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SUMMARY

We extend the common linear functional regression moddigeatse where the dependency
of a scalar response on a functional predictor is of polymbnaither than linear nature. Focusing
on the quadratic case, we demonstrate the usefulness obblreomial functional regression
model which encompasses linear functional regression geaas case. Our approach works
under mild conditions for the case of densely spaced obengaand also can be extended to
the important practical situation where the functionaldxtors are derived from sparse and
irregular measurements, as is the case in many longitudindies. A key observation is the
equivalence of the functional polynomial model with a rexgien model that is a polynomial of
the same order in the functional principal component scofdke predictor processes. Theo-
retical analysis as well as practical implementations lae@ tbased on this equivalence and on

basis representations of predictor processes. We alsma@btaxplicit representation of the re-
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2 F. YAO AND H. G. MULLER

gression surface that defines quadratic functional reigressid provide functional asymptotic
results for an increasing number of model components asleasige, number of subjects in
the study increases. The improvements that can be gainediopyileg quadratic as compared to
linear functional regression are illustrated with a casdystvhich includes absorption spectra as
functional predictors.

Some key words: Absorption Spectra; Asymptotics; Functional Data Anay®olynomial Regression; Prediction;

Principal Component.

1. INTRODUCTION

Data which include a functional predictor in the form of a itiorandom trajectory are increas-
ingly common. Typical scenarios in which such data ariskigie frequently monitored trajecto-
ries such as in movement tracking (Faraway, 1997) and lotigial studies where the trajectory
is probed through noisy and often sparse and irregularlgesbeneasurements. Regression mod-
els that can handle functional predictors are thereforeleddor a variety of settings and ap-
plications, and many aspects of these functional regnessiations remain open problems. We
consider here the case where a functional predictor is ¢havith a scalar response. Examples
of such situations include various biological trajectsneith regular observations as predictors
(Kirkpatrick & Heckman, 1989) and are also commonly encetaed in biodemographic appli-
cations (Muller & Zhang, 2005). In many longitudinal stesli measurements of longitudinal
trajectories are recorded only intermittently and oftetirag points that do not conform with a
regular grid (Muller, 2005).

As an example of a typical functional regression problemsater the sample of trajectories
in Figure 1. Displayed are 50 randomly selected 100-chaainsbrption spectra which are used
to predict the composition of food samples. The spectra slae from meat specimen and the
goal is to predict fat contents. These spectra have beerelgesmmpled at 100 support points
and are seen to be quite smooth, with only small measuremems eTaking advantage of the

smoothness of these trajectories is key to the efficient tmafef regression relationships that
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include functional predictors. The functional nature @& tiredictors and the measurements need
to be adequately reflected in the statistical modeling dfslata (Rice, 2004; Zhao et al., 2004).

In this paper, we consider both densely and sparsely sangigitudinal predictor data. In
many longitudinal studies for which one wishes to apply fiomal regression, the predictor pro-
cess must be inferred from noisy and sparse measurememisy&tal., 2000; Yao et al., 2005c).
For the most appropriate analysis of a given set of data withtfonal predictors, one desires a
variety of readily available models, from which the datalgstecan choose the most appropriate
approach. The situation is analogous to the case of ordimegingssion models involving vector
data, where quadratic models are commonplace and occupyi-astablished place in many
applications such as response-surface analysis (see elgs bt al., 2003).

Within the field of functional data analysis, with excellemterviews provided in Ramsay
& Silverman (2002, 2005), an emphasis has been the funttioear model. Various aspects
of this model have been studied, including implementaticosnputing and asymptotic theory
(Cardot et al., 2003; Shen & Faraway, 2004; Cardot & Sard@52Cai & Hall, 2006; Hall &
Horowitz, 2007). The functional linear model has been bhbiig the fore in Ramsay & Dalzell
(1991). It imposes a structural linear constraint on theaggjon relationship which may or may
not be satisfied. The linear constraint is helpful for adsiresthe problem that the elements of a
finite sample of random functions are very far away from eableron the infinite-dimensional
function space, but it may be too restrictive for some apgibs. It is therefore of interest to
consider extensions of the functional linear model thategra reasonable structural constraint,
but at the same time enhance its flexibility. We propose herextension of the linear model to
the case of a polynomial functional relationship, analegtmuthe extension of linear regression
to polynomial regression in traditional regression sgtiand highlight the important special
case of a quadratic regression.

To achieve the regularization that is necessary for anytimmal regression model, we project
predictor processes on a suitable basis of the underlyimcfifin space, which is then truncated

at a reasonable number of included components. We implethisntegularization through the
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4 F. YAO AND H. G. MULLER

eigenbasis of the predictor processes which leads to pamsdus representations. A key finding
is that the functional polynomial regression model can peagented as a polynomial regression
model in the functional principal component scores of thedmtor process. Accordingly, it is
convenient to implement the model as polynomial regressictine principal components of
predictor processes. The representation in terms of fumaltiprincipal components makes it
possible to include both densely and sparsely observedcpoedrajectories, allows for simple
numerical implementation, and enables us to obtain asyinptonsistency results within the

framework of a general measurement model.

2. FUNCTIONAL LINEAR AND POLYNOMIAL REGRESSION

2:1. Fromfunctional linear to quadratic regression

The functional regression models we consider include atilmmal predictor paired with a scalar
response. The predictor process is assumed to be squageabieeand is defined on a finite
domainT , with mean functiorE{X (t)} = px(t) and covariance function c§X(s), X (t)} =
G(s,t) for s,t [T1. The covariance functio® can be decomposed by means of the eigenval-
ues and eigenfunctions of the autocovariance operatir. @enoting eigenvalue/eigenfunction
pairs by {(A1,91), (A2, @2), ...}, ordered according td; = A, = ..., one obtaings(s, t) =

> M@0k (S)9x(t). The well-established linear functional regression mod# acalar response

(Ramsay & Dalzell, 1991) is given by

E(YIX) =y + /T B(s)X"(s) ds, (1)

whereX¢(t) = X(t) — ux(t) denotes the centered predictor process. rByeession parameter
function (3 is assumed to be smooth and square integrable.

To estimate the functiofi, some form of regularization is needed, for which we empiap-+
cated basis representations of predictor proceXsed/e choose the (orthonormal) eigenfunc-
tions of predictor processes as basis; alternative choices such as the wavelet basis roag p

convenient in some applications (Morris & Carroll, 2006)h& selecting the eigenbasis, one
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takes advantage of the equivalence between the predicioegs and the countable sequence of
uncorrelated functional principal components. Theseesxcare the random coefficier§sin the

Karhunen-Loeve representation

X(t) = px(t) + > &op(t), t LT, @)
k

with &, = [ X¢(t)@(t)dt. They are uncorrelated with zero mean and(g;) = A.

While the functional linear model in (1) has been well inigastted and has proven useful
in many applications, it is desirable to develop a class ofengeneral “parametric” functional
regression models for situations where the functionablimeodel is inadequate. If a functional
linear model does not provide an appropriate fit, a natutatrative is to move from a linear
to a quadratic functional regression model, similarly ® $ituation in ordinary regression. This
approach follows the classical strategy to embed an iikfjtinodel into a larger class of models.
It is thus natural to consider a quadratic regression mglatiip when moving one step beyond
the functional linear model, or on occasion a functionahtieh that involves a polynomial of
order higher than 2. The functional linear model is alwayduded as a special case.

The quadratic functional regression relationship invslaesquare integrable univariate linear
parameter functiof3(t) and a square integrable bivariate quadratic parametetidong(s, t)

and is given by

E(Y|X)=0+ / B(t)Xc(t)dt +/ / y (s, t)X(s) X (t)dsdt, (3)
T TJ)T

wherea is an intercept. The linear part is seen to be the same as irlrfigdwhile a quadratic
term has been added. This term reflects that beyond the #fsgdhe ensemble of the values of
X¢(t), t [T, has on the response, the produfX°(s)X¢(t)}, s,t [T1, and in particular the
square termg§X¢(t)}?, t [T, are included as additional predictors.

Since the eigenfunction§p; }r—1 2,.. of the procesX form a complete basis, the regression
parameter functions in (3) can be represented in this basis,

Bt) = Bror(t), Y(S,t)= > VreOr(s)ec(t), 4)
k=1

k=1
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6 F. YAO AND H. G. MULLER

for suitable sequencéB) =12, and(Ye)xe=12,. With Y, B2 < oo and); , Yz, < co.Sub-
stituting representations (2), (4) for the components enghadratic model (3) and applying the
orthonormality property of the eigenfunctions, one findst tthe functional quadratic model in

(3) can be alternatively expressed as a function of the sépref predictor processeX,

00 oo k
E(YIX) =0+ > Br&+ Y > Vrekils, ®)
k=1 k=1 ¢=1
wherey,, = 2y, for K B andyy, = ¥, for K = . We also note that model (3) implies the

constraintly = E(Y ) = a+ >, YerAx, i.€., the interceptt has the representatian= py —

>k Yk

2:2. Functional polynomial regression
Considering the more general case of a polynomial regnesaie define th@-th order f = 3)

functional polynomial model in analogy to (3) as follows,
E(Y|X)=a +/ B(t)xc(t)dt+/ y (s, t)X¢(s)X“(t)dsdt (6)
T T2
+ /]—3 Y3(t1,t2, tg)xc(tl)Xc(tg)xc(tg)dtldtgdtg —+ ...

+ . yp(tl, Ceey tp)XC(tl) ces Xc(tp)dtl C dtp,

where agairo is the intercept, an@,y,y;, 3 < J < p, are the linear, quadratic, aj¢th order
regression parameter functions, defining the effects oftheesponding interactions. Using the
same arguments as those leading to (5), this model can alsoitten in terms of the predictor
functional principal components,

EYIX)=a+ Z B & + Z Virja&ir &2 + Z Virgia&ir &8s ()

j1>1 J1<72 J1<J2<7J3

+ ... + Z le...jpzjl "'Ejp’

le---Sjp

where the terms in this representation are self-explapator
The interpretation of these polynomial models is complehe Presence of gth order inter-
action terms means that the joint values of the predictargs® aj time points have an effect on

the outcome, in addition to the joint effects of the procesdses at time points for all < j. For
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the quadratic model, the interaction effects at two timefsoare added to the effects at a single
time point. The interaction effects are perhaps easier tiergtand in terms of the functional
principal components as in version (7), where the integpiat is the same as for the conven-
tional polynomial regression model which includes all floissinteraction terms, The functional
principal components themselves are projections of theigia process in the directions deter-
mined by the eigenfunctions and accordingly are interpret¢erms of the shape of their corre-
sponding eigenfunctions, often as contrasts betweeniyagiand negatively weighted parts of
the predictor process (Castro et al., 1986; Jones & Rice2;198m & Kingsolver, 2005).

For the models that are expressed in terms of the functioiradipal components of the forms
(5), (7), one can easily introduce variations by omittingiemf the interaction terms. For exam-

ple, a noteworthy variation of the functional quadratic relad
E(Y[X) ZG+ZBkEk+ZYkkEz- (8)
k k
If expressed in the form of (3), model (8) imposes a restnictin the quadratic parameter func-
tion y(s, t), which in this case will be of “diagonal” forny(s,t) = >, Yrr®x(S)@x(t). This

version of the functional quadratic regression model dagsreclude interaction terms.

2:3. Explicit representations
The functional population normal equations provide sohsifor functional regression mod-
els under certain regularity conditions (He et al., 2000)e Tunctional least squares deviation,

expressed in terms of the paramet@rsandy;, in representation (4) is given by
2

QL(Br) (Vae)k, =12, k< Y=E|Y —a=) B&— > Vu&& | - (9
K

k<t

One then obtains the normal equations by differentia@ngith respect to the sets of parameters.
Using condition (A1) in the Appendix, the functional nornegjuations lead to the solutions
=Wy =D Viehe  Br = Ne/As, for ne =E(&Y),
k
Yie = Prel (ArAo), for k<, pre=E&&Y), (10)

Yk = (Pre — Wy Ao)/ (T, — A2), for 1, =E(&}).
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337 We note that the representation of the linear parametetibm@(t) that results from (10) is
338 identical to that in the functional linear model, whictBigt) = >3 | niA; t@x(t).
339
340 3. INFERENCE FORFUNCTIONAL QUADRATIC REGRESSION
341 o
3:1. Estimation
342 _ _ _ o S
Our starting point for modeling are the actual observatiomisich consist either of densely
343
spaced and non-random (dense design) or alternatively asspand randomly (irregularly)
344
spaced repeated measurements (sparse design) of thetqradifectoriesX;, contaminated
345
with additional measurement errors. The dimension of thetoveof noisy recordingd/; =
346
(U1, ..., Uin,)T of the random trajectoryX; made at (fixed or random time) poini; =
347
(Tity - - ,TiN,L.)T is subject-specific but non-random for dense designs, amdaedom variable
348
for sparse designs, assumed to be independently and iggntstributed a$\ and independent
349
of all other random variables. The measurement eggrare assumed to be independent and
350
identically distributed witfEe;; = 0, E(sfj) = 02, and independent of the functional principal
351
componentg;;, in (2), leading to the representation
352
353 Uij = Xi(Tij) + &5 = ux(Tiy) + Z &in0r(Tiy) +&5, Ty LI (11)
k=1
354 o
Estimatesply, G, A, ¢ and 62 of the underlying population mean functiqny, covariance
355
functionG, eigenvalued\;,, eigenfunctiong;, and error variance? are easily obtained by apply-
356
ing a nonparametric functional approach (Yao et al., 2006g)lemented in the PACE package,
357
available at http://www.stat.ucdavis.edunueller/; compare also Rice & Silverman (1991).
358
A key step is estimation of the regression parameter funsfioandy, based on representa-
359
tions (4) and (10). The cross-covariance surfaces
360
361 Ci(t) = cof X (t),Y} = an(pk t T,
362
Ca(s,t) = E{X(s)X ()Y} = Z Pre@r(S)@r(t), s, t [T, (12)
363 k=1
364
365

366
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can be estimated by using “raw” covariano@#l)(Tij) ={U;; —x(Ti;)}Ys, 1<J =N,
andC® (Ti;, Tu) = {Uy; — fix (T, )HUx — fx (Ta)}Yi, 1 < j B 1 < N, asinput for one- and
two-dimensional smoothing steps; see (29) in the Appendlixurther details. Note that one
needs to remove the diagonal elememfg) (Ti;, Tij) prior to this smoothing step in order not
to contaminate the estimates with the measurement eridy;inn analogy to the situation for
auto-covariance surface estimation (Yao et al., 2005a¢. r€bulting estimates are denoted by
61 and @.The bandwidths for the one- and two-dimensional smootkiegs needed to obtain
C, andC, are chosen by generalized cross-validation, similarhhedhoices implemented in
PACE; in related studies, the resulting estimation errogsaviound to be not overly sensitive to
these choices, see e.g. Liu & Muller (2009).

From (12) one then obtains estimates of the quantifieandpg, in (10),k, =1,...,K,

whereK is the number of eigenfunctions included for approximatimg predictor procesX,
t= [ Cwaat o= [ [ Cals as)n s, (13)

by observing that the relations in (13) hold for the corregjiog population quantities. Using
Y =n~1Y" | Y; and plugging in the estimates (13), one then obtains esaftthe regres-
sion coefficients in (5),
K
a=Y = Yuhe Be=A "Mk Vie=AA) P, 1= <k=K (14)
k=1
Regarding estimation ofy.;, for dense designs, we use the moment estimdgs=
n—t S | &L for fourth momentsy,, where€!, is based on the integral method (17).

Neither the proposed estimation schemes nor the consystenalts require Gaussianity for
the dense design case. The situation is different for thesegmase, where the integration-based
estimatesf{ , used for the estimation of,;, are not consistent, due to the sparseness of the
design. This difficulty can be overcome by making the assiomghatt;, = 3A?, k =1, 2,.. .,

which then makes it possible to extend the above estimatioerse to the sparse case, yielding

Vie = Ok = YN/ (G = AD), Vir = A2 (O — Y A)/2, (15)
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10 F. YAO AND H. G. MULLER

where superscript® and® denote dense and sparse designs. The resulting estimatte fo

regression functions are

K K &
= Bror(t) and Y(s,t) =D > Vir(s s,t [T, (16)
k=1

k=1 /=1

whereﬁk andyy, are as in (14), angl,; as in (15).

In the sparse case, for the simpler functional linear maglgl (Yao et al., 2005b), Gaussianity
or other restrictive assumptions are not needed for camisstimation of the regression param-
eter function (corresponding fowith the componeny absent). However, in the quadratic case,
sparse designs require the additional assumgtioa 3A2, k = 1,2, ... for consistent estima-
tion of the parameter;; this assumption is satisfied under Gaussianity (which iseguired at
this stage). For the choice of the number of included comipisik€ one may use cross-validation
or model selection criteria such as pseudo-BIC (Bayesiforiration criterion); we adopt the

latter, see (30) in the appendix.

3-2. Prediction

We next aim for the prediction of an unknown respolise based on noisy observatiobs" =
(Uf,...,Us.)T of a new predictor trajectory<*(:), taken atT™* = (T,...,Tx.)T. For the
dense design case, the traditional integral estimateshofiinal principal components;, based

on the definitiorg; = [{X*(t) — px (t)}@x(t)dt, are

Z{U —px(TOIR(TH(T =TEy), k=1,...,K. (17)

The interaction and gquadratic terms, as needed for theifuradtquadratic model, are obtained
directly by&:/& k, =1,...,K.

Considering the sparse design case, defingj = (&},...,&)1, of =
{0k(T), .., 0k(T3)}, the KxN* matrix H=\aj,...,Ax¢5) and A=
diag{A1,...,Ax}. The best prediction of the elements of the maggix&:!, given U*, is

the conditional expectatloE(.gKg T'|U~), which under Gaussian assumptions is found to be

= « Ak oaxT ~ T T
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Here&y = (§F,...,&F)T is a vector of estimate§” as in (28), obtained in a conditioning
step. The estimatE - of £~ is obtained by substituting estimat@sandé? for G anda?.
For both dense and sparse designs, the functional quagradiction of the responsé* from

the measuremenid™ is then given by

R K o K k o
Yo=a+ Y B+ D> V&, (19)

k=1 k=1 ¢=1
where&;, £°& refer to&;!, &€ as in (17) for dense designs andé{g’ (28), E/;;E\;P (18) for
sparse designs ard Bk andy;, are obtained as in (14) and (15).

In many applications a simple empirical measure to gaugettieagth of the regression re-
lation is useful. One such measure that coincides with thaluefficient of determination in
a simple linear regression, and in general provides a cdsguaof the prediction error when
using a simple sample mean of the responses for predictitimtiaat using a proposed predictor

is the following “quasi"R?

52 1 _ Z?: (Yi_\?z')2
KRS o @0

where the predicted respon‘gﬁfor theith subject is as in (19). This qualk? does not automat-
ically increase when predictors are added to a model anditzestraightforward interpretation
and model comparison. We note that the estimation schemeawe dutlined for functional
quadratic regression can be analogously extended to tleeafdsinctional polynomial mod-
els. Such an extension is particularly straightforwardpfolynomial models that do not include

interaction terms such as the variant of the quadratic miad@)).

4. THEORETICAL PROPERTIES

We consider the asymptotic consistency of the estimate@ssipn functions in a functional set-
ting where the number of functional principal componentpeaiels on the sample sire i.e.,

K = K(n), and tends to infinity as the sample size increages, co. This allows for increas-
ingly better approximations of the underlying functions lrger samples, adequately reflecting

the nonparametric nature of the problem. In practice thécehaf K will depend on the intrinsic
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529 structural complexity and also estimation accuracy of theadance structure. WritingBI =
530 {/7 B2(OdtY 2, LA = { [ [, v(s, )dsdt}!/2, B (t) = 34, Be@k(t) and yi(s,t) =
531 Zk:l Zézl Vie®r (S)@,(t), we note that the square integrability properties implypas oo,
532 S
Rox=BI=BxF( Y B -0,
533 k=K+1
00 k

534 Rk = -yl =( > > vi)/? -0 (21)

k=K+1 (=1
535

In the following, h denotes the bandwidth for estimating the surf@gen (29). The technical

536 assumptions are listed in Appendix A2, where also the semusn= K (n) and the constants
537 1, which play a role in the following results, are defined in &ipn (31). The increasing se-
538 quenceIZ(n) places an upper bound on the numbeof predictor components that are included
539 in the functional quadratic regression. The following feptovides consistency of the estimated
540 model components defined at (14). For conciseneskpldenote an indicator for terms that are
41 to be included for dense designs, iLg.= 1 for dense and- 0 for sparse designs.
542 THEOREM 1. Under (Al), (A2), (A3.1)-(A3.3) (see Appendix for all assumptions) for dense
543 designs or under (Al), (A2), (A4.1) and (A4.2) for sparse designs, ash — oo, for any sequence
544 K = K(n) < K(n), withm, = 1/A;, + 1/ ming<;j<x(A; — Aj11),
545 K o0
. 1 n,  IpK 2 \1/2
a—0a=0p( 55> 5+ g15) o ( D Vik) (22)
546 (n /*h =N Nt/ ) { k=K+1 }
547 5
B~ B2 0, 1/2h2z)\ +Rax), (23)
548
549 Y-y =0 ( y A, LS ) (24)
Y nl/2h2 MNA | N2z TR
- 1<U<k<K
We next consider the consistency of the predictiory ffor a new subject or sampling unit.
551
For dense designs, the prediction given the datg ..., Uy ) targetsE (Y *[X*) as in (5). For
552
sparse designs, due to the sparsity of the available measotslU ™ for the predictor trajectory
553
X*, the target of the prediction is conditional on these meaments and thus becomes
554 o0
—E{ENV XU Y=a+) BEEIU)+ Y VuEEEIUT). (25)
555 k=1 1<0<k<oo
556
557

558
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THEOREM 2. LetY * bethe prediction (19) for both dense and sparse designs, E (Y *|X*) as
in (5), and Y * asin (25).

(i) Under (A1)-(A3) for dense designs, asn — oo,

O 1 % 1 T + Ty K?2
VE—E(YX*) = op(m 3 o N*1/2) +0,(Rax + Ry.x)- (26)
1<0<k<K

(ii) Under (A2) and (A4) for sparse designs, asn — oo,

ok v E 1 T[k; + T[Z
VY =0 (s 2 pn) Ho(Rax + Rk 27)

1<U<k<K
This result establishes the consistency of the predictidheoresponse, given the data for a new

subject. Extensions to more general polynomial models rzaiogous.

5. SMULATION STUDIES

We studied the Monte Carlo performance of the functionaldgaizc model (3) in compar-
isons with the functional linear model (FLM) (1) for both denand sparse designs. Each of
400 simulation runs consisted of a samplernof 100 predictor trajectoriesX;, with mean
function px (s) = s +sin (s), 0 < s < 10, and a covariance function derived from two eigen-
functions, @ (s) = —5~1/2 cos (11/10) and @z(s) = 5~/ sin (11s/10), 0 < s < 10. The cor-
responding eigenvalues were chosemas= 4, A, = 1 andA;, = 0, k = 3, the measurement
errors in (11) ag;; [N{0, 0.5%). To study the effect of Gaussianity, which is of interesteesp
cially for the sparse design case, we considered two sstt{i)d,;, [NI(0, Ax) (Gaussian); (ii)
&, are generated from the mixture of two normeﬂs{()\k/Z)l/z,)\k/Q) with probability 1/2
andN {—()\k/2)1/2, A/ 2} with probability 1/2 (mixture distribution). The number of measure-
ments where each trajectory was sampled was selected{iBom. ., 34}, respectively from
{5,...,9} with equal probability for dense respectively sparse cases

The response variables were generated from the regressidaly = m(&;1, &2, ...) + 4,
wherem(-) characterizes functional relationship of the predictajeirtoriesX; with the re-
sponsesy;, with errors ; [CNI(0,0.1), so thatly = 0 ando? = 0.1. We compared the per-

formance of functional quadratic and linear models undey situations: (a) quadratic with
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M(&1, &, ...) =& +& + & + & +&&; (b) linear with m(&;,&,...) = 2&; + &/2. The
functional quadratic model was implemented as describegkention 3, with number of model
components for the predictor processes automaticallgt®el@s the smallest number explaining
at least 90% of total variation. To evaluate the predictibmew responses for future subjects,
we generated 100 new predictor trajectories and respoksesdY,*, respectively, with mea-
surementdJ’’; taken at the same time points @g. The performance measure tabulated in Ta-
ble 1 is relative prediction error RPE Y°,(Y;* — Y;*)2/Y,;*2. The results suggest that functional
quadratic regression leads to similar prediction errortuastional linear regression when the
underlying regression functiam(-) is linear, while functional quadratic regression is aszsted

with dramatically improved errors across all scenariosmthe underlying function is quadratic.

6. APPLICATION TO SPECTRAL DATA

To demonstrate the usefulness of the proposed methods, pl@exhe functional relation-
ship between absorbance trajectories (longitudinallysuesd functional predictor) and the fat
content (response) of meat. The data are recorded on a Tadatdec Food and Feed Analyzer,
a spectrometer that works in the wavelength range 850 - 18b@ach of then = 199 included
sampling units consists of the set of measurements madepercéis finely chopped pure meat
specimen (Borggaard & Thodberg, 1992). These measurelinehide the fat content, obtained
analytically, and a 100 channel spectrum of absorbancésineld as log transform of the trans-
mittance measured by the spectrometer, yielding 100 exjaiti points at which the spectrum
is recorded, giving rise to a dense design. The task is tagirad contents from the spectrum,
setting the stage for a functional regression analysis.

A subsample of 50 randomly selected spectra (predictoediaijies) displayed in Figure 1
indicates that the predictor trajectories are smooth. Htienated mean function is in the left
panel of Figure 2. Four eigenfunctions are selected for tiraglerhich explain more than 99.8%
of the total variation (right panel of Figure 2). The estigthtinivariate linear functiofi(t) and

the bivariate quadratic surfaggs, t) in Figure 3 each exhibit several broad peaks and valleys;
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especially spectral values near 40 units are strongly weighThe quadratic response surface
obtained from the fitted quadratic regression model is prtegiein Figure 4.

For prediction, one typically will choose additional conmgats, guided by one-leave-out pre-
diction errors. We compare the prediction performance effloposed functional quadratic
model with functional linear regression and also with @dureast squares, a popular approach
in chemometrics; we refer to Xu et al. (2007) and the refezsriberein. The results for predic-
tion errors and quag®? (20) in dependence on the number of included componentstile Pa
demonstrate that for more than three components (as redairgeasonably good prediction)
the error of functional quadratic model is consistently bendahan that for partial least squares

which in turn is smaller than that of functional linear reggion.
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APPENDIX
Al. Estimation Procedures

Using the notation introduced in Section 3, the PACE estinfest linear estimates) (Yao et al.,

2005a) of¢;, conditional on the observations, are given by
£ s oaxTS_ * *
=My SpHUT—py),  k=1,...,K, (28)

wherep’, = (Ux (T1), ..., ux(T;:))T. It follows from results in Miiller (2005) that, as designs
become dens€;’ (17) and&;” (28) can be considered asymptotically equivalent. Smogthi
kernelsky, Ky are compactly supported smooth densities with zero meathdimite variances
and are implemented with suitable bandwidth sequebegsih. With £{0, (s,t), (T;;, Ty)} =

B0 + 611(s — T;;5) + 612(t — T;), the one- and two-dimensional smoothers to estirGate) and

Ca(s, t) in (12) are obtained by minimizing
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n N;

ZZKI {C(1 (Tij) — 0o — o (t— T3},

=1 j=1

> > K2<T”h_s.T"’h"t> CO Ty Ta) = F{0. (5.0, (T, T}, (29)

i=1 1<jAI<N;

with respect toa = (0p, 0;)7 and @ = (8, 811, 6:2)7, which yields C;(t) = 6y(t) and

~ ~

Cay(s,t) = 0y(s,t). The number of included components is chosen by minimizing

K
BIC(K @Z [ 262{ A(Ts5) — ];ézk(ﬁk(TZJ)}Q

=1 j=1

+Klog() “N;). (30)
i=1

A2. Technical Assumptions and Proofs

For model (3) or (5) to be well defined in the least squaresesams require the following

moment conditions for predictor processes. Leaindv, be positive integers.

(A1) Y0 EE) < oo, E(E/1E02) = EEEER for vy + v, =3 andl <k, < oo; E(E/1EL2) =

EEEE*forvy +vy =4andl <=k B < oo,

Letb* = b*(n), h* = h*(n), h = h(n) denote the bandwidths for estimatifig. (26), G (27)
and 6 (2) in Yao et al. (2005a). The Fourier transformskaf and k, are given byk!' (u) =
[ exp(—iut)k; (t)dt andkl (u,v) = [exp(—(iut + ivs)Ky(s, t)ds dt respectively. The follow-

ing assumptions are needed for both fixed and random designs,

(A2.1) max(b*, h*,h,b,h) - 0, min(nb*, nh*, nb*) - oo, max(nb*®, nh%, nb®) < oo,

min(nh*6,nh%) - oo, max(nh*®,nh®) < oo, as n - co. Furthermore, assume that

h = O{min(b'/2,b}/%, A/2 h*1/2)} for simplicity.

(A2.2) kI andk! are absolutely integrabld, |k (u)|du < oo, k% (u, v)|dudv < oo.
1 2 1 2
(A2.3) n712h2 505 S (4 1) (MA) ! - 0, @sn — oo, where

Dy = [,.{G(s,t) — G(s, t)}*dsdt, 8 = ming<j<r(Aj — Ajy1),

K =inf{j =1: N\ —Ajy <2Dx}—1, T = 1/N; + 1/

(31)

To obtain consistent functional principal component eatas for dense designs, we re-
quire both the pooled data across all subjects and the dama éach subject to be dense
in T. Denote the sorted time points across all subjectapye Ty < ... < T(ﬁ) < by, and
let A = max{T(,) = Tno1) :Mm=1,...,N + 1}, whereN = 3" | N;, T = [ao, bo), to) =
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ap, and ty 1) =ho. For theith subject, suppose that the time poirits have been or-
dered non-decreasingly. L&t; = max{T;; —T; j—1 : j =1,...,N; + 1} andA* = max{A; :
i=1,...,n}, wherety =ay andt;,,+1 = by, andN = N/n. Put Nmax = max{N; : i =
1,...,n} andNmyjn = min{N; : i = 1,...,n}. Denote the distribution that generatdg for
the ith subject afl;; by U;(t) CUTt) with densitygy (u; t). Let gy (uy, ug; ty, to) be the density
of (U(s;),U(tz)) and (FLd = sup,7 |F(t)| for any function with supporT . The following
assumptions are for the case of dense designs, where (A318gded for consistent estimation
of T = E(&}) and (A3.4) for consistency of the prediction.
(A3.1) A = O(min{n=1/2p*~1, n=1/2h=1 n=/2p=1 n=/4h*=1 n=4h-1}), A* = O(1/N),
andC;N < Ny < Nmax =< C,N for someC;, C, > 0, sup,c7 E{U*(t)} < co.
(A3.2) (d?/dt?)gy (u;t) is uniformly continuous o XIT ; {d2/(dtf1 dt?)}g[*](ul, Ug; ty, ta) is uni-
formly continuous on[2% T2, for |+ 2 =2,0< 1, s <2.
(A3.3) K2 = o(N'/?), max,_ [@] [.d = O(N'/?); E(IX'[J) < o0, (X" [5]) = o(N).
(A3.4) K2 = o(N*1/2), max, _z (@) [Ld = O(N*!/2), whereK is as in (31).
For sparse designs, denote the marginal and joint denstti€s (T, U) and (T, T2, Uy, Us)
by 9r(t), gu(t,u), 9 (t1, t2, ur, uz) g(t, u) andg(ty, t2, Uy, Uz). The following assumptions
are only needed for sparse designs; (A4.1) and (A4.2) gteedrasic regularity and smoothness

requirements, while the Gaussian assumption (A4.3) isetkéal consistency of predictions.

(A4.1) (Ti;,Uy) and(T;, U]’F) are distributed a$T,U), Tij,T; are distributed a% (i=1,...,n,
j=1,...,N;). The random variablebly, ..., N,, are distributed atN* [IN'Jand are inde-

pendent of all other random variables. The centered foudment is finite, i.e.E[{U —

Hx (T)}!] < co.
(A4.2) gr(t) > 0 and (d*/dt’)gr(t) is continuous ofT ; (d/dt?)gy (t; u) is uniformly continuous

onT x C{02/(dt{dt??)}g;; (1, t2, up, uz) is uniformly continuous off 2 x [2for | +

0=2,0< 1, 92,
(A4.3) The predictor proces¥ [LF(T)is a Gaussian process.

Weak uniform convergence rates for estimated npeaand covariance functior( for sparse

designs were derived in Yao et al. (2005a) and analogousregis apply toél and 62 in
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(29). Minor modifications of these results yield analogoesuits for fixed designs. Combining
Theorem 1 of Hall & Hosseini-Nasab (2006) and arguments uséte proof of Theorem 2 of
Yao et al. (2005a) sets the stage for the proofs of the mairitses

LEMMA 1. Under (A2), (A3.1) and (A3.2) for dense designs or under (A2), (A4.1) and (A4.2)

for sparse designs, it holds that

1 ~ 1
?élghﬂx(t) —Hx ()] = Op(m)' SS’FEPT|G(S-U —G(s, )| = Op(w),
~ 1 ~ 1
fg;) |C1(t) = Cy (V)] = Op(m)’ S?I}le%|c2(51t) —Ca(s, )| = OP(W)’ (32)

and as a consequence, 62 — 02 = O, (n~'/2h*=2 + n~1/2h~1). Considering eigenvalues A, of
multiplicity one, @5 can be chosen such that

g

i) K= 1,...,K.(33)

pr( sup A=Al <Dx) =1, sup|x(t) — @x(t)] = O,

LEMMA 2. Under (Al), (A2), (A3.1)-(A3.3) for dense designs or under (Al), (A2), (A4.1) and
(A4.2) for sparse designs, it holds for any K < K that

> Ty, Ty, + Ty

Bk’_Bkz:Op(m)’ Vké_YM:Op(m% l=s <k=sK, (34)
/D — Vi = Oy (—k L VS V=0 (— ) 1<k<K, (35
Yik — Yek = Up n17Zh2N2 + N1z v Yee = Yk = Up anhz)\i =K=K,

where By, Vi, areasin (14) for <k, andy2), ys, areasin (15).

Proof of Lemma 2. It is easy to show the rate f(ﬁ}k, by observing thaI\,;1 <y from (31)
andf, — g = O,(Men~1/2h=2), At — A1 = 0,(n~1/2h*—2)\, %) from Lemma 1. Regard-
ing Vi for k>, note thatp, — pre = Op{(@r + T)N~/2h=2} and (AeAe) ' — (Auhe) =
O {12027 "N, Y (A + Ar) ™'} from Lemma 1 and agaih, ' < my, leading to (34). For
(35), the rate ofylfk can be obtained by the same argument useqjfpwith < k. To char-
acterize the rate of}, it is necessary to quantifi€/, — &), where&!, is as in (17) for the
ith subject. Using similar arguments as in the proof of Theolein Yao & Lee (2006), one
finds, with Lemma 1 and (A3.3), that *(3"7 &1 — E(&}) = O, {m,/(n/?h*2) + N—1/2},

Analogous arguments fgr,,, < k, complete the proof. —1
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865 Proof of Theorem 1. Results (23) and (24) follow immediately from the repreagahs in
866 (10), (14) and Lemma 2. One can easily show (22) by applyiegauchy-Schwarz inequality
867 to Y27 .1 YerMe and noting that, as — oo, Y7 .| A7 converges even faster tbthan
868 Dkt 41 M- L1
869 Proof of Theorem 2. We first show (26) concerning dense designs. To quantify tadigtion
870 error of (£ — &), where&; is as in (17), similar arguments as in the proof of TheoremYein
871 & Lee (2006) imply thatt}! — & = O,{m,/(n'/?h*?) + N*~1/2} and analogously; /&’ —
872 &8 = O, {(m + m,)/(n'/2h*2) 4 N*~1/2}, Applying Lemma 2, the discrepancy betweéh
873 and Y = 5730 Brdf + Yi<pcnen YieEiE; 1S seen to beD, {(n'/?h?) 71 30 (M +
874 ) (A, + A) ™! + K2N*~1/2}, To find the bound for the remainder te@y = E(Y *|X*) —
875 Y= 3 e BeE o k1 Yoie YkeELES it is sufficient to ShowE (Q%) = o(R? . +
876 R? &), whereRg i, R, x are as in (21). SInc&(Qk) = Y32 k. ik, With the Cauchy-
877 Schwarz inequality and (Al) .
878 EQ%) =var( Y Be&i+ > D v&&) +( > Vi)
670 . k:OK—i-;_l k=K-+1 z:j k:OK—i-l R
850 < Z B,ﬁ)\k + Z Zviﬂ\k)\é + Z Y/%]{[k + ( Z Vl%k:)( Z Ai) (36)
k=K-+1 k=K+1 (=1 k=K+1 k=K-+1 k=K+1
881 which implies (26). For the case of sparse desigesp,cr |5\k([3k(t) — Ne@r(t)| =
882 O,{m./(n*/?h*?)} according to the proof of Theorem 2 in Yao et al. (2005a). Epr
883 E(E|U*) and &8 = E(EE|U*), it is easy to verify thaf;” — & = O,{m,/(n'/2h*2)}
884 andE;;/E\;P — &8 = 0,{(m; + 1,)/(n'/2h*2)}. For the truncated quantity;: = Sk B,& +
885 21<t<h<K Vie&i&;, we findY " =Yz = 0, {(n'/?h?)"! Di<ocher (M + 1) Ak +A0) 71}
886 ConsideringY * — Y& = E( 3202 st Bii + Sons perr Sory VieEiE;[U™), it suffices to show
887 that E{(Y * = Y7)?} = o(R% ;. + R? ), where the expectation is unconditional (with re-
888 spect to bottU* andX*). Noting thatE{(Y * — Yx)?} < var(Y * = Y7£) + (0% k1 Yiehn)?,
889 E[var{E(Y * — Y;|X*)|U*}] =0 and (A3.3), one obtains v@f* — Y ;%) < var{E(Y * —
890 Yx|X*)}. An upper bound for the right hand side has been obtaineds)) & (A4.3) implies
891 (Al). This completes the proof of (27). 1
892
893

894
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1009 Table 1.Monte Carlo estimates of the 25th, 50th and 75th percentilesof relative prediction error,
1010 comparing predictions obtained by the Functional Quadratic Model (FQM) and Functional
1011 Linear Model (FLM) for both dense and sparse designs, based on 400 Monte Carlo runs with
1012 samplesizen = 100. Theunderlying regression function isquadratic or linear, and the principal
1013 components of the predictor process are generated from Gaussian or mixture distributions.
1014 _ .
_ . Gaussian Mixture
1015 Design| True Fitted
25th  50th  75th| 25th  50th  75th
1016
FQM | 0.037 0.201 1.403 0.033 0.166 0.950
1017 ;
Quadratic o \1 | 0204 1207 30.020.162 0860 17.39
1018 Dense
FQM | 0.047 0.228 1.168 0.031 0.151 0.808
1019 Linear
FLM | 0.049 0.269 1573 0.029 0.162 0.946
1020
FQM | 0.067 0.358 3.950 0.040 0.207 1.341
1021 Quadratic
1022 FLM | 0.233 1.340 29.16 0.157 0.845 16.01
1023 Sparse FOM | 0032 0.167 0.9340.032 0.159 0.840
Lnear | e v [ 0038 0193 1.0630.037 0178 0.936
1024
1025

1026 Table 2.Medians of cross-validated relative prediction errors (PEx10%) and of quasi-R? (20)

1027 (Rg2 % 100), for varying numbers of components, comparing functional quadratic model (FQM),
1028 functional linear model (FLM) and Partial Least Squares (PLS) for the spectral data.
1029
Components 1 2 3 4 5 6 7 8 9 10

1030

PE | 101 844 169 6.58 230 1.79 1.08 1.18 0.60 0.50
1031 FQM

R2 | 246 325 778 941 985 97.8 99.0 99.3 99.6 99.8
1032 @

PE | 813 647 350 119 531 572 505 557 475 558
1033 FLM

RZ 223 27.9 702 90.1 938 94.1 94.4 944 945 945
1034 <

PE | 80.1 26.0 125 101 6.40 587 568 5.05 4.10 4.04
1035 PLS

R2 [23.1 765 86.9 90.8 93.8 942 946 948 96.4 96.5
1036 Q
1037
1038
1039

1040
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Spectrum Channel
Fig. 1. The functional predictor trajectories, consistofg
100 channel spectra of log-transformed absorbances, for
50 randomly selected meat specimen.
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Fig. 2. Smooth estimates of the predictor mean func-
tion (left panel) and first (solid), second (dashed), third
(dashed-dot) and fourth (dotted) eigenfunctions (right
panel), as well as the values of the Bayesian Information
Criterion (30), plotted against number of included princi-

pal components (right panel).
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Spectrum Channel 10 10 Spectrum Channel
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1114

1115 Fig. 3. Estimated parameter functions of functional
quadratic regression, with the linear pact) (left panel) ,

1116 and the quadratic patf(s, t) (right panel) for spectral data.
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1128 Fig. 4. Fitted quadratic response surface fbl(fat con-

1129 tent), obtained by varying two predictor principal compo-

nents at a time and fixing the other two at 0. Arranged from

1130 _ o
top left to right and then bottom left to right” versus

1131 (617527070)7 (617075370)7 (517070754)7 (075275370)'
1132 (0,&2,0,&4) and(0, 0, &3, &4), respectively.
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