiation that fills all space is simply
the radio remnant of a hot early phase of the
universe, i.e., when it was only !100,000
years old. The model also provides a natural
explanation for Hubble’s famous expansion,
large-scale coherent structures in the mass
distribution (caused by quantum effects in the
early universe), as well as producing a flat
global geometry for the universe (1). In this
scenario, the distribution of matter on the
largest scales is connected, through well-es-
tablished physics, to the temperature fluctua-
tions in the CMB. Thus, any independent
agreement between the CMB (at redshift !
1000) and the matter-density distribution (at
redshift ! 0.1) is naturally explained by the
Hot Big Bang Inflationary model.

The early universe was a plasma made up of
photons, electrons, and protons, along with the

so-called Dark Matter. During this period, the
gravitational force from potential wells (created
as a result of local curvature pertubations or
dark matter clumps) causes compressions in

this fluid. As the plasma collapses inward, it
meets resistance from photon pressure, revers-
ing the plasma direction and causing a subse-
quent rarefaction. This cycle of compression
and rarefaction results in acoustic oscillations,
where baryons act as a source of inertia. Com-
pression (rarefaction) of the plasma creates hot
(cold) spots in the temperature of the plasma.
Because the photons and baryons are coupled
through Thompson scattering, the matter-densi-
ty power spectrum will also exhibit these oscil-
lations. As the universe cooled and the photons
and matter decoupled, the acoustic oscillations
became frozen as oscillatory features in both
the temperature and matter-density power spec-
tra. These acoustic oscillations are a general
prediction from gravitational instability models
of structure formation (2, 3).

The recent results from the MAXIMA and
BOOMERANG CMB balloon experiments
provide evidence for the first two acoustic
peaks (4–8). These acoustic oscillations are
the peaks and valleys in Fig. 1A. The location
and amplitude of the first peak indicate that

1Department of Physics, Carnegie Mellon University,
Pittsburgh, PA 15213, USA. 2Department of Physics
and Astronomy, University of Maine, Orono, ME
04469, USA.

Fig. 1.We plot the CMB data from the MAXIMA and BOOMERANG experiments (A) alongside the
matter-density data (B). The solid line is the best fit model (!matter " 0.24, !baryons " 0.06, and
ns " 1.08 with H0 " 69) using the matter-density data alone. The amplitudes in both plots remain
a free parameter. The solid line in (A) is not a fit to the CMB data (although the #2 is 34 for 32 data
points). It is the resultant cosmological model using the best fit parameters from (B) and!vacuum"
0.8, consistent with the Type Ia supernovae results (18).
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  Composite	  likelihood	  as	  a	  smoother	  

  Calibra/on	  of	  posterior	  inference	  
  Extension	  of	  higher	  order	  asympto/cs	  to	  composite	  
likelihood	  

  Exponen/al	  families	  and	  empirical	  likelihood	  
  Semi-‐parametric	  and	  non-‐parametric	  models	  connected	  
to	  higher	  order	  asympto/cs	  

  Effec/ve	  dimension	  reduc/on	  for	  inference	  
  Ensemble	  methods	  in	  machine	  learning	  
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  “in	  sta/s/cs	  the	  problems	  always	  evolve	  rela/ve	  to	  the	  
development	  of	  new	  data	  structures	  and	  new	  
computa/onal	  tools”	  	  …	  	  	  NSF	  report	  

  “Sta/s/cs	  is	  driven	  by	  data”	  …	  Don	  McLeish	  
  “Our	  discipline	  needs	  collabora/ons”	  …	  Hugh	  Chipman	  
 How	  do	  we	  create	  opportuni/es?	  	  
 How	  do	  we	  establish	  an	  independent	  iden/ty?	  
  In	  the	  face	  of	  bureaucra/c	  pressures	  to	  merge?	  
  Keep	  emphasizing	  what	  we	  do	  best!!	  



Specula/on	  
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  Engle	  
  Varia/on,	  modelling,	  data,	  theory,	  data,	  theory	  

  Tibshirani	  
  Cross-‐valida/on;	  forensic	  sta/s/cs	  	  

 NeMlix	  Grand	  Prize	  
  Recommender	  systems:	  machine	  learning,	  psychology,	  
sta/s/cs!	  

  Tuse	  
  	  “Visual	  Display	  of	  Quan/ta/ve	  Informa/on”	  -‐-‐	  1983	  



h]p://recovery.gov	  

787,000,000,000  $ 



Thank	  you!!	  
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