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Abstract: P-values have been the focus of considerable criticism based on various
considerations. Still the P-value represents one of the most commonly used
statistical tools. When we are assessing the suitability of a single hypothesized
distribution, it is not clear that there is a better choice of a measure of surprise.
This paper is concerned with the definition of appropriate model-based P-values
for model checking and checking for prior-data conflict.
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1 Introduction

The use of P-values is common in statistical practice. Despite this it is rea-
sonable to say that the logical foundations for the P-value are somewhat weak.
This has lead to a variety of criticisms of P-values and even to doubts as to their
correctness. The purpose of this paper is to examine the foundations of the P-
value concept and attempt to provide a version of the P-value that addresses
at least some of the issues raised concerning their validity.

The following situation arises in many statistical contexts and could be con-
sidered almost the archetypal statistical problem. Suppose we observe a value
zg € X and this value was presumed to have been generated via a prescribed
probability measure P on X'. The question of interest is then: given the evidence
presented by xq, is P a reasonable choice? In certain situations we could answer
this with a categorical no, e.g., suppose that P concentrates on C' and z¢ ¢ C.
While this can arise, it is typical in applications that x¢ is a possible value from
P but, if z¢ is in a region where P assigns relatively little probability, then we
feel we have evidence against P. Note that xp not occurring in such a region is
not evidence in favor of P, as there are many probability distributions with this
property and we are not selecting among them. In general, we are only looking
here for evidence that suggests that a specific P is inappropriate.



As an example of this, consider model checking where P corresponds to the
conditional distribution of the data given a minimal sufficient statistic, or where
P corresponds to the distribution of an ancillary statistic. Then evidence against
P is evidence against assumptions we have made as part of a statistical analysis.
Model checking is an important and necessary part of statistical analyses. In
Bayesian analyses P could correspond to the prior predictive distribution of a
minimal sufficient statistic given an ancillary and, as discussed in Evans and
Moshonov (2006, 2007), we want to assess whether or not the observed value of
the minimal sufficient statistic is a reasonable value from this distribution. This
is a check as to whether or not the prior is in conflict with the data.

In general then, we are looking for a measure of how surprising the observed
value xg is as a possible value from P. A common approach to this is to say that
we need to prescribe a real-valued discrepancy statistic 7': X — R!, so that in
some sense T'(z) measures how divergent the value x is, and then compute the
P-value

P(I(z) > T(0)). (1)

If this P-value is small, then we interpret this as evidence that x( is a surprising
value and so we have evidence against P. In general, no guidance is provided
as to how the statistic T is to be chosen with respect to P. Further, it can be
noted that some restrictions on T' are necessary if (1) is to have an appropriate
interpretation. In particular, the right tail of the distribution of 7" should be
the only region that has relatively low probability. Otherwise, we could have
an extreme value of T'(z¢) in the left tail, or a value that occurs near a shallow
anti-mode, that lead to a reasonable value of (1) and yet T'(x¢) could still be
considered as surprising and so evidence against P.

As an example of this consider the situation where #(X) = k < oo, xg
corresponds to a sample of n and we use the Chi-squared statistic T' as the
discrepancy statistic. Then, for n large, (1) corresponds to the right-tail of a
Chi-squared(k — 1) distribution. If k is also large, however, a value of T in the
left-tail does not provide evidence against P via (1), even though we know that
it is very unlikely for P to have produced such a value. We will see in Example
1, however, that this apparent ambiguity can be explained when we are more
careful about defining P-values.

The choice of the discrepancy statistic 1" also poses some problems. It seems
clear that the choice of such a statistic should be made prior to seeing the data.
Further, if we think of choosing T" to check for some particular discrepancy, then
there seems to be no reason why we should be restricted to a specific choice
but may well have T = (Ty,...,T,,) where the T; are different discrepancy
statistics. Clearly, it is more appropriate then to compare T'(xg) to Pr rather
than compute (1) for each Tj, i.e., the dependencies among the T; should be
taken into account when making the assessment, as T'(z9) may be a surprising
value even when each T;(xg) isn’t. We note, however, that (1) does not tell us
how to proceed when we have multiple discrepancy statistics.

We will subsequently argue that there are contexts where we do not want the
statistician to be free to choose the discrepancy measures and their associated



P-values, but want them to be determined by the model. This arises in checking
for prior-data conflict and we will discuss this issue in section 5. In section 2
we discuss a particular context where the computation of an appropriate P-
value seems uncontroversial. We argue that this is the basis for the general
development of P-values for the problems considered in this paper. In sections
3 and 4 we develop a general approach for the computation of P-values based
on an observed measured response. The central idea is that volume distortions
must not affect the computation of P-values. We will refer to such a P-value as
a model based P-value. In section 6 we discuss some computational issues.

Many other criticisms of P-values are often cited. In particular, a common
complaint, is that in reality the data is never distributed exactly as P, but P
may be adequate for the application at hand in the sense that it provides a
good approximation. If we observe enough data, however, any reasonable P-
value will detect the discrepancy and lead to evidence against P. Of course, this
cannot be viewed as a criticism of the P-value in question, as it is doing the
right thing. Rather it suggests that in such problems we really do have to say
what size of discrepancies are meaningful and then assess whether or not the
discrepancy detected is to be taken seriously. So the P-value is not the end
of the story in model assessment and cannot cover-up modelling inadequacies,
namely, situations where we really can’t say what discrepancies are meaningful.
We do not view the necessity of taking into account practical significance, as
opposed to statistical significance, as a criticism of the P-value.

In Schervish (1996) the use of certain frequentist P-values was examined as
a measure of support for a hypothesis. The analysis there demonstrated con-
vincingly that there is little logical support for this. As mentioned, we are using
P-values as measures of surprise, not support, and restricting our discussion to
the situation where we have a single P. In Berger and Delampady(1987) and
Berger and Selke(1987) comparisons are made between frequentist P-values and
Bayesian measures of evidence in the context of hypothesis testing, i.e., assess-
ing the evidence in favor of a point null hypothesis Hy = {6y} C ©. Arguments
are presented there in favor of the Bayesian measures. For our discussion here,
however, we are restricting to a single P and agree that we might proceed very
differently in situations where alternatives to P are prescribed, i.e., the com-
putation of the P-values we discuss here may well not be appropriate in such
situations, as we have more information available.

2 Model-based P-values with Discrete P

Suppose that P is discrete with probability function given by p(z) = P({x}).
Then an obvious model-based P-value for checking whether or not zq is a sur-
prising value from P is given by

P(p(x) < p(x0)). (2)
We see that (2) is the probability of observing a value whose probability of
occurrence is no greater than the probability of occurrence of the observed z.



If (2) is small then it seems clear that xo is surprising and we have evidence
against P.

Note that the appropriate inequality in (2) is less than or equal to, as we
want no evidence against zo when P is uniform. Further, we see that (2) handles
values in either tail, values that lie between modes and also multidimensional z.
It seems reasonable to refer to (2) as a pure model-based P-value. Values that
are surprising are identified by the model and not by the statistician’s choices.

We may, however, have a discrepancy statistic T of interest. Then Pr is
discrete with probability function pr and the model-based P-value induced by
T is given by

Pr(pr(t) < pr(T(20))). 3)

For example, suppose that C C X is such that P(C) is very small. Then, with
T = I¢, (3) equals P(C) and we have evidence against P when zg € C.

We see that (2) determines whether or not zo is a surprising value based
solely on the smallness of its probability of occurrence when compared to the
probabilities of occurrence of other values. If p(xg) is very small compared to
the other possibilities, then (2) seems like an appropriate measure of surprise.
Consider a situation, however, where X has a large finite cardinality k and
p(xo) = (1x€)/k, p(x) =1/k Fe/k(k — 1) otherwise and € is very small. In the
first case the P-valueis 1 —(1+4¢€)/k and we have no evidence against P, while in
the second case it is (1 — €)/k and we have evidence against P. So even though
the probability distributions are very similar, the P-values are quite different.
This points to the need generally to consider discrepancy statistics as checks on
P rather than relying solely on (2).

We now consider an important example.

Example 1. Multinomial(1,04,...,0)

Suppose we observe a sample z1g,...,Z,o that is supposed to have come
from the Multinomial(1, 01, ..., 0;) distribution where 61, ..., 6 are known val-
ues that are all positive. Then, denoting the cell counts by T'(z10,...,Zno) =
(t10,--.,tko), the P-value (2) is given by

Pr(0} -0} < 01" - 01%) @
where Pr is the Multinomial(n, 61, ..., 0)) distribution. We can write (4) as
y t; — nb; b
p> ot ay) <V

Putting 0% = 31 (In6;)20;(1 — ;) — 237, (6: In6;)(¢; In.6;), then

k
3 o) voi (1 - 6) | e | 2 N (0,07)
i=1 nb;(1 — 0;)

50 (4) converges in probability to ®(y/n Zle (In8;) (tio/n — 6;) /o) and the joint
asymptotic normality of the ¢;o/n implies that (4) is asymptotically uniform,
when the probabilities 04, ..., 0y are correct.



Now observe that generally Zle(ln 0;) (tio/n — 0;) “% Zle (In6;) (p; — 0;)
for some p;, and so we will find evidence against the probabilities 61, ..., 0,
for large enough n, whenever Zle(ln 0;) (pi — 0;) < 0. Note that this holds
whenever the expected value of —Inf; under the true distribution is greater
than the entropy of the assumed distribution. If we take E(—In ;) as a measure
of diffuseness of a Multinomial(1, p1, ..., pk) distribution, then this says we will
inevitably find evidence against P whenever the true distribution is more diffuse
but not otherwise. For example, when k = 2 and 6 # 1/2, this is equivalent to
pIn(6/(1 —60)) < 81In(0/(1 — 6)) which occurs when § > 1/2 and p < 6 or when
0 < 1/2and p > 6. When each 6; = 1/k, then we will never find evidence against
the uniform distribution and this makes sense as the uniform distribution is the
most diffuse distribution.

The check based on (4) will only detect certain discrepancies and this is true
of most discrepancy statistics. Of course, we can also consider other discrepancy
statistics and perhaps it is natural to consider T itself. So in this case we need
to evaluate

Pr (pa(t) < pn(to)) (5)

where p,(t) = (tl_’ftk)ﬁ’il e Htk’”“. In the Appendix we provide a proof of the
following result.

Theorem 1. Suppose that 6; # 0 for i = 1,...,k and we have a sample of n
from a Multinomial(1, p1, ..., px) distribution. Then, as n — oo,
(i) when 0; = p; for all ¢,

k
1 k-1 t; —nb;)?
—1npn(t)—§ E Inb; + 5 In2mn 5 E %
i=1 i=1 ‘

and so has a limiting Chi-squared(k — 1) distribution,

(ii) when 6; = p; for all i, the P-value (5) converges in probability to

P (X >3 (o — n0¢)2/n0¢) where X ~ Chi-squared(k — 1),

(iii) when 6; # p; for some ¢, the P-value (5) converges in probability to 0.

We note that (iii) says that the model-based P-value based on T will always de-
tect when the assumed distribution is wrong, provided n is large enough. Also,
we see that the Pearson Chi-squared test statistic arises directly as an approxi-
mation when computing the model-based P-value (5) and this adds support for
the use of this statistic. In the typical development of the Chi-squared test, the
statistic is developed via intuition and then its asymptotic distribution is de-
rived using the delta theorem while, in Pearson (1900), the statistic is developed
from the quadratic form in the exponential of a multivariate normal density ap-
proximating the multinomial distribution. Finally, we see that computing the
right-tail probability for the Chi-squared test is the correct approximation to
(5). So, for large n, if the Chi-squared statistic is small, then (5) is large.
Bayesian uses of the Chi-squared test statistic for model checking are discussed
in Johnson (2004).



3 Model-based P-values with General P

Additional considerations arise when P is a continuous measure. We restrict
our attention to the absolutely continuous case so that P has density f with
respect to to a support measure p. The natural analog of (2) is then

P(f(x) < f(x0)) (6)

and this is the probability of observing a value whose density is no greater than
the density of the observed x.

The P-value (6), however, has a disturbing feature. Suppose we change the
support measure from p to v where v(A) = [, g(x) p(dx) for some integrable,
nonnegative g. Then the density of P with respect to v is f/g and (6) becomes
P(f(x)/g(x) < f(xo)/g(x0)) which will generally be quite different than (6).

Another manifestation of the nonuniqueness of (6) arises when we consider
1-1 transformations of z. Suppose that X is an open subset of R*, y, is volume
measure, and W : X — X is 1-1 and sufficiently smooth. Then the density of
w = W (z) with respect to py is given by fiy(w) = fF(W 1 (w))Jw (W (w))
where Jy () is the reciprocal of the Jacobian determinant of W at x. We see
that (6) applied to w becomes

Pw (fw(w) < fw(wo)) = P(f(x)Jw (z) < f(z0)Jw (20))

where wg = W (xo) and again this will typically be different than (6) unless Jy
is constant, e.g., when X = R* and W is an affine transformation.

So it is clear that we cannot just write down a density and compute (6)
as a model-based P-value. Still, the fact that we can do this in a satisfactory
way in the discrete case, leads us to believe that there must be an appropriate
resolution of this problem in more general contexts.

In measure-theoretic terms a density f, with respect to a support measure
1, is seen simply as a device to compute probabilities. In statistical contexts,
however, a density plays a somewhat greater role. For example, if f(xz1) > f(22),
then we want to say that the probability of x1 occurring is greater than the
probability of x5 occurring. For this to hold we can’t allow f to be defined in an
arbitrary fashion. In effect we need to have that P(A)/u(A) — f(z), as the set
A converges to {z}, as then P(A) = f(z)u(A) when A is close to {x}. Further,
to compare the probabilities of two points x; and xzo we need A; — {z;} with
pr (A1) = pr(Az) and then, for example, we can say that the probability of
occurring is greater than the probability of xo occurring when f(xz1) > f(z2).
The mathematics of making this precise is discussed, for example, in Rudin
(1974), under the topic of differentiating one measure with respect to another.
To use this here we suppose that X is an open subset of R* and P is absolutely
continuous with respect to volume measure py,.

It then seems natural to choose u = i as it weights sample points equally
and so f(z) expresses the essence of how the probability measure is behaving
at x. This is analogous to using counting measure as the support measure in
the discrete case as then f(x) has a direct interpretation as the probability of



z. In fact any measure that weights points equally will be a positive multiple of
volume measure and (6) is invariant under these choices for u. More generally X
could be a manifold with locally Euclidean structure and with p being geometric
measure—the analog of volume measure on such a space—see Tjur (1974) for
more details.

Given that we have settled on a specific support measure, the issue is then
how to deal with the noninvariance of (6) under smooth, 1-1 transformations
W : X — X. It might seem that the only way to obtain invariance in general
is to add an ingredient to the problem. We argue, however, that such an ingre-
dient is actually implicitly part of any statistical problem where we are using
a continuous distribution to model a measured response x. When we take this
into account we can derive a version of (6) that is invariant under smooth trans-
formations and that serves as a sensible definition of a model-based P-value.
For note that, when we use a continuous probability distribution to model a
variable that is being measured as part of some observational process, we are in
fact thinking of the distribution as an approximation to an underlying discrete
reality. For example, we measure variables to some fixed accuracy and so there
is an underlying discreteness to the sample space.

To develop an invariant P-value we first show that (6) arises as an approx-
imation to a P-value based on an appropriate discrete response. Suppose then
that the underlying discreteness translates into a value x lying in a set B, (x)
such that {B,(z) : € X} forms a partition of X with ux(By,(z)) finite and
constant in z, and such that B, (x) converges ‘nicely’ (see Rudin (1974)) to x as
n — 00. We then have that P(B,(z))/ux(Bn(z)) — f(x) as n — oo as long as
[ is continuous at x. So for n large, P(B,(x)) = f(x)ur(Bn(r)) and f(x) serves
as surrogate for the probability of z, at least when we are comparing the proba-
bilities of different values of x occurring. Note that the constancy of (B, (x))
in z is necessary for this interpretation of f(z). As a particular example of this,
suppose that X = R and we partition R' using {((i — 1)/n,i/n] :i € Z} and
B, (z) is the set ((i — 1)/n,i/n] that contains x.

Rather than observing x, the essential discreteness of the problem means that
we will observe some z,(z) € By(z) and the probability of observing z,(z) is
P(B,(x)). Note that implicitly xg is one of the values assumed by x,,. Then for
the discrete response variable x,,, the appropriate P-value (2) is given by

> P(Bn(z)). (7)

{zn(2):P(Bn(2))<P(Bn(z0))}

We then want to show that (6) serves as an approximation to (7).

While such a result seems intuitively plausible, a general proof is not straight-
forward. We require some regularity conditions as we cannot expect such an
approximation to hold if we allow f and the partition { B, (x) : * € X'} to be too
general. For this we use the theory of contented sets and functions as discussed
in Loomis and Sternberg (1968) where it is used to develop the Riemann integral.
Essentially, a bounded set A is contented if its p-measure can be approximated
arbitrarily closely by the ui-measure of a finite union of disjoint rectangles con-
tained in A and also by the pg-measure of a finite union of disjoint rectangles



containing A. A bounded function f with compact support is contented if it can
be approximated arbitrarily closely by step functions. Further, we say that a
function f is locally constant at z if we can find an open set containing = on
which f is constant. For xg € X let LC(x0) = {x : f(z) = f(zo), f is locally
constant at z}. In the Appendix we prove the following result.

Theorem 2. Suppose that

(i) X is a contented subset of R* with positive content,

(ii) Bn(z) is a rectangle containing « with uy(By,(z)) finite and constant in z,
and such that B, (x) converges nicely to x as n — oo,

(iii) {Bn(z) : z € R*} forms a partition of R* with {B,;1(z) : z € R*} a
subpartition of {B,,(z) : # € R*} and sup, ¢ prdiam(B,,(z)) — 0 as n — oo,
(iv) f is a continuous density function on X with f~!A contented for any interval
A and such that LC(x) is contented with py(f =1 f(xo) N LC(z0)¢) = 0, then
(7) converges to (6) as n — 0

Theorem 2 establishes that the appropriate discrete P-value, in the sense that
we will always be measuring = to some finite accuracy, is indeed approximated
by the continuous version given by (6), provided n is large enough.

Although the result will hold under weaker conditions, the conditions speci-
fied seem to apply in typical applications. Condition (iv) controls the behavior
of f and in particular prevents it from being too ‘wiggly’ so that points in con-
tours of f are either points where the function is locally constant or part of a
null set. For example, the condition holds for all piecewise smooth f. This con-
dition can be substantially weakened if P(f(z) = ¢) = 0 for every c. In essence
the distribution of f(z) can have a discrete component but our conditions imply
that this can really only arise by f being constant on sets where it is locally
constant. The conditions on the partitions {B,,(x) : * € R¥} are stronger than
needed. In particular, we could allow for more general sets than rectangles.
Further, it is implicit in Theorem 2 that the accuracy of the discretization is
effectively the same across the sample space. We could allow for this accuracy
to vary across the sample space and this would determine a different approxi-
mation to (7). While this is reasonable, we do not pursue this further here but
note that the situation we have considered is very common.

We may, however, base the P-value on a statistic 7', such as a discrepancy
statistic, and use the observed value T'(zp). The question then is: given the
initial discretization on X as determined by the measurement process, how
should we take this into account? For, even if T is 1-1, it will give rise to
volume distortions and we do not want these volume distortions to affect our
P-value. This is the heart of the invariance issue and we discuss this in the next
section.

4 Invariant P-values for General Statistics

Suppose T': X — 7 is a general statistic, and we want to compare to = T'(z) to
Pr to assess whether or not we have evidence against P. When Pr is discrete, it
would seem that the relevant P-value is as discussed in Section 2 (see Example



4). In the continuous case, however, additional complexities arise. This is
because T' may distort volume and we need to ensure that the P-value we use
does not depend on these distortions.

Suppose first that X and 7 are open subsets of R* and that T is 1-1 and
smooth. Then a partition element B, (x) C X, with measure p(By(z)), is
transformed into T B,,(z) with measure py(TB,(z)) = p(By(x))J; " (2") for
some =’ € By(z), while the density of the transformed response with respect
to pp (Euclidean measure on R¥) is fr(t) = f(T1(t))Jr(T~1(t)). Accordingly,
we cannot use the P-value Pr (fr(t) < fr(tp)) to assess whether or not ¢,
or equivalently xo = T~ !(t¢) is surprising, since the density fr(t) depends
on volume distortions and the sets T'B,(z) are no longer necessarily of equal
volume. There is clearly an easy fix for this, however, as we simply correct for
this volume distortion and compute the P-value

Pr (fr()/Jr(T71(t) < fr(te)/Jr(T~1(t)) = P(f(z) < f(z0)).  (8)

With this refinement the P-value introduced in section 3 becomes invariant
under 1-1, smooth transformations of the response, i.e., we retain as part of the
problem prescription how the continuous probability model is approximating an
essentially discrete response.

In general, however, T will not be 1-1. Suppose then, that X is an open
subset of R* and 7 is an open subset of R where [ < k. Let fr denote the
density of Pp with respect to p; and suppose this is continuous. Suppose that
T is sufficiently smooth so that for each t € 7 the set T~! {t} is a Riemann
manifold with geometric measure on 7! {¢} denoted by v;. For example, when
T is 1-1, then 77! {t} is a O-dimensional Riemann manifold and 14 is counting
measure. Results in Tjur (1974) show that, in general,

fr(t) = /T gy @) [T () 0 AT @)% () (9)

where dT is the differential of T. Formula (9) shows directly how fr is affected
by volume distortions. For, at x € T~ {} the contribution to the density value
fr(t) is distorted by the factor Jo(z) = |det(dT(z) o dT"(z))|*/?. Accordingly,
just as we do in the 1-1 case, we adjust the integrand in (9) by dividing by the
factor Jr(x) to obtain

fiO = [ )

as the appropriate density to use. Note that f7 is the density of Pr with respect
to the measure (fr(¢)/ f5(t))p(dt) and the ratio fr(t)/f(t) measures the effect
of the volume distortion induced by T" on the density fr. We then compute the
P-value

Pr(fz(t) < fr(to)) = P(fr(T(x)) < fr(T'(20))) (10)

to assess whether or not tg = T'(xg) is a surprising value from Pr. We see
that (10) depends only on the density assignment f on the original response



space, which is determined by how we are approximating an essentially discrete
response, and the preimage sets of 7.
We have the following simple but significant result for (10).

Theorem 3. When X is an open subset of R*, T': X — T is onto with 7 C R

open, and T is sufficiently smooth, then the P-value given by (10) is invariant

under 1-1 smooth transformations of 7.

Proof: Suppose W is a 1-1, smooth transformation defined on 7 and w = W (t).

Then, (W o T)"Hw} =T {t} and fjor(w) = fT—l{t} f(@) v (dz) = f(2).
We now consider some applications and note that these support (10) as the

appropriate definition of an invariant P-value.

Example 2. T a smooth 1-1 transformation.

Suppose that T : X — 7 is 1-1. Then T—! {t} is a singleton set. Any discrete
set of points is a O-dimensional Riemann manifold and geometric measure is
counting measure. Therefore, f7(t) = [, 1y f(x)1e(dz) = f(T=1{t}) and
(10) equals (8).

Example 3. T a smooth k-1 transformation.

Suppose that 771 {t} = {z1(t),...,2(t)} for each ¢t. Then we have that
frt) = Zle fx;(t)Jr(z;(t)) and note that the volume distortion Jr(z;(t))
could vary with ¢. In this case, we have that v; is counting measure and the
corrected density is f7(t) = Zle f(z;(t)). As in Example 2, it seems clear here
how we need to correct for volume distortions and, as such, it provides strong
support for (10) as the relevant P-value.

The following example shows that (10) gives the correct answer in the dis-
crete case as well.

Example 4. Pr is discrete.

First suppose that P is discrete so we can consider X as a 0-dimensional
Riemann manifold with geometric measure equal to counting measure and sim-
ilarly for 7. In this case v; is counting measure on 71 {t}, Jr(x) = 1 and so
() = fT—l{t} f@)vi(dz) = 3 cr-1y P(X = ) = pr(t) is the probability
function of T. Note dT is just the identity so there is no volume distortion.

When P is continuous then, for those ¢ with pp(t) > 0, we have that vy is py
restricted to 7! {t} . Accordingly, we have that pr(t) = fT—l{t} f(@)v(dz) =
f7(t). So, in general, we obtain the P-value discussed in section 2.

Example 5. Jp(zx) is constant.

Note that Jr(x) is constant for all # whenever T'(z) is an affine transforma-
tion. So we could have T'(x) = a + Bx for some a € R' and B € R"** when
X C RF. Also notice that when x € R™ and T(x) is the order statistic then
Jr(x) is constant for all z. It is then clear from (9) that, in this case, we can
compute (10) as Pr(fr(t) < fr(to)).

For example, when T'(z) = T we simply use the density of T to compute the
P-value. When P is the Ny(0,1) distribution, then (10) is 2(1 — ®(z)).

As another example, suppose that T is projection on the i-th coordinate, so
Jr(z) = 1. Then T~{t} is the set of points in X with i-th coordinate equal to

10



t,v; is Euclidean volume on this set, and f7.(¢) is the marginal density of the
i-th coordinate. Of course, this generalizes to arbitrary coordinate projections.

Example 6. Jr(z) is constant for x € T=1{t}.

In some ways Example 5 is the simplest situation as the volume distortion
induced by T is constant on X'. We now allow for the possibility that the volume
distortion is constant in 77! {¢} but may vary with ¢.

Put Jx(t) = Jr(z) for x € T {t}. From (9) we have that fr(t) =
f5()J5(t) and so (10) can be computed as Pr(fr(t)/J5(t) < fr(to)/J5(to))-
This permits us to avoid the integration involved in calculating f7(t) when we
know the distribution of T and can compute Jr(z) easily.

As an example, suppose that T(z) = z'z. Then T {t} is a (k — 1)-
dimensional sphere in R*. Now dT'(x) = 2(x1 ... x) so dT'(z) odT’(z) = 4a'x =
4t and Jr(z) = 1/2t'/? is constant for x € T~ {t} for every t. Note that the
adjustment factor applied to fr(¢) is to multiply by 2t1/2 and this is precisely
the distortion caused by the “quadratic” part of the transformation. The appro-
priate P-value is Pr(fr(t)t/2 < fr(to)ts/?). We see that in this case we must
modify the usual density that we work with.

As a particular case, suppose that © ~ Ny (0, ). Then T'(x) ~ Chi-squared(k)
with density fr(t) = T=1(k)2~#/2¢t(k/2)=1¢=t/2 Therefore, the invariant P-value
is given by Pp(t=1/2¢-t/2 < tékil)me_tﬂﬂ) and only when k& = 1 is this
equivalent to Ppr(t > t).

Notice that when we directly observe T' ~ Chi-squared(k), in the sense that
it is a measured variable, and we discretize using equal length intervals, then
the relevant P-value is Pp(t(*/2=1e=t/2 < ¢/2~1e=t0/2)  Ag just shown, when
we take into account that 7" arises as a transformation of a measured variable,
the P-value changes. Further, both of these P-values are two-sided when k& > 1.
In contrast, the approximate P-value that arises in Example 1, for a multino-
mial with k& + 1 categories, is a right-tail only P-value for the Chi-squared(k)
distribution, and this follows directly from our theory.

In section 5 we discuss some further examples and, in particular, some exam-
ples where Jr(z) varies with z € T—1 {t} . There are also computational issues
that need to be addressed in such contexts and we discuss these in section 6.

In section 5 we also discuss another use of a transformation W to assess
surprise. This involves comparing the observed xy with the conditional dis-
tribution of x given that W(z) = W(zo) = wo. In this case the conditional
density of z, with respect to geometric measure on W~{wg}, is given by
f(z)Jw (z)/ fw(wo) and it is clear that the volume distortion at x, induced
by the conditioning, is given by Jw (). Accordingly the relevant P-value, based
on the full data, is given by P(f(x)/fw (wo) < f(x0)/fw (wo) | W(x) = wo) =
P(f(z) < f(xo)|W(x) = wp). If we have a transformation T' of z, then the
relevant P-value is given in the following result.

Lemma 4. Suppose that X', VW and 7 are manifolds, with geometric measures
L,y and pg respectively, and W : X - W, T : X — 7 are onto smooth
mappings. Let vr w¢ ., denote geometric measure on 71 {t} N W ~1{w}. Then
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the relevant conditional P-value based on T, given W (x) = wo, is
Pr (f7,w(t|wo) < f7,w (to [wo) | W (z) = wo) (11)

where to = T'(x0), and £y, (t|wo) = fT—l{t}ﬂW—l{wo} F(@) vrwit w, (dT).
Proof: The conditional density of T' given W = w is given by frw(t|w) =
fT_1{t}mW_1{w}(f(ﬁC)/fW(w))J(T,W) () vr,wt,w(dz). Therefore, volume distor-
tion induced by the transformations is Ji7 ) (z) and the result follows.

We will need the following result concerning the composition of mappings.
Lemma 5. Suppose that X, U4 and 7 are manifolds, with geometric measures
L,y and pg respectively, and U : X — U, T : U — T are onto smooth map-
pings, then

froo= [ ar) [ )o@ vl vr ),

where vy, and vy are the geometric measures on U~ 1{u} and T~1{t}.
Proof: Suppose that g : X —R' is nonnegative, [, g(z) px(dx) is finite for
compact A and let B C 7 be open. By the measure decomposition theorem
(see Tjur (1974), Theorem 15.1) applied to g(z) px(dx) and T o U, we have that
S 6 (T @))g() s () = [, gy s 1y () Tro () vrons(da) pr (de).
Apply the measure decomposition theorem first to g(x) px (dx) and U and then
to fU—l{u} Ip(T(U(x)))g(x)Ju(x) vy (dz) py(du) and T to obtain

/X I5(T(U(2)))g(x) v (dz)

- / / I5(T(U (2)))9(2) T (&) 0 () ()
u Ju-1{u}

:// / 9(x)Ju (x) vy (dz)Jr (u) vrs (du) pr (dt).
BJT-1{t} JUu-1{u}

From this we conclude that f(ToU)—l{t} 9(x)Jrov (z) vrou ¢ (dz) pr (dt) =
fT—l{t} fU—l{u} g(x)JU ($) VU,u (dx)JT (u) UT,t(du) :U'T(dt)' PUtting g(x) =
f(x)Jpap () establishes the result.

5 Applications

Suppose that we have a statistical model {Py : § € ©} where Py is a probability
measure on X with density fp with respect to support measure p, and II is a
prior probability measure on ©. Let M(A) = [ Py(A)TI(df) denote the prior
predictive on X' with density m(z) = [g fo(A)II(df) with respect to up. We
will investigate here the relevant P-values for assessing the model and checking
for prior-data conflict in light of an observed xy. As we will see, these P-values
are invariant and depend only on the densities fg. In particular, the P-values
do not depend on any choice of density for the prior. This makes sense because
we do not directly measure the variable 6, only the response variable x.
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5.1 Model Checking

If W : X — W is a minimal sufficient statistic, then the conditional distribution
of the data given W is independent of 6 and is denoted P(-|W(x) = wy).
Suppose we wish to check if the model makes sense in light of the observed z(. By
the converse of the factorization theorem we have that fg(x) = go(W(z))h(x).
Lemma 4 and (11) give an invariant P-value that assesses fy for each 6. We
have the following result.

Theorem 6. The P-value (11) is given by
Pr (hrw(t|wo) < hrw(to|wo) |W(z) = wo), (12)

where hpw (t|wy) = fT,l{t}mW,l{wO} h(z) v¢(dz), i.e., it is independent of 6,
and (12) is independent of the choice of h.

Proof: In the continuous case we assume that each density is continuous at
any observed xg and restrict attention to those xo for which fo(zp) > 0. When
fo(xzo) > 0, then go(W(xo)) > 0 and go(W(x)) = go(W(zo)) for the event
W(z) =ty = W(xo). We have that (11) equals

Jr-ryaw -1 oy fo(@) ve(dz) _
. ( < St oyow -1 fugy Jo(@) ve(da) Wia) = wo

= P (hr,w(t|wo) < hrw(to|wo) [W(z) = wo).
Further, if go(T'(2))h(x) = gy(T(x))h/ (), then

Pr (hr,w(t|wo) < hr,w(t|wo) | W (x) = wo)

- Sty gy 90(W (@) () v () )
=Pr < < fT*l{tO}mwfl{wO} go(W (z0))h(x) ve(dx) W(z) = wo
= St iy w1 woy 90 (W (@) () vi(de) -
- ( = fT’l{to}ﬂWﬂ{wO} 9o (W (z0))W (x) ve(dx) W(z) = wo

= Pr (W w (t | wo) < hipw (to |wo) | W (x) = wo)

and we are done.
We now consider an application of this result.

Example 6. Model checking for the location-scale normal model.

Suppose that x = (z1, ..., x,) is asample of n from the N (u, 02) distribution
with 4 € R and 6% > 0 unknown. Then W (z) = (Z,||z — Z1,||) is minimal
sufficient. Putting d(z) = (z — Z1,)/||x — Z1,||, we can write © = T + ||z —
Z1,||d and note that Z,||lx — Z1,|| and d are statistically independent with d
uniformly distributed on S"~' N L+{1,}. In this case h is constant (so we can
take it to be 1) and W ={(Zo, ||zo — Tolx||)} is the (n — 2)-dimensional sphere
Toly + [|zo — Tol,]|(SP1 N LEH{1,}).

It is natural here to consider functions of d as discrepancy statistics for
checking the model. For example, the family T, od = Y ;_, d¥ is of some in-
terest as this gives effectively the skewness and kurtosis statistics when p =
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3 and 4, respectively. In this case, hrw(t|wo) is the volume of the (n —
3)-dimensional submanifold of Zol, + ||zo — Zol,||(S"™' N L+{1,}) given by
(T, o d)~ {t} N W={(Zo, ||xo — Toln||)}. Alternatively, from the proof of The-
orem 6, we can compute the invariant P-value by assuming (u,0) = (0,1),
letting f denote the density of a sample of n from the N(0,1) distribution
and computing Po,1)(f7,0a(Tp(d(2))) < [, 0a(Tp(d(x0))) | (Zo, |lzo — Zolnl])) =
Palf oaTo(d)) < 5, 0q(Tp(d0))) Where 5, 0q(6) = [ig, o -11sy S (@) ve(da) and
d is uniformly distributed on S"~* N L+{1,}. The volume distortion induced by
Ty, (d) can be computed explicitly as Jr,0a(z) = p(Top—2(d(x)) =T (d(x))/n—
T2(d(x))) /2 /||x — Z1,||. We see that this is not a function of T}, o d and also
J1,04(2) = Jr,0d(—x). Since f(z) = f(—x) and (T, o d)"{—t} = (=1)P(T} o
d)~'{t} when p is a nonnegative integer, we have that f7,0a(t) and the den-
sity fr,0a(t) = f(Tpod)—l{t} (7)JT1,04(x) v¢(dr) are symmetric about 0 when p is
odd. If both fi,od and fr,0q4 are unimodal, then this implies that the P-values
based on the densities, tail probabilities of |T}, o d| and the invariant P-values
are the same when p is odd. Although we do not have a proof, it would appear
that in general, the differences among these P-values disappear with increasing
n, so the need to correct for volume distortion vanishes with large sample sizes
in this case.

In Figure 1 we have plotted the densities and invariant P-values for tests
of skewness for several sample sizes n. The P-values are two-sided. The in-
variant P-values are the same as those based on the density of T5(d) and tail
probabilities of |T3(d)|, for all cases except n = 3. We note that the asymptotic
approximation to the exact P-value can be poor but is quite good for n = 100.
When n = 3 the invariant P-value is identically equal to 1, i.e., we never find
evidence against the model. In this case, we can show that J:Ff (r) =1/6-T;(x)
and the density of T at ¢ is proportional to (1—6t?)~1/2 for —1/v/6 < t < 1//6,
i.e., all the density is due to the volume distortion caused by Ts. Notice too that
the density is U-shaped with infinite singularities at the end-points. Accord-
ingly, if we were to use the density for the P-value we would reject the model
for values of T3 near 0 and this doesn’t make sense. It wouldn’t seem to make
sense to reject for large values of |T3| either, at least based on the shape of the
distribution. The invariant P-value is telling us that there is no test for skew-
ness based on 73 when n = 3. Intuitively this seems reasonable as we need two
degrees of freedom for location and scale and to check for skewness, we need at
least two more to see if there is asymmetry about the center.

In Figure 2 we have plotted the densities and invariant P-values for tests of
kurtosis for several sample sizes n. The densities are quite irregular for small
sample sizes and skewed. The invariant P-values, those based on the density
and tail probabilities are all different in this case. The P-values based on the
densities and asymptotics are quite similar for n = 100 while this is not the
case for the invariant P-values. This indicates that the volume distortion is still
having an appreciable effect when n = 100.
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In Figure 3 we have plotted the densities and invariant P-values based on the
Jarque-Bera test statistic n(nT3/6 + (nTy — 3)?/24) for several sample sizes n.
This is clearly an attempt to assess both skewness and kurtosis simultaneously.
The densities are quite irregular for small sample sizes and skewed. The P-
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values based on the densities and asymptotics are quite different for n = 100
while this is not the case for the invariant P-values. Again this indicates that
the volume distortion is still appreciable when n = 100.
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Figure 3: Densities and invariant P-values for Jarque-Bera test for various sample
sizes n when sampling from normal.

When U is an ancillary statistic, then a function of U can be used to as-
sess the model. If we consider the transformation T o U, then we must evalu-
ate f(ToU),l{t} fo(x) ri(dz) and, in general, there is no reason to suppose that
this is independent of #. When the distribution of T o U is discrete, how-
ever, then f(ToU)—l{t} fo(x) ve(dz) is the probability function of T o U and
as such is independent of #. Theorem 7 will show that the P-value based on
/; (Tot) -1t} 10 (z) vt (dz) is independent of 6 for a very broad class of ancillaries.

Consider the following example which will serve as an archetype for a com-
mon situation where ancillaries arise.

Example 7. Location-scale models.

Suppose we have z € R™ and the model is = ul,,+o0z where z is distributed
with density f with respect to volume measure on R, and p € R', 0 > 0 are
unknown. Then x has density f,,(z) = o "f((z — ul,)/o). We take the
parameter space to be © = {(y,0) : p € R0 > 0} and note that we have
a group product defined on © via (u1,01)(p2,02) = (@1 + o1p2,0102). This
group acts on R" via (p,0)x = pl, + ox. A maximal invariant is then given
by U(x) = (x — Z1,)/||x — #1,|| and this is ancillary. Note that U~{u} =
{z : x = al,, + cu, for some (a,c) € O} = Ou, i.e., U {u} is an orbit of the
group action. Clearly, this orbit is half of a 2-dimensional plane in R™ and so
geometric measure v, is just area.
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If we wish to base our checking on U itself, then we must evaluate

(o) = /_mfmwu(dx [ uatats ) vidade

LT (e ) v

=g ("2 / / f (al,, + cu) v/ndadc.
0 —o0

Accordingly the P-value for model checking is given by

P (f;ho’U <f;,LO'U(u0))

=Py (/ / f(al,, + cu) dadc</ / f(aly + cup) dadc)

and this is independent of the model parameter and we have a valid P-value
for checking the model. If instead we use a function T'(U) then, an application
of Lemma 5 shows that (10) is independent of (¢, c) by the same argument, as
the Jacobian factors do not depend on the parameter. Note that when f is the
N (0, 1) density, then basing model checking on the ancillary d or the conditional
distribution of the data given a minimal sufficient statistic produces the same
results.

More generally suppose we have a group model {f, : ¢ € G} where G is a
group, with a smooth product, acting freely and smoothly on X and f,(x) =
flg7'z)Jy(g7 x) for some fixed density f. Now suppose that [] : X — G
is smooth and satisfies [gr] = g[z] so U(z) = [z] "'z is a maximal invariant
and is thus ancillary. So u = U(z) € X,z = [z]U(x) and U~ {u} is the
orbit {gu : g € G}. Now if v/}, denotes geometric measure on G we have that
vy = K (u)vg, for some positive function K. Let z = g~ 'z so that [z] = g~ ![z]
and let J;([2]) denote the Jacobian of the transformation [2] — [z]. Then we
have that

fw@= [ R = [ )

= K(u) ; Flg™ [z]u)Jg (g™ olu) v (dlz))

= K(u) Gf([Z]U)Jg(U)JJ([Z])Vé(d[Z])

Now if we can write Jy(u)J;(2) = L(u)m(g) for some positive functions L and
m, then we have that the invariant P-value Py (fy;(u) < fy7(uo)) is indeed
independent of g. Further, by Lemma 5 this will also hold for T o U as well.
For example, in Example 6 J(, ) (u) = 0~" and, with [z] = [Z,||z — Z1,]]],
then J; ([2]) = o2 and this condition is satisfied. More generally, this condition
is satisfied in a wide range of group models, such as those discussed in Fraser
(1979). Accordingly the following result is broadly applicable.
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Theorem 7. Suppose that {f, : ¢ € G} is a family of densities with respect
to geometric measure py on X, where G is a group with a smooth product,
a smooth action defined on X and f,(z) = f(¢g~'x)J,(¢ x). Further suppose
that there exists smooth [] : X — G satisfying [gz] = g[z] and let J;([2]) denote
the Jacobian of the transformation [z] — [z] where & = gz. If there exist positive
functions L and m so that Jy(u).J;(2) = L(u)m(g), then we have that the P-
value (10) based on the ancillary T o U, with U(z) = [z] "'z and T smooth, is
independent of the model parameter and is thus a valid check on the model.

Although we have not been able to find an example, there may exist cases
where the invariant P-value based on an ancillary T o U is not independent of
the parameter. In such a case it is perhaps difficult to accept T o U as a true
ancillary, because its ancillarity is dependent on the way the transformation is
distorting volumes in some essential way.

5.2 Checking for Prior-Data Conflict

In Evans and Moshonov (2006, 2007) methodology was developed for inves-
tigating the existence of a conflict existing between the prior probability as-
signments made for the model parameter 6, and the values of § deemed rel-
evant by the likelihood. If T is a minimal sufficient statistic and U(T) is a
maximal ancillary, then the assessment is made based upon comparing the ob-
served value tg = T'(z¢) with Mp(-|ug), the conditional prior predictive dis-
tribution of T' given U(ty) = ug. The comparison was based upon the P-value
My (mp(t|up) < my(to|uo) |uog) where mp(-|up) is the prior predictive den-
sity of T given U(T') = ug, based on either counting measure or volume measure
depending on whether My (- |ug) was discrete or continuous. This choice of P-
value was made primarily because there was no theory that dictated how such
an assessment was to be made, but concern was expressed about the lack of
invariance in the continuous case. We can now use the approach developed here
to derive an appropriate invariant P-value.

The prior predictive density of x is given by m(z) = [g fo(2)II(df) and
note that this is just an average of the density values fy(x) with respect to the
prior. There is no volume distortion involved in this, for if fg(x)uk(B,(x)) is
the probability of observing the discretized response x,(z) when 6 is true, then
m(x)pr(Br(x)) is the probability of observing x,(z) when 6 ~ I and z ~ Pp.
Furthermore, m’.(t) = fT,l{t} m(z) vy (dx) = fT*l{t} Jo fo(x) 11(dB) vy (dx) =
Jo fT—l{t} fo(x) vy (da) I1(dB) = [g f5r(x) T1(dB) and so m7. is obtained by aver-
aging the densities appropriate to checking each Py measure individually based
on any statistic 7. If T' is minimal sufficient with fo(z) = go(T'(x))h(x), then
mip(t) = f@ 9o (t) I1(d0) fT—l{t} h(z) vi(dz).

If T is a complete minimal sufficient statistic, then we can ignore ancillaries
and the relevant P-value is My (mk.(t) < mk(t9)). The following result shows
that we need a slight modification for the general situation.

Theorem 8. Suppose that {fy : € ©} is a family of densities with respect to
geometric measure py on X, I1 is a prior probability measure on ©,7 : X — 7 is
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a smooth mapping onto manifold 7 with geometric measure pur and U : T — U
is a smooth mapping onto manifold ¥ with geometric measure pgs. Further
suppose that T' is minimal sufficient and U o T is ancillary. Then the invariant
P-value based on the conditional prior predictive of T" given U is

My (mz(t) < mp(to) [U = uo) (13)

where m.(t) = [ for(x) IL(d6).
Proof: For t € U~ '{uo} we have that mp(t|uo) = [g for(t|uo)II(df). Note
that 7= {t} NT71U"Huo} = T {t} when t € U {up} and is the empty set
otherwise. If t € U= {ug}, then

for(t[uo) = for(t)Ju(t)/ fu(uo) = (JU(t)/fU(UO))/ fo(@)Jr(2) vi(de).

Tt}

Therefore, removing the volume distortions due to T' and U, we have that
Mt o) = fo fpr gy Fol@)/ fu(u)) ve(da) TI(d6) = mip (1), fir(uo) and the
result follows.

So (13) is obtained by averaging, with respect to the prior, the relevant functions
for checking each Py measure and then, comparing the observed value of this
function with its distribution under the prior predictive given the ancillary U (T).
As argued in Evans and Moshonov (2006, 2007), conditioning on the ancillary
is appropriate when assessing prior-data conflict, as this removes variation from
the assessment that has nothing to do with the prior.

For the examples included in Evans and Moshonov (2006, 2007) the only P-
values that will change, when we use these invariant P-values, are those recorded
for the location-scale models. In all the other examples the volume distortions
are constant, either because of discreteness or because the model was a location
model. The change in the P-values for location-scale models is illustrated by
the following example, and we see that this is very small.

Example 8. Prior-data conflict for the location-scale normal model.
For a sample z of size n from the N (u,0?) model, T'(z) = (z,(n — 1) |z —
z1,||?) = (7, s?) is minimal sufficient. Then for a prior 7 on (u, 0?)

mee.) = [ [ f vy T80 @) Gy 0 0,0

where f(-| i, o) is the joint density of the sample, U(z,s2) 18 surface area measure
on the (n—2)-dimensional sphere z1,,+ ||z —Z1,|[(S" 'NL*+{1,}), and Jr(z) =
n'/2(n—1)"/2/2s. So mi(z, s?) = 2smr (7, s%)/n'/?(n—1)'/? and the P-values
based on m¢ and mJ. differ by very little. In fact this difference disappears as
n grows. The arbitrariness of the P-value based on the density is demonstrated
by the fact that, if we had instead chosen the minimal sufficient statistic to be
T(z) = (nx,||r — Z1,]|), then the P-value based on my equals the invariant
P-value.

It is not clear that the general use of discrepancy statistics is appropriate
when checking for prior-data conflict. For there is no sense in which we think
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of the prior as being wrong, as it represents some individual’s (or individuals’)
beliefs about what the true distribution is. Rather we simply look to see if there
is a conflict between what the data says about 6, as expressed by the likelihood
function, and the prior. Evans and Moshonov (2006, 2007) assessed this by
determining whether or not the observed likelihood function is a surprising
value from its prior predictive distribution given an ancillary or, equivalently,
whether or not the observed value of a minimal sufficient statistic is a surprising
value from its prior predictive distribution given an ancillary. With the use of
the invariant P-values developed here, this assessment becomes independent of
the choice of a particular form chosen for the minimal sufficient statistic.

The assessment for prior-data conflict becomes more involved when a prior is
specified hierarchically. For example, suppose the prior is specified component-
wise as ma (62 | 01)m1(01), where the model parameter equals (61, 605), or where 6o
is the model parameter and ¢; corresponds to hyperparameters. In such a case
choices are made for the m; and, as discussed in Evans and Moshonov (2006,
2007), we wonder if perhaps only part of this specification leads to a prior-data
conflict. Of course, the P-values developed there for such cases should also be
modified to use invariant P-values.

We have restricted our discussion to determining appropriate P-values for
checks on the sampling model, based on the conditional distribution given a min-
imal sufficient statistic or based on an ancillary statistic, and separate checks
for prior-data conflict, based on the conditional prior predictive of a minimal
sufficient statistic given an ancillary. Other authors, such as Box (1980), Meng
(1994), Gelman, Meng and Stern (1996), Berger and Bayarri (2000), and Ba-
yarri and Castellanos (2007), have recommended P-values for Bayesian model
checking that combine elements of the prior and the model. We feel that our
developments are also relevant to the checks recommended by these authors.

6 Computations

Implementation of invariant P-values will sometimes require the numerical eval-
uation of f7. In Example 6 we used simulation based upon the following result.

Lemma 9. Suppose that X and 7 are manifolds, with geometric measures
px and pg respectively, and T : U — 7 is an onto, smooth mapping. If
B(J; (X)) < oo, then f3(t) = fr() E(J7 (X)| T = t).

Proof: For B C 7, by the measure decomposition theorem, we have that

E(J; (X)Ip(T (X)) = /X (@) 5 (T(X)) £ () e (dr)

— [ [ s@wtn st = | sioura
BJT-1{t} B
and of course E(J ' (X)Ip(T(X))) = [ E(J7 ' (X)|T =1t) fr(t)pr(dt).
Therefore we generate a sample x1, ..., x, from f and use the kernel density

estimator fr(t) = n~' Y20, Ku(T(z;) —t) to approximate fr(t) with K, (t) =
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I_1,1)(t/h)/2h. For small h > 0 and n large, 2hfr()E(J5 (X)|T = t) ~
=3 Jr N (@i) L —ne4n) (T(25)). Then we approximate E(J7'(X)|T = t)
by E(Jp (X)|T =) = 30, Jp (@) Kn(T(xs) — )/ 302, Kn(T(2) — 1), the
Nadaraya-Watson estimator. The approximation is carried out at some of the

t; = T'(x;) values. Further details on this estimator and kernel regression can
be found in Wand and Jones (1995).

7 Conclusions

The use of P-values is somewhat of a controversial topic in statistics. In many
ways, it seems to us, however, that the P-value represents the best way of
assessing whether or not an observed value z( from a distribution P is surprising.
Perhaps the first concern about P-values arises here, as it is not clear exactly
how such a P-value should be computed. Some may argue that we must make
use of a real-valued discrepancy statistic T'(x) and compute Pr(T > T'(zo)).
While there is intuitive support for this, it only seems justified when the region
of relatively low probability for 7T is just the right-tail. Further, it doesn’t really
help at all when T is multivariate.

We have argued that there is a logical basis for the development of appropri-
ate P-values for discrete models. Further, we can carry this development over to
suitably regular continuous models provided that we acknowledge that our con-
tinuous models are approximations to a discrete reality and, that we make sure
that volume distortions induced by transformations do not affect our P-values.
This leads to results that are the same or very similar, in many examples, to
the way we currently compute P-values based simply on intuition. This is sat-
isfying, as a radical change in such a fundamental tool would make us wary.
Perhaps the most important consequence is that we feel that we have resolved
the issue of the noninvariance of the P-value in the continuous case, and this
makes us more confident that these are appropriate measures of surprise for the
problems discussed.

8 Appendix

Proof of Theorem 1
(i) We need to consider the distribution of

k
Inp,(t) =In (t " . )951-.-03 = (tin6; —Int!) + Inn!
1...0k i—1

when (t1,...,tx) ~ Multinomial(n, 61, ..., 6x). For M > 0, let

Crar = A{(t1, ..., tg) : max. [t; — n9i|/n1/2 < M and no t; = 0}.
Since (z1,...,2k) = (t1 —nb1, ..., tp —nby)/n'/? LA Ni(0,%) as n — oo, where
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oii = 6;(1 —6;) and 0;; = —0,;0; when ¢ # j, and since no ¢; = 0, there exists
M. and nyy., such that for all n > nps. then Pr(Chr) > 1 —e.

Suppose that (¢1,...,t) € Cpr, . By Stirling’s formula In¢;! = (1/2) In 27t; +
t;Int; —t; + A(t;) where |A(¢;)| < 1/12¢; and, using Zle t; =n,

k

> (tiln6; —Int;!)

=1

Ien, o k
_5;1ng+2)\(t¢)—nlnn+n—§ln27m. (A1)

i=1

Now t; In(t;/nb;) = (nb; + /nz;) In(1 + z;/v/nb;) and since |z;| < M, we can
choose n larger than njs. so that |z;| /v/n6; < 1/2 for all ;. When |z| < 1/2,

e} ; Zi [es} Z‘ 92
|1n(1+z)—z+22/2|: ;(—1)“7—2—&-22/2 ;Tﬁg 2,

so In(1+ z) = z — 22/2+ O(|z|*). Applying this to the first term in (A1), gives

k k

t;
;tiln s ;(nﬂ +v/nz) In(1 + z;/v/nb;)
= 3+ V) oL
B P i e \/—9  2n6? n3/2

S eto(l) e fo k)

When |2 < 1/2, then |In(1 + 2)| < 330, |2[' /i = |2] 322, |21 /(i + 1) < 2]
and, applying this to the second term in (Al), gives

Ien, 4 1 1< 2 1< r |2
Y In2==-) Inb;+=> In{14+—=) ==Y Inb, o ==]).
s i =gy Yo (14 ) =gy me Yoo ()
=1 =1 =1 =1 =1

The third term in (A1) satisfies

k

1 1 1
<X m w0

=1

i=1

Combining all this and |Inn! —nlnn +n — (1/2)In27n| < 1/12n gives

k
—lnp,(t) Z —|— Zln@ —|—

i=1

ln 2mn + 1y (t)
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ra(t) = io ( 'f}'z) +Zo ('Zf/'2> +io (%) +0 (%) =0 (#) :

when (t1,...,tx) € Cpr, since |z;| < M. Then, for n > 0, we have that
Pr(ra(t)] >n) < Pr(lr ()] > 1] Cyu)Pr(Car,) + Pr(Cyy,) < €

since Pr(|rn(¢)] > n|Can.) = 0 for all n large enough and so 7, (¢) L 0. Since

Ele(ti — nb;)?/nb; Z X where X ~ Chi-squared(k — 1) we have proved (i).
(ii) We can write

Pr (Inpy,(t) <lInp,(to))
k k
(ti —nb;)* 7191') (tio — nb;)*
= E >
& (i_l 2nb; )= i=1 + rnlto)

Then, letting G_1 denote the Chi-squared(k — 1) distribution function,

k (t —n9)2
Pr, (PT(lnpn(t)Slnpn(to))—{l—gk_l (Z%)} >77>

i=1
k i—nb
P Z’L:l . 2n6; : + T”( ) _
T k (tig—nei)Q
< Pr, Dic1 g +ralto) >n/2 |+
0—m0,)?
{1 — Gg_1 (Z?:l (tlonigi“ + rn(to))}
i0—nb; 2
{1-Gi (D, o2 (1)

-G (st )} 7 -

Now let € > 0 satisfy ¢ < 7n/2. When X has a continuous distribution and
X, 2 X then, for any € > 0, we have that sup, |[P(X <z) — P(X, <z)| <e¢
for all n large enough. So, since r, (t) £ 0, the first term on the right in (A2)

Pr,

0

equals 0 for all n large enough. Since 7, (o) Eil 0, then

k k
Gk—l(Z%‘Frn(tO)—’Gk 1(2 o—n@ )

i=1 ¢ i=1
Combining all this we have proved (ii).
(iii) First we note that if p; = 0, then Pr(¢; = 0) = 1 and so p;In(0;/p;) =

t;In(6; /p;) = 0. Now (z1,...,2k) = (t1 —np1, ..., tx —npg)/n'/? LA Ni(0,X) as
n — oo, where 0;; = p;(1 — p;) and 0;; = —p;p; when 4 # j. We have that

k
In py, (to) Z tio(ln@; —Inp;) + Z(tio Inp; — Int,o!) + Innl. (A3)
i=1 i=1
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We can apply the same analysis to Zle(tio Inp; — Int;p!) as we did in (i) but
now we must take into account that whenever p; = 0, then corresponding terms
are dropped. Doing this we obtain (always interpreting 0 - co = 0)

k
1 k
Sn(to) = —Inp,(to) — 3 E Ing; — <1nn! —nlnn+n— 511127771)

k k k k
tio ) 00 5~ (o —npi)? 1 L |
Z n p ; 2np; 2 ; i + 2 i:%;ﬂ Inp:

l
+ 3 In27n + 77 (to)

where [ is the number of p; = 0 and r}(to) £ 0 when sampling from the
Multinomial(1, p1, ..., pr) distribution. Arguing as in (ii), we have that the
P-value given by (5) converges in probability to 1 — Gg—_1(sn(to)). Under sam-
pling from the Multinomial(1, p1,...,px) distribution Zle(tio/n) In(6; /p;) 3
Zle p; In(0; /p;). This equals minus the Kullback Leibler distance between the
p; and #; distributions and so is negative when p; # 6; for some i. It is then
immediate that s,,(to) £ 50 and this completes the proof of (iii).

Proof of Theorem 2

Let B be a bounded set formed from a union of elements of { By () : x € R},
such that P(B¢) < € and zg € B. Since P(By(z) | B) = P(B,(z))/P(B) when
B, (xz) C B and P(B,(z)| B) = 0 otherwise, we have that

> P(Ba(x)) ~ P(f(x) < f(20))| < 26+

{zn(2):P(Bn(2))<P(Bn(z0))}

P(Bn(z)| B) = P(f(x) < f(z0) | B)| P(B).

{zn(2):P(Bn(z) | B)<P(Bn(zo) | B)}

So, if we prove that

> P(Bn(z)|B) — P(f(x) < f(x0) | B),
{zn(2):P(Bn(z) | B)<P(Bn(zo) | B)}
as n — 00, then the result will be established. Accordingly, we hereafter assume
that X is contained in a bounded set B with {B,(z) : * € R} a finite partition
of B.

Now suppose that f is unbounded on X and let ¢ > 0. Let M > 0 and
Xy = {z : f(xr) < M}. Since P(X§;) — 0 as M — oo, we can find M such
that P(Xf,) < e Since Ugy, (2):B, (x)nxg, #£6)} Bn(z) is monotonically decreasing
to Xf;, there exists ng such that for all n > ng, then

> P(B,(z)) — P(X§,)| <e.
{@n(2): B ()N X5, #6)}
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Therefore, taking B’ = B\ Uz By (2)n X5, #6)} Bno (z), and reasoning as in the
preceding paragraph with B’ replacing B, we see that we need only prove the
result when f is bounded. We assume f is bounded hereafter.

Since f is continuous on X, we have that P(B,(z))/u(B,(z)) — f(x) for
all z € X. For each z € X there exists =/, () € B,(x) such that P(B,(z)) =
[ (x)u(Bp(z)) and so, since p(By,(z)) is finite and constant, (7) equals

f@y (@) (B (). (A4)
{wn (@):f (@}, (2) <F (@} (20))}

Since X is contained in the union of finitely many of the B,,(x), the sum in (A4)
is a finite sum. Now

) J (@, (@))( B ()

{zn(@):f (2, (2)) < f (2, (x0))}

- > S (@) (B () +

{zn(@):f (27, (2))<f(z0)}

{@n(@):f(x0) <f (), (@) < f(2],(x0))}
> f(a () u(Bs ().
{zn (@)1 f (2], (20)) < f (2], (2))<f(z0)}
We have that
> f(ah (@) u(Bn(x)) — P(f(z) < f(x0))
{zn (2):f (), (2))<f(z0))}

as n — 0 as the left side is an approximating Riemann sum to the right side.
Further, f(z],(x0)) — f(x0) as n — oo and so, for € > 0 we can find n. such
that for all n > n., then |f(zo) — f(],(%0))| < €. Accordingly,

> f(@, () (B ()
{zn(x):f (], (x0)) < f(x], (x))<f(z0)}
< > £, (2))(Bn (2))

{zn(x):f(x0)—e<f(z) (2)<f(x0)}
— P(f(z0) —e < f(x) < f(w0))

as n — oo and this upper bound converges to 0 as € — 0.
Now we have that 1 = ILC(ZEQ) + Ifflf(zo)ﬂLC(rg)C + I(f—lf(zo))c,

> L1 f a0y o) (T (2)) (2 (2)) (B (2))
{zn(z):f(x0) < f(z], ()< f(x) (x0))}

= f(zo) > If-1 f(20)nLC (o)< (7, (2)) (B ()
{@n(@):f(z0) <f (2], ()< f (7, (w0)) }
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< f(@0) Y I paoinicieo) (@ (@) u(Bn (@) — f(zo)u(f " f(z0) NLC(z0)°)

Zn ()
where pu(f~1f(xo) N LC(x0)¢) = 0 and
> 51 faone (@ () f (2 (2)) p(Bn (2))
{zn(x):f(xo) < f(z), (x)) < f(xh (x0))}
< T(p1 oy (@ (2)) f (2 () (B ()

(o @) £ @)@ (2) < F (o) e}
— P({z: f(zo) < f(x) < flzo) + e} N (ff(0))")

and this converges to P(f~1f(z0) N (f~1f(20))") =0 as € — 0.
Finally, we consider

> L (o) (@ () f (7, () (Bn ().

{zn(@):f (xo)<f (@, (x)) < f (2], (20))}

Now LC(zg) is covered by finitely many of the By, (x). Let LC¢(x¢) be the set of
points in LC(xg) that lie a distance greater than e from dLC(xg). Since LC(xg)
is an open set, LC(zg) T LC(z0) as € — 0 and so pu(LC(zo)) T p(LC(z0)).
We can choose n. so that when n > n., then z,(z) € LC?¢(z¢) then zj(z) €
LC<(x0) and so

> Tpcoe () (2, (2) £ (], () (B (2))

{zn(@):f(w0)<f (@], (2)) < f (2], (20))}

= f(x0) Y Ipcoe () (@), (2))u(Ba(2))

< > IL0 (o) (@ (2)) f (7, (2)) 1 Bn ()
{zn(@):f(@0) < f (2], (2)) < f (27 (x0))}
< > IL0(a0) (@ (2)) (f (x0) + €)u(Bs(x)).  (A5)

{zn(@):f(x0)<f (27, (2)) < f(z0)+e}

Now the left-hand side of (A5) converges to f(zo)u(LC?¢(x)) which converges
to f(xo)u(LC(xo)) = P(f(x) = f(xo)) as € — 0. The right-hand side of (A5)
converges to

P(LC(w0) N {x : f(x0) < f(x) <
eu(LC(xo) N {x : f(o) < f() <

which converges to P(f(x) = f(z0)) as ¢ — 0 and this establishes the result.

Example Where Theorem 2 Fails

Let g1,qa,... be a listing of all rational numbers in X = (0,1). Fix a § €
(0,1/8) sufficiently small and let Ag = XNUL, (g;—027%, ¢;+0627%). For x € Ay,
there is an interval (a,b) C X such that = € (a,b) C Ag. For x € Ay define
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a(z) = inf{a € [0,2]](a,x2) C Ao} and b(z) = sup{b € [z,1]|(z,b) C Ao}
Then, (a(z),b(z)) C Ao for all x € Ap. Since Ay is a countable union of
intervals, there are countably many x;’s in Ag such that Ay = U2, (a(x;), b(z;))
and such that these intervals are disjoint.

The intervals (a(x;),b(z;))’s can be ordered to obtain the class of intervals
{(ai,b;) : ¢ = 1,2,...} where the ordering is such that (a;,b;) satisfies i < j
whenever b; —a; > bj —aj, or a; < a; when b; —a; = b; —a;. Now let A = XN A§
and define probability density f(x) on X as

1 ifxz e A,
f((E) = { (bi—a;)? . 2m(z—a;)
b,ifai

1+ =—"=sin if © € (a;,b;) for some i.

We see immediately that f is continuous on X and so, for every x € X,
limy, .00 P(Bn(2))/pr(Bn(z)) = f(x) for any B, (z) shrinking nicely to x.

We need the following results.
Lemma 10. (i) volume(A) =1 —2a > 1 — 26 where a = .~ (b; — a;)/2.
(ii) For any =y € A, P(f(z) < f(xo)) = 1——a where 8 = Y2, (b; — a;)? /7%
Proof: (i) We have that volume(Ag) = Ag = U2, (a;, b)) = > ooy (b — ;) = 2cx
and volume(A) = 1— volume(Ay). Further,

volume(A) = volume((0, 1)\ Ag) = volume((0,1) N N2, (¢; — 627", ¢ + 6279)°)

>1— Y volume((g; — 627", q; +0627")) =1 2027  =1-24.
i=1 i=1
(ii) For any zo € A, f(zo) =1 and

P(f(z) < f(x0)) = P(f(z) < 1)
=1- P(UZ(ai, (a; + bi)/2))

1— P(f(z) > 1)

oS a3 tb;
=1- f(x)dx

i=1" %

a;+b;

> b — a 2 (b —a;)? 2 —
11— bi —a; +/ (b; — a;) sin 7(x al)daj

im1 2 a; ™ bi — a;

(b —a;)? 2w —ag) |2 = (b — a;)?

:1—04—&-; 92 Cos bi—ar |, zl—cy—giﬁ2
=l—a—-p0.

Note that § € (0,1/8) and Lemma 10(i) implies that the volume of A is bigger
than 3/4.

Now let By (z) = XN ((k—1)27™, k27"] where k = [2"z] for x € X. Then,
Bp(x) = (In(2), un(z)] for k < 2™ and B, (z) = (I,(z), up(x)) if k= 2"
Lemma 11. The set N(z) = {n € N: z — [,,(z) > u,(z) — z} has infinitely
many elements for z € X.
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Proof: The binary expansion of z is given by = [0.z 2223 - - ]2 = Zil ;270
Then, 2"z = X1 - Ty -Zpp1Tnt2 - 2 and up(x) = 27"+ [0.21 - - - @y ]2 f Tpyr =
1 for some k > 0 and otherwise, i.e., x4 = 0 for all k£ € N or equivalently
x =m27" for some m € N, u,(x) = [0.21 - zp]2 = .

For the second case, i.e., u,(x) = x. Then, ug(xz) = = for all k¥ > n. Note
I(2) = uk(z) — 27%. Thus,  — lx(z) = ug(v) — le(z) = 27% > 0 = ug(x) —
for all k > n. Hence, N(z) contains infinitely many elements.

For the first case, i.e., there are infinitely many 1’s in x1, 2, . . ., assume that
N(z) is finite. Then there is a number M € N such that z — ,,(z) < u,(x) —
for all n > M. Now z — l,(z) < up(x) — x implies that z,41 = 0 since
x —ly(z) < up(z) — 2 implies this and if © — {,,(z) = up () — =, then we would
be in the second case as un+1(z) = x. Hence, we get x,, =0 for alln > 1+ M.
In other words x = [0.z1---2pr]2 = m2™M for some m € N and this is a
contradiction. Hence N (x) must contain infinitely many elements.

Let A={a;:i=1,2,...} and B={b; : i = 1,2,...}. We have the following
result.

Lemma 12. Each x € A is irrational and AU B CA.

Proof: We must have that x € A is irrational since Ay contains all the rationals
in (0,1) and A = (0,1)\Ap. For any z € AU B, we have z € A because A =
(07 1)\ U?i1 (aiﬂ bi)'

Now if x € A, then l,,(z) < & < u,(x) since I, (x) and u,(z) are rational
and x is irrational by Lemma 12. Since l,,(x) € Ag, there exists ¢ such that
ln(z) € (as,b;) and b; < z since z ¢ Ay. Therefore, a; < I,(z) < b; < x
implying b; = min(BN B, (x)) and we define a; () = a;, b n(z) = b;. Similarly,
since un(x) € Ao, there exists j such that u,(z) € (a;,0;) and ¢ < a; since
x ¢ Ag. Therefore, z < a; < un(z) < b; implying a; = max(AN B, (z)) and we
define ay n () = aj, byn(z) = b;. Note that

a; (1) < lp(2) < bpn(x) < ayn(r) < up(x) < byn(x) (A6)

whenever € A. Note that we must have that b;,(b) = b for any b € B and
ayn(a) = a for any a € A.

We need the following trigonometric inequalities.
Lemma 13. (i) |sinz| < |z| for all x € R,
(ii) cosz <1 —22/2+24/24 =1 — (22/2)(1 — 2%/12) for all |z| < \/56.
Proof: (i) The result is well-known.
(ii) The trigonometric function expansion of cosx is given by

I~ 2 22 gt > g2 a?
=Y (=1) =l-—+7- 1= '
cos T ;( ) 2)! 5 T 91 32::2 (45 —2)! ( (45 — 1)(4J)>

For |z| < /56 and j > 2, we have 1 — 22/[(4j — 1)45] > 0 as well as

x?i x? x4

cosz < Z;(—l) 2 =1- 5 + 2
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Hence, the lemma follows.
We now establish some inequalities for P(B,(x)).
Lemma 14. For x € A we have that P(B,(x)) satisfies

P(Bn(m)) >27" — (bl,n(m) - al,n(x))(bl,n (33) - ln(x))g (A7)

P(Bn(z))

<27 = (o) — ) (o) — (o) (1 - T D

(bun (@) = aun(2))(un(z) — aum(x))g- (A8)
Proof: Suppose z € A. Let M, (z) = {i € N: (a;,b;) N By, (z) # 0}.

un(z)
P(Bu(x)) = / o e

un (@) b_i2 2n(v — a;
:/ 1+ Y T @) g 20— a0 g,
l

(z) ™ bl — a;
1€EM, (x)
o [T (b (@) — (@) 270 — aia(x))
=2"" 4+ /ln(r) - sin bz,n(x) — az,n(x) dv
un (@) (bun(m) _au,n(m))Q ‘in 277( — Gy n( ))
o " @)~ ()
_oen, (bun(@) — ain(2))? 27T(bl n() —ln(z))
=27" 4 52 (cos b (@) — an(@) 1) (A9)
(bun () = aun(2))® — cos 21 (un () — aun(z))
T 272 (1 bu,n(m) - au,n(m) )
—9-n _ (bl,n(x) - al,n(x))g sin? 7T(bl,n(m) - ln(x))
w2 bl,n(x) - alm(x)
(bun(m) - au,n(x))g sin2 W(Un(x) - au,n(x))
* w2 bun (@) — Qun(z) (810

where the last equality is derived using 1 — cosz = 2sin?®(z/2). Then (A7)
follows from Lemma 13(i) and (A8) follows from

2 n —n
0< ZZlin(@) — @) o s
bl,n(x) - alﬂl(x)
and applying Lemma 13(ii) to the second term in (A9) and Lemma 13(i) to the
last term in (A10).

Lemma 15. Consider b; € B and let B,, = {B,(z) |z € X}. Then,
lim inf > P(B)<a-0.

n—oo

BeB,:P(B)<P(By(b;))
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Proof: Let Ci, = {B € B,|BNB #0,P(B) < P(B,(b;))} and Co, = {B €
Bu|BNB = 0, P(B) < P(Bu(by)}. Then, {B € B, | P(B) < P(Ba(b;)} =
Cin UCayp. We will prove that () P(3(Cap)) - a— [ asn — oo and (ii)
P(3(C1,5)) — 0 as n — oo, subject to n € N(b;), where 3(C) = UcecC.
(i) Since b; € A, we have that P(B,,(b;))/volume(B,(b;)) — 1, and also

b —a:)? —a;
i az) sin 277(33 ai)
™ bi — a;

P(By(x))/volume(By,(z)) — 1+ (

when z € (a;,b;) for some 4. It is then clear that liminf, .. 3(C2p) D Dy, =
{x € X|f(x) < 1— ¢€}. Further, if z € A, then by (A6) B,(z) N B#0 for
any n and so limsup,, . X(Capn) C Do = {z € X|f(z) < 14+¢a; < x <
b; for some i} for any € > 0. Hence, {x € X' | f(z) < 1} C liminf,, o 3(C2,,) C
limsup,, . 2(Can) C {z € X|f(z) <= 1l,a; < x < b; for some i}. Note
P{z € X|f(z) = 1,a; < © < b; for some i}) = 0 because this set contains
countably many points. Thus,

P(E(Con)) = P{z e X[ f(z) <1})
[eS) b, 2
_ ’ (bi —a)®  2m(@—ai)
_;/ai;bil—i_ - sin T— der =a— (.

(i) Fix € € (0,1/4). By the comment after (A6) we have that a;,(b;) = a;
and by, (b;) = b;. As n increases, by n(bj) — au,n(bj) converges to 0, because the
length of By, (b;) shrinks to 0, and also b; — ln(bj) — 0. Hence, there is a number
Np > 0 such that for all n > Ny, we have that 72(27")%/3(b; —a;)? < min{1, €}
and by 5 (b;) — aun(bj) < €(bj —a;)/4. Then, for all n > Ny in N(b;) defined in
Lemma 11, and using b; —1,,(b;) < 27", the upper bound on P(B,(b;)) in (A8)
becomes

 (anls) = o (5) (5 ~ BB
<oy —ape 2P (1o gp s ) ety - a2y
<27 —(bj —a;)(27"/2)3(1 — 2e).

For any = € A, the inequality (A7) becomes

P(Bn(m)) >27" — (bl,n(m) - al,n(x)(bl,n (33) - ln(x))g
>27" — (b p(x) — al,n(x))Q_Q".

Hence, for all z € A satisfying (b;,(z) — ain(x)) < (bj —a;)/8,

P(Bn(@)) 2 27" = (bun(@) = ain(@)27" > 27" = (b — ;)27 /8
> 27" — (bj — a;)27 2" (1 = 2¢) /4 > P(By(b))).
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Thus, for € A, P(By(z)) < P(By(b;)) implies by n(x) — bin(z) > (b; — aj)/8.
Since b; — a; — 0 as i — oo, there is J € N such that b; —a; < (b; —a;)/8
for all 4 > J. It then follows that

={Bn(z) |z € B, P(Bn(x)) < P(Bn(b;))}
CABn(b;) |1 < T}

Then, since f(x) < 2 for all z € X, we have that P(2(C1,,)) < P(E({Bn(b;)]i <
J})) <2J/2™ — 0 as n — oo subject to n € No(b;) and this establishes (ii).
The result follows by combining (i) and (ii).
We now have the final result.

Theorem 16. For the distribution on X = (0, 1), with continuous density
given by f, and for b; € B, we have that P(f(z) < f(b;)) =1 — 8 — o while
Y BeB,:P(B)<P(B (b)) L (B) either doesn’t converge or has limit equal to a—f3 <
1-0—a.

Proof: By Lemma 12, b; € A so by Lemma 10(ii) we have that P(f(z) <
f(bj)) = 1= —a. By Lemma 15, if 3 p.n . p(p)<p(s, 1)) L(B) converges,
then it converges to o« — (3 since we constructed a subsequence converging to
this value in Lemma 15. If « — § > 1 — f — a, then a > 1/2, but by Lemma
10(i) and § € (0,1/8), we have that o < 6 < 1/8.
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